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Foreword

This third volume concludes our introduction to analysis, wherein we finish laying
the groundwork needed for further study of the subject.

As with the first two, this volume contains more material than can treated
in a single course. It is therefore important in preparing lectures to choose a
suitable subset of its content; the remainder can be treated in seminars or left
to independent study. For a quick overview of this content, consult the table of
contents and the chapter introductions.

This book is also suitable as background for other courses or for self study. We
hope that its numerous glimpses into more advanced analysis will arouse curiosity
and so invite students to further explore the beauty and scope of this branch of
mathematics.

In writing this volume, we counted on the invaluable help of friends, col-
leagues, staff, and students. Special thanks go to Georg Prokert, Pavol Quittner,
Olivier Steiger, and Christoph Walker, who worked through the entire text crit-
ically and so helped us remove errors and make substantial improvements. Our
thanks also goes out to Carlheinz Kneisel and Bea Wollenmann, who likewise read
the majority of the manuscript and pointed out various inconsistencies.

Without the inestimable effort of our “typesetting perfectionist”, this volume
could not have reached its present form: her tirelessness and patience with TEX
and other software brought not only the end product, but also numerous previous
versions, to a high degree of perfection. For this contribution, she has our greatest
thanks.

Finally, it is our pleasure to thank Thomas Hintermann and Birkh&user for
their usual flexibility and friendly cooperation.

Ziirich and Hannover, July 2001 H. Amann and J. Escher



vi Foreword

Foreword to the English translation

We are again much obliged to Silvio Levy and Matt Cargo for their careful and
accurate translation of this last part of the original German treatise. Special
thanks go to Thomas Hempfling from Birkhauser Verlag for rendering possible
this translation so that our analysis course is now available to a larger audience.

Ziirich and Hannover, January 2009 H. Amann and J. Escher
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Chapter IX

Elements of measure theory

In this chapter, we treat the general theory of the measure of lines, areas, volumes,
and sets in even higher dimensional spaces. The theory is guided by elementary
geometrical facts. In particular, we will assign the length measure to intervals, the
area measure (length times width) to rectangles, and the volume measure (length
times width times height) to rectangular boxes.

Naturally, we do not only want to assign measure these elementary domains,
that is Cartesian products of intervals, but we also want to measure much more
general sets. To do this, it is natural to break up a given set into a disjoint
collection of such elementary domains; then the sum of their measures determines
the measure of the set. Here it will be of fundamental significance that this process
admits not only finite but also countably infinite divisions of the original set. In
this way, we will see that we can assign a measure to every open subset of R", and
this measure has the natural properties expected of it, for example, independence
on the location of the set in its space. In addition, will be able to measure not
only open sets, but also, for example, closed sets or any set that can be suitably
approximated by open sets. It will turn out, however, that it is not possible “to
measure” every subset of R" in this way.

To introduce measures in practice, however, we will follow another path,
which is substantially more general and technically simpler. Only at the end of it
will we then encounter a characterization of measurable sets in R”. Our general
approach takes us into the realm of abstract measure theory, and besides its relative
simplicity, it has the advantage of providing other measures that have nothing to
do with the original geometric ideas. This more general theory will be needed in
the last chapter of this volume. It is also important in probability theory, physics,
and many mathematical applications.

Section 1 is devoted to o-algebras. A o-algebra is a collection of sets that
constitutes the domain of definition of a measure. If the underlying set has a topol-
ogy, then the Borel o-algebra, which is determined by open sets, has a prominent
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significance. We show, among other facts, that the Borel o-algebra of a topological
product is determined in all cases of practical relevance by the product of open
sets.

Section 2 focuses on the fundamental properties of general measures. Also,
we prove that every measure space has a completion, that is, a certain natural
minimal extension.

In Sections 3 and 4, we construct the most important measures for appli-
cations, namely, those developed by Lebesgue, Stieltjes, and Hausdorff. Here we
apply the approach suggested by Carathéodory, which uses as its superstructure
the idea of outer measure.

The last section of the chapter is devoted to a detailed study of the Lebesgue
measure. First, we characterize the o-algebra of Lebesgue measurable sets as
the completion of the Borel o-algebra. After that, we study the behavior of the
Lebesgue measure under maps, which leads to its invariance under rigid motions
and, in particular, translations. Finally, we see how the Lebesgue measure stands
out among all locally finite Borel measures and is of fundamental significance in
the construction of non-Lebesgue measurable sets.



1 Measurable spaces

In Chapter VI we used the Cauchy—Riemann notion of integral to assign an area
to the region between the graph of a sufficiently regular function and its abscissa.
Our goal now is to specify a largest possible class of domains in R™ that can
meaningfully be assigned a “generalized area”, or content. That is, we seek a
subset A of P(R™) and a map p: A — [0,00) such that for A € A, the number
1(A) can be interpreted as the content of A. This function p must of course satisfy
certain rules— those that might be expected based on the case of areas of plane
domains. For example, the content of the union of two disjoint domains should
equal the sum of their individual contents. Also, the content of a domain should
be independent of its overall location in space. The concept of content will be
gradually clarified, and we will prove in Section 5 that it is not possible to assign
(nontrivially) a content, or “measure”, to all subsets of R™: it cannot be the case

that A = P(R™).

In this section
e X, X; and X, are nonempty sets.

o-algebras

We start with the axiomatic introduction of those collections of sets on which
“measures” will be defined later: A subset A of P(X) is called a o-algebra over X
if it satisfies the properties

(i) X € A;

(ii) Ac A= A% € A;
(iil) (4;) € AV = Ujen 45 € A,
If A is a o-algebra over X, one calls (X,.A) a measure space, and every A € A is
said to be A-measurable.

1.1 Remark Suppose A is a o-algebra, (4;) € AY, and m € N. Then each of the

sets m m
(Z) ) AO\Al 3 Uj=0 Aj 5 =0 Aj ’ e A_]
also belongs to A.
Proof Set
B = Ak ) k S m.,
T A, k>m,

so that (Bx) € A" and therefore

UBk:OAJGA

keN j=0

The remaining statements follow from de Morgan’s laws —see Proposition 1.2.7(iii). m
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We say a collection of sets S C P(X) is closed under finite set operations if
AeS=A°¢cS (1.1)

and if, for every finite family Ay, ..., A,,, the union U;n:o A; also belongs to S. If
S satisfies (1.1) and U?io A; belongs to S for every sequence (A4;) in S, we say S
is closed under countable set operations. These definitions are justified because,
by de Morgan’s laws, S also contains (;_, A; (finite case) and (72, A; (countable
case).
We say S is an algebra over X if these properties are satisfied:

(i) X € S;

(i) Ae S= A€ S,

(i) A, BeS= AUBE€S.

1.2 Remarks Suppose S C P(X) contains X.

(a) S is an algebra if and only if S is closed under finite set operations.

(b) S is a o-algebra if and only if S is closed under countable set operations. In
this case, S is also an algebra.

(c) Suppose S is an algebra and for every disjoint sequence! (B;) € S we have
Ujen Bj € S- Then S is a o-algebra.

Proof Suppose (Ax) € SN. We recursively set
Bo:= Ao and Bjy1:= Aj41\ Ui:o Ay for j €N
Then (Bj) is a disjoint sequence with (J, Ax = J; B;j. By assumption, the union (J; B;
lies in S, and the claim follows. m
1.3 Examples (a) {0, X} and P(X) are o-algebras.
(b) {AC X ; Aor A°is countable} is a o-algebra.

(¢) {AC X ; Aor A° is finite} is an algebra, and it is a o-algebra if and only if
X is finite.

(d) Suppose A is a nonempty set, and suppose A, is a o-algebra over X for every
a € A. Then (,ca Aa is a o-algebra over X.

(e) Suppose Y is a nonempty set and let f € YX. Further let A and B be
o-algebras over X and Y, respectively. Then

fHB)={f"'(B); BeB} and f.(A)={BCY; f'(B)eA}

are respectively o-algebras over X and Y. One says f~1(B) is the inverse image
of B under f and f.(.A) is the image (or push-forward) of .A under f.

1'We agree upon simplified language as follows. A sequence (A;) € SN is disjoint if A;N A, =0
for all j,k € N with j # k.
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Proof We verify only part (e) and leave the rest to the reader.

Obviously Y belongs to f.(A). For B € f.(A), the set f~!(B) belongs to A. Due
to Proposition 1.3.8 (ii’) and (iv’), we have

B =[71B)]° and fTHU; By) =U; (B -

Therefore, if B lies in f.(A), so does B¢, and similarly if B; € f.(A) for j € N then
Ujen Bi € f«(A). m

The Borel o-algebra

Let S be a nonempty subset of P(X). Then
As(S) == m{ ACP(X); ADS, Ais a o-algebra over X }
is the o-algebra generated by S, and S is a generating set for A, (S).

1.4 Remarks (a) A,(S) is well defined and is the smallest o-algebra containing S.
Proof This follows from Examples 1.3(a) and (d). m

(b) If S is a o-algebra, then A,(S) = S.
(c) From S C 7T follows A(S) C A(7).
(d) For S = {A}, we have 4,(S) ={0,A4, 4, X}. m

Let X := (X,7) be a topological space. Since 7 is nonempty, it generates
a well defined o-algebra, called the Borel o-algebra of X and denoted by B(X).
The elements of B(X) are the Borel subsets of X. As a shorthand, we write
B" := B(R").

A subset A of X is called a G (or Gs-set) if there exist open sets O; with
A= ﬂjeN Oj, that is, if A is an intersection of countably many open sets in X.
The set A is called an F,, (or F,-set) if is a countable union of closed subsets of
X. Therefore A is a F,-set if and only if A° is a Gs-set.?

1.5 Examples (a) For F:={ A C X ; Ais closed }, we have B(X) = A, (F).
(b) Every Gs-set and every F,-set is a Borel set.

(c) Every closed interval I is an F,, and a Gj.

Proof Suppose I = [a,b] with —oco < a < b < co. It is clear that I is a F,-set. Because
[a,b] = Npenx (@ — 1/k, b4 1/k), we see I is also a Gs-set. The cases I = [a,00) and
I = (—00,a] with a € R are treated analogously. The case I =R is clear. m

2The symbols F, and G are explained as follows: F stands for fermé (French for closed) and
o for somme (a sum of sets being another name for their union); G stands for Gebiet (German
for domain, an old-fashioned term for an open set) and § for Durchschnitt (intersection).
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(d) Suppose Y C X with Y # () and Y # X. Further suppose 7 := {0, X'} is the
trivial topology on X. Then Y is neither an Fj-set nor a Gs-set in (X, 7).

(e) Qis an F, but not a Gs in R.

Proof Since Q is countable, it is clearly an F,, (see Corollary II1.2.18). For the second
statement, assume that Q is a Gs and choose open sets @Q;, for j € N, such that Q =
ﬂj Q;. Since Q C Q; for j € N and in view of Proposition 1.10.8, every @Q; is open and
dense in R. Now it follows from Exercise V.4.4 that Q is uncountable, which is wrong. m

The second countability axiom

Let (X, 7) be a topological space. We call M C T a basis of 7 if for every O € T
there is an M’ C M with O = |J{ M C X ; M € M'’}, that is, if every open set
can be expressed as a union of sets from M . A topological space (X, 7) is second
countable (or satisfies the second countability axiom) if 7 has a countable basis.
Finally (X, 7) is called a Lindel6f space if every open cover of X has a countable
subcover. Obviously every compact space is Lindel6f.

1.6 Remarks (a) M C 7 is a basis of 7 if and only if for every point € X and
every neighborhood U of x there exists M € M such that x € M C U.

Proof (i) “=" Suppose M is a basis of 7, and take x € X and U € U(z). By
assumption, there exists O € 7 such that x € O C U. Further, there is an M’ C M
such that O = |J{ M C X ; M € M’}. Thus we have found an M € M’ C M such that
reMcOCU.

(ii) “«<=" Suppose O € T. For every x € O, O is a neighborhood of z. Therefore
by assumption, there is an M, € M such that x € M, C O, and we find that

o=J{atcUM.co,

z€O z€0

that is, O = J,co M- ®

(b) Any topological space that satisfies the second countability axiom also satisfies
the first (see Remark I11.2.29(c)).

Proof This follows immediately from (a). m

(c) The converse of (b) is false.

Proof Let X be uncountable. Then (X VPB(X )) satisfies the first countability axiom,
because any z € X admits {{z}} as a neighborhood basis. But (X,J(X)) cannot be
second countable, because any basis of (X ) must contain the set { {z}; z € X} and
is therefore uncountable. m

1.7 Lemma Suppose X is a metric space and A C X is dense in X. Further let
M = {IB%(a,r) cac A reQt } Then every open set in X can be written as a
union of sets from M.
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Proof Suppose O isopenin X and z € O. Then there is an ¢ > 0 with B(z, ¢,,) C
O. Because A is dense in X and Q is dense in R, there is an a, € A such
that d(z,a,) < €,/4 and an r, € QT such that r, € (c,/4,¢,/2). The triangle
inequality then yields

x € Blag,rz) C B(x,e,) C O,

and it follows that O = J,co B(az,7,). m

1.8 Proposition Let X be a metric space. The following statements are equivalent:
(i) X satisfies the second countability axiom.
(ii) X is a Lindeldf space.

(iii) X is separable.

Proof “(i)=-(ii)” Suppose M is a countable basis and { O, ; o € A} is an open
cover of X. By assumption, for every a € A there is a sequence (U, ;) en in M
such that O, = UjEN Ua,;. Now, the collection M’ := {U,; ; a« € A, j € N}
covers X and is countable (since M’ C M), so we can arrange it in the form
M’ = {M; ; j € N}. By construction, there exists for every j € N an o; € A
such that M; C O,;. Therefore {O,, ; j € N} is a countable subcover of
{O4 ; a €A}

“(ii)=>(iii)” For every n € N* we know Uy, := {B(z,1/n) ; z € X } is an
open cover of X. By assumption, for every n € N*| there are points z,, ; € X, for
k € N, such that V,, := { B(znx,1/n) ; k € N} is a subcover of U,,. According
to Proposition 1.6.8, D := {z, ; n € N*, k € N} is countable. Now take
z € X, e>0, n>1/e. SinceV, covers X, there is an z, ; € D such that
x € B(xn,k, 1/n). Therefore D is dense in X.

“(iii)=-(i)” A separable set is second countable by Lemma 1.7. m

1.9 Corollary

(i) Suppose X is a separable metric space and A is countable and dense in X.
Then
B(X)=As({B(a,r) ; ac A, re Q" }) -

(ii) Suppose X C R™ is not empty. Then the metric space X has a countable
basis.

Proof (i) Define § := {B(a, r);ac A reQt }, and let 7 denote the topology
of X. Lemma 1.7 implies 7 C A,(S), and we find with Remarks 1.4(b) and (c)
that
B(X) = AU(T) - -AU (-AU(S)) = -AU(S) .
The inclusion A,(S) C B(X) follows from S C 7 and Remark 1.4(a).
(ii) This follows from Exercise V.4.13 and Proposition 1.8. m
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For general topological spaces we have the following result.

1.10 Corollary Suppose X is a topological space with a countable basis. Then X is
separable and Lindel6f.

Proof (i) Suppose { B; ; j € N} is a basis for X. For every j € N, we select b; € B;
and set D := {b; ; 7 € N}. Obviously D is countable. Now suppose z € X and U is
an open neighborhood of x. Then there is an I C N such that U = |J,.; Bi. Therefore
UnND # 0, that is, D is dense in X.

(ii) The argument showing “(i)=-(ii)’

i€l

)

in Proposition 1.8 implies X is Lindel6f. m

Generating the Borel o-algebra with intervals

We give R™ the natural (product) ordering, that is, for a,b € R", the relation
a < b holds if and only if ay < b for 1 < k < n.

A subset J of R" is called an interval in R™ if there are (ordinary) intervals
Jir C R with 1 < k < n such that J = szl J. For a,b € R™ with a < b we use
the notation

=
=

(aa b) = (ak7 bk) ) [aa b] = [aka bk] y
k=1 k=1

(a,b] := H(akabk] ;o la,b) = H[ak;bk) :
k=1 k=1

If a < b is not satisfied, we set
(a,b) == [a,b] :== (a,b] := [a,b) :=0 .

In analogy with the one dimensional case, we call (a,b) an open interval and [a, b]
a closed interval in R™. Obviously open and closed intervals in R™ are respectively
open and closed subsets of R™. We denote the set of open intervals in R" by J(n).

Suppose Y is a set and E is a property which is either true or false for y € Y.
When the identity of Y is clear from the context, we use the notation

[E] .= [E(y)] =={y €Y ; E(y) is true } .

For example, the set [zx > ], where k € {1,...,n} and « € R, is the closed
half-space
Hy(a) = {z €R"; 24 > a}

in R". If f € YX, we set
[E(f)] :=={2z€ X ; E(f(2)) is true } .
Thus, for f € R¥, we have for instance [f > 0] = {zeX; flx)y>0}.

The following theorem shows that the Borel o-algebra over R" is generated merely
by the set of half-spaces with rational coordinates.
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1.11 Theorem Define

Ag = .AU({ (a,b) ; a,be Q" }),
Ao :zAg({Hk(a); 1<k<n, aGQ}),
A ::Ag({Hk(a); 1<k<n, aER}).

Then
B" = AU(J(n)) =Ag=Ay=A; .

Proof Because every closed half-space belongs to B, it follows that

Ao Cc Ay C B™. (1.2)

Now take a,b € R" with a <b. For k € {1,...,n}, we have
[il?k < bk] = [(Ek > bk]c = Hk(bk)c S ./41
and

o0
[Tk > ar] = kaZak+1/j]€«417

because A; is a o-algebra. This implies
:H(ak,bk m :L'k<bk xk>ak])€A1 .
k=1 k=1

For a,b € Q", this shows that (a,b) belongs to Ap. In view of (1.2) and the
inclusion { (a,b) ; a,be€ Q" } C J(n), it follows that
Ag C A,(I(n)) C Ay CB* and Ag C Ay C B". (1.3)

Finally B2 (c,7) = [[,_, (ck —7, cx+7) belongs to Ag for every c € Q" and r € Q.
Thus Corollary 1.9(i) yields

B”:Ag({IB%ZO(c,r) cceQn, reQt }) C Ag ,

which, together with (1.3), implies the claim. m

Bases of topological spaces

The topology of a set X is uniquely determined by specifying a basis. It is easy
to see that not every nontrivial collection of sets M C PB(X) can be the basis of
a topology. The next theorem characterizes which ones can.
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1.12 Theorem A collection of sets M = { M, C X ; a € A} with |J,cq Mo = X
is a basis for a topology on X, called the topology generated by M, if and only
if for every (a,) € A x A and every © € M, N Mg, there exists v € A with
x € My, C MyN Mg.

Proof “=" Suppose 7 is a topology on X and M = {M, C X ; o € A} is
a basis of 7. Take a,8 € A and x € My, N Mg. Then M, N Mg is an open
neighborhood of z. Because M is a basis of 7, we can express My, N Mg as a
union of sets from M; in particular, there is v € A such that € M, C M, N Mg.

“«<=" Suppose M is a collection of sets with the given properties, and set
T(M) == {Uusea Ma ; A C A}. Obviously §, X, and any union of sets from
7T (M) belong to T (M).

Suppose 01,02 € T (M) and define O := O1 N Oz. We check that O belongs
to T (M), and we may as well assume that O is nonempty. From the definition of
T (M), there are A; C A such that O; = ,ep, Ma for j =1,2. To every z € O
we therefore find a;(z) € A for j = 1,2 with 2 € My, (z) N Mo, (). Further, there
is by assumption an «(z) € A such that

T € Ma(x) C Mal(x) N MOQ(;C) cO.

Therefore O = J, o Ma(z), that is, O belongs to 7 (M).
A simple induction argument now shows that the intersection of any finite
number of sets in 7 (M) lies in T(M). m

The product topology

Suppose 77 and 73 are topologies of X. If 77 C 75, we say that 77 is coarser than
7> (and 75 is finer then 77).

1.13 Remarks (a) {0, X} is the coarsest and P(X) is the finest topology of X,
that is, {0, X} € 7 C PB(X) for every topology of X.

(b) Suppose M C B(X) is a basis for a topology 7(M). Then 7 (M) is the
coarsest topology on X that contains M. In other words, if 7 a topology of X
with M C 7, then 7 D T(M).

(c) If 7y is a topology on X, then 7j is a basis for itself: 7 (7p) = Tp.
(d) Suppose M, C PB(X) is a basis of 7; for j = 1,2 with My C Ms. Then
ThCTr. m

Suppose (X1,71) and (X2, 72) are topological spaces and (0;,U;) € T1 x Ty
for j = 1,2. Obviously,

(01 X Ul) n (02 X UQ) = (01 002) X (Ul n Ug) .
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Hence Theorem 1.12 shows that
,E&,TQZ:{01X02CX1XX2; (01,02)€'T1 X'TQ}

is a basis for a topology 7 := 7 (71 K 73) on X; X X3, which we call the product
topology of 71 and 72 (on X; x X3). The topological space (X7 x X2,7) is the
topological product of (X;,77) and (X2,72). Unless explicitly stated otherwise,
we always provide X7 x Xo with the product topology.

1.14 Remarks (a) The product topology is the coarsest topology on X7 x Xo
that contains 77 X 75.

(b) The product topology is the coarsest topology on X; x X3 for which the
projections pr; : X1 x Xo — X for j = 1,2 are continuous.

Proof (i) For O € 71 and O; € T2, we have
prfl(Ol) = 01 X X2 and pr;l(Oz) = X1 X 02 .

Therefore the projections pr; and pr, are continuous with respect to 7 := 7(7; X 7).

(ii) Denote by T a topology of X1 x X2 for which pr; and pr, are continuous. For
every V € 7T, there is an index set A and pairs (Oa,Us) € T1 X T2, for a € A, such that
V' = Uaen Oa X Ua. By Theorem I11.2.20 and Remark I11.2.29(e), the sets pr; ' (Oa)

and pry '(Ua,) belongs to 7. Since On x Ua = pry }(Ou) N pry ' (Uy), this shows that
VeT,thatis, 7 C7.m

(c) Suppose M, C P(X;) is a basis of 7; for j = 1,2. Then M; X M, is a basis
of the product topology of X1 x Xs.

(d) Suppose (X;,d;) are metric spaces for j = 1,2, and let 7; denote the topology
induced on X; by d;. Further let 7(d; V d2) be the topology induced on X; x X»
by the product metric d; V ds; see Example 11.1.2(e). Then

T(’Tl X 7—2) = T(dl \Y dg) ,

that is, the product topology induced by d; and ds coincides with the topology
induced by the product metric d; V ds.

Proof 7 (dy1V d2) is a topology of X1 x X, satisfying
TR CT(diVda) CT(ThKNTe),
by Exercise I11.2.6 and Theorem 1.12. The claim then follows from (a). m

(e) The definitions and results above have obvious generalizations to products
of finitely many topological spaces. We leave the formulations and proofs to the
reader. m
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Product Borel o-algebras

Suppose (X1,A;) and (X3, A3) are measurable spaces. A; K Az need not be a
o-algebra over X; x Xy, as can be seen already in simple cases (see Exercise 15).
We therefore define the product o-algebra A; ® As of A; and As as the smallest
o-algebra over X; x X, that contains A; X As:

AL @ Ay = Ag(Al X Ag) .

The next proposition shows how to obtain a generating set for A; ® As from
generating sets for A; and As.

1.15 Proposition For §; C PB(X;) with X; € S; for j = 1,2 we have
As(81) @ Ap(S2) = Ay (S1 KR S,) .

Proof Putting A, := A,(S;), we clearly have A,(S1 K Sy) C A1 ® Ay. To show
the converse inclusion, define

./Ij = (prj)*(.Ag(Sl XSp)) forj=1,2.

Because X5 € Sy, we have S C .,11; likewise S, is a subset of ./2(2. Example 1.3(e)

now shows that A; D A; for j = 1,2. Given 4; x Ay € A; WAy we then conclude
that

Al x Xo = (prl)fl(Al) S Ag(Sl &SQ) ,

X1 X Ay = (pr2)71(A2) S .Ag'(Sl |X|Sg) ,
SO A1 X A2 = (Al X XQ) n (Xl X AQ) S -Ao(Sl |X|Sg) This implies that .Al ®.A2 =
Ay (A1 K Ag) is contained in A, (S; X Ss). m

This theorem, too, generalizes easily to the case of finitely many measurable
spaces, the product o-algebra being defined in the obvious way.

Let (X71,77) and (X»,72) be topological spaces. Two o-algebras arise natu-
rally on X; x Xs: the product o-algebra B(X;) ® B(X2) of the Borel o-algebras
B(X;) and B(X3), and the Borel o-algebra B(X; x X3) of the topological product
X7 x X5. We now study the question of how the two are related.

1.16 Proposition Suppose X7 and X5 are topological spaces. Then
B(Xl) & B(XQ) C B(Xl X XQ) .

Proof Let 7; be the topology of X;. The product topology 7 on X; x X5 contains
71 X 75. Thus

A, (T R 1) C A (T) = B(X1 x Xo) .
Moreover, Proposition 1.15 shows that B(X1) ® B(X3) = A, (71 K T2), from which
the claim follows. m
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Exercise 19 shows by example that the inclusion opposite that of Proposi-
tion 1.16 need not hold: in general, B(X; x X2) # B(X1)® B(X2). The next result
is thus of particular importance.

1.17 Theorem For topological spaces X1 and X satisfying the second countability
axiom,

B(X, x X»2) = B(X1) ® B(Xa) .

Proof Let M, be a countable basis for the topology 7; of X;. By Remark 1.14(c)
and Proposition 1.6.9, M1 X M, is a countable basis of the product topology 7 :=
T (T1X73). Thus every O € T can be represented as a countable union of sets from
M; & Ms. Therefore T C B(X1) ® B(X3), hence B(X; x X3) C B(X;) ® B(X3).
The claim follows from Proposition 1.16. m

1.18 Corollary B™ @ B" = B™*" and B = B' @ --- ® B! for m,n € N*.
—_———

m

Proof This follows from Remark 1.14(e), Corollary 1.9(ii), Theorem 1.17, and
the appropriate generalizations to the case of m factors. m

Measurability of sections

Y
For C ¢ X xY and (a,b) € X XY, A

the sets /}

C[a] ::{yGY;(a,y)eC}, C[a]

= {zeX; (x,b)cC)} \I{ »»»»»»»»»» I J
are called sections of C' (at a € X and ......... llllll ..... % > X
b €Y, respectively). \ C’[/b] /

Cross sections of measurable sets are measurable:

1.19 Proposition Let (X,.A) and (Y, B) be measurable spaces and suppose C €
A® B. Then Cp,) € B and CW e A, foranyze X andyeY.

Proof (i) We define
C:={CecA®B; CyeB, CVeA (z,y)e XxY}

and show that C is a o-algebra over X x Y.
Obviously X x Y belongs to C. For C € C and (z,y) € X x Y, we have

(C)pa) = (Cg)€ € B and (CHW = (c¥hye e A,
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so C° belongs to C. Finally every sequence (C;) in C satisfies

(Uj Ci )[;c] - Uj(cj )iz and (U] Ci )[y] - Uj(cj "

so [J; Cj also belongs to C.
(ii) For Ax Be AKB and (z,y) € X x Y, we have

B, reA,

A
(14><B)[;C]—{®7 meAC7

(AXB)M—{@’ yebn,

y € B°.

Thus A X B is contained in C, and therefore so is A ® B. But C C A ® B by
construction, so everything is proved. m

Exercises
1 Prove the statements in Examples 1.3(a)—(d).
2 Let 8,8 C PB(X) be nonempty. Prove or disprove: A,(S) = A (S’) implies S = §'.

3 Suppose (X1,.41) and (X2, A2) are measurable spaces. A subset ' C X; X Xy is
called a mosaic in X7 x X3 if there is an m € N and Ry, ..., Rm € A1 X Az such that
RjNRy=0for j#kand F =], R;.

Prove:
(a) F:={F C X1 x X2 ;F is amosaic in X; x X» } is an algebra on X1 X Xo.
(b)) As(F) = A1 @ As.

4 Suppose (A;) is a sequence in PB(X) and define

EAjzzﬁ GAk, li_mA]-::[j ﬁAk.
! =0 k=j g =0 k=j

We call lim A; the limit superior (or limsup) and lim A; the limit inferior (liminf) of (4;).
J J
(a) Describe the sets lim A; and lim A;.
J J

(b) Prove or disprove: lim A; C @Aj, @A]’ C lim A;.
J J

5 A sequence (A;) € P(X)" is said to be convergent if lim A; = lim A;. This common
value is called the limit of (A4;) and is written lim A;. g J
J

Verify:

a) Any increasing sequence (A;) converges, with limit | J, A;. Any decreasing sequence
Any i i Aj ith limit {J, A;. Any d i

(A;) converges, with limit (; A4;.

(b) (A;) converges to A if and only if (x4,) converges pointwise to xa.
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6 Suppose (X,.A) and (Y, B) are measurable spaces. A map f: X — Y is said to be
A-B-measurable® if f~'(B) C A. If X and Y are topological spaces, a B(X)-B(Y)-
measurable function is also called Borel measurable.

(a) Suppose S C P(Y) satisfies A,(S) = B. Prove that f € Y is A-B-measurable if
and only if f~1(S) C A.

(b) Suppose X and Y are topological spaces. Prove that every continuous map from X
to Y is Borel measurable.

7 Let (X, A) be ameasurable space and let Y C X. Show that A|Y := {ANY; Ac A}
is a o-algebra over Y. We call it the o-algebra induced on Y by .A.

8 Suppose (X, .A), (Y,B) and (Z,C) are measurable spaces. Check:

(a) If f € YX and g € Z¥ are measurable, then go f € Z¥ is also measurable.
(b) If f € Y™ is measurable and A C X, then f|A € Y# is (A| A)-B-measurable.
9 Suppose Y is a topological space and X C Y. Show that B(X) =B(Y)| X.

10 Suppose di and d2 are equivalent metrics on X and let X; := (X,d;) for 7 = 1,2.
Show that B(Xl) = B(XQ)

11 Show that if a topological space X has a countable basis M, then B(X) = A, (M).

12 Suppose (X, 7) is a Hausdorff space and there is a sequence (K;) € X" of compact
sets such that X = J; K. Verify that B(X) = A, (K), where K is the set of all compact
subsets of X.

13 Suppose the topological spaces X and Y satisfy B(X x Y) = B(X) ® B(Y). Show
that for every nonempty Z C Y, we have B(X x Z) = B(X) ® B(Z). (Hint: Check that
A={MCXxY; (XxZ)NM € B(X)®B(Z) } is a g-algebra over X x Y containing
B(X) ® B(Y'). Further note Remark II1.2.29(h).)

14 Suppose X; and Y; are topological spaces and f; : X; — Y; is Borel measurable for
j =1,2. Define

f1 X fg X1 xXo—Yi xXYs by (.Tl,.Z'Q) — (f1($1)7f2($2)) .

Check that (fi x f2) "' (B(Y1) ® B(Y2)) C B(X1) ® B(X2).

15 Take A C X and define A := {0, A, A°, X}. Under what conditions on A is AX A
a o-algebra over X x X7

16 Suppose S C P(X). Show that
A (8S) = U{A(,(C) ; C C S is countable } .

(Hint: The collection of sets on the right is a o-algebra over X and contains S.)

17 For AC X,let Ax:={BCX; ACBor AC B°}. Prove:
(i) Aa is a o-algebra over X.
(if) If S C A4 then A5 (S) C Aa.

3If A and B are implicit from the context, we say for short that f is measurable.
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18 Let X = (X,7T) be a topological space. Show that if the diagonal
Ax={(z,y) eXxX;z=y}

belongs to B(X) ® B(X), there is an injection of X in R.

(Hint: (i) By Exercise 16, there exist S; = {Ax,; ; Kk € N} C T for j = 1,2 with
Ax € Aa(Sl |X|82). Set .A]' = AJ(SJ') for ] = 1,2. Then A1 @ A> D Aa(Sl ‘XSQ), WhiCh,
with Ax € A,(S1 ® S2) and Proposition 1.19, implies that {z} € A; for every = € X.
(ii) Define ¢ := 377, 3’]“)(,4,6)1 € B(X,R) and take z,y € X such that p(z) = ¢(y). By
Theorem IL1.7.11, either {z,y} C Ag,1 or {x,y} C Aj , for every k € N. Then Exercise 17
shows that either {z,y} C Aor {z,y} C A° for every A € A;. By (i), this is only possible
when z =y.)

19 Suppose X := PB(R) and let 7 be a Hausdorff topology on X. Then B(X)® B(X) #
B(X x X).

(Hint: Because 7 satisfies the Hausdorff condition, the diagonal Ax is closed in X x X.
If B(X)® B(X) = B(X x X), Exercise 18 says there is an injection of PB(R) in R. This
contradicts Theorem 1.6.5.)



2 Measures

We will now introduce the concept of a measure and study its general properties,
those that follow more or less immediately from the definition. The resulting rules
form the foundation for our deeper exploration of measure and integration theory.

In the following,

e X is a nonempty set and [0, o] := RT U {oc0}.
Recall also the facts set forth in Sections 1.10 and IL.5 about the arithmetic and
topology of R.

Set functions

Suppose C is a collection of subsets of X with § € C. Let ¢ be a map (or set
function) from C into [0, co] with ¢(#) = 0. We say that ¢ is o-subadditive if for
every sequence (A;) in C such that (J; A; € C,t

o(U.4) <X o). (2.1)

We say a map ¢ of C in [0, 00] or K such that ¢(0) = 0 is o-additive if

o(U,4) =X, 04) (22)

for every disjoint sequence (A;) in C such that {J; A; € C. If (2.1) holds for every
finite collection Ag, ..., A,, of subsets of C such that Uj A; € C, we say that ¢
is subadditive. Likewise, if (2.2) holds for every finite collection Ay, ..., A, of
pairwise disjoint subsets of C such that |J y A; € C, we say ¢ is additive. Finally
we say ¢: C — [0,00] is o-finite if X belongs to C and there is a sequence (4;)
in C such that |J; 4; = X and ¢(4;) < oo for j € N. If p(X) < oo, we say ¢ is
finite.

2.1 Remarks (a) Every o-additive set function is additive; every o-subadditive
set function is subadditive.

(b) Suppose ¢ is a o-additive map from C into [0, 0o] [or into K]. If (A;) € CN are
disjoint and |J; A; € C, the series >, ¢(A;) converges absolutely in [0, 0] [or in
K], that is, it can be reordered arbitrarily with no effect in its sum.

Proof This follows from (2.2), since @(Uj A]-) does not depend on the ordering on A;. m

(c) The map

LAzD,
00—~ 0o, an{ 0 4T

is o-subadditive; it is o-additive if and only if X has a single element. m

1Here and below, U, A; is understood to mean |J7Z 4 Aj, etc.
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Measure spaces

Suppose A is a o-algebra over X and p: A — [0, 00] is o-additive. We say that u
is a (positive) measure on X (or on 4)?, and we call (X, A4, i) a measure space. If
w(X) =1, we also call p a probability measure and (X, .4, 1) a probability space.

2.2 Examples (a) For fixed a € X, define

1, a€ A,

RS

for A C X. Then 6, : PB(X) — [0, 0] is a probability measure, the Dirac measure
on X at a (or with support a).

(b) For A C X define H°(A) := Num(A). Then H: P(X) — [0, o0] is a measure,
the counting measure on X. It is finite [or o-finite| if and only if X is finite [or
countable].

(c) For A C X, let u(A) := 0 for A = 0 and let u(A) := oo otherwise. Then
(X, P(X), u) is a measure space.

(d) Let (X,.A, u) be a measure space and take A € A. Then (A4, A|A, p|A) is
also a measure space. m

Properties of measures

We gather here the most important rules for working with measures.

2.3 Proposition Let (X, A, 1) be a measure space. For A, B € A and (A;) € AY,
we have:

(i) p(AUB) + (AN B) = pu(A) + u(B).

(ii) p(B\A) = u(B) — u(A) if A C B and p(A) < oo.

(ili) A C B = u(A) < u(B), that is, u is increasing.’

(iv) p(Ag) 1 ,u(Uj Aj) if AgC Ay C Ay C -

(v) p(Ak) | u(ﬂj Aj) if Ag D Ay D Ay D - with p(Ag) < oo.
(vi) M(Uj 4)) < > u(A;), that is, p is o-subadditive.

Proof (i) From AUB = AU(B\A) and AN(B\A) = 0 it follows by Remark 2.1(a)
that

(AU B) = pu(A) + u(B\4) . (2.3)

2The specification of A is actually superfluous, as A is the domain of definition of u.
3This refers to the natural ordering of A induced by (B(X), C); see Examples I.44(a) and (b).
Instead of increasing, we may also say monotone.
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Analogously, we get from B = (AN B)U (B\A) and (AN B)N(B\A) = ( that
(AN B) + u(B\A) = u(B) . (2.4)

By adding (2.3) and (2.4) we find

(AU B) + u(AN B) + u(B\A) = u(A) + u(B) + u(B\A) .

is finite, the claim follows. If u(B\A) = oo, we get u(AUB) = u(B) = oo

)i
3) and (2.4), and the claim is again verified.
Si

(

(ii) Since A C B we have B = AU (B\A); but A and B\ A are disjoint, so
w(B) = u(A) + p(B\A). By assumption, p(A) < oo, and we find pu(B) — u(4) =
u(B\A).

(iii) As in (ii) we have p(B) = p(A) + p(B\A) and thus pu(B) > u(A).

(iv) We set A_1 := 0 and By, := A\ Ax_1 for k € N. By assumption, (By)
is a disjoint sequence in A with U;Z, Br = Uj2y 4; and UyLo Bx = Ap. The
o-additivity of p therefore implies

(U A)*#(U Bk): lim Zu By) = hm “(U Bk):wggnoou(A ).

k=0

If p(B\A
from (2.3

(v) If (A) is a decreasing sequence in A, then (Ag\ Ay) is increasing. Further,

A\ () =400 () 2" = U, (0 45) = Ut

Using (ii) and (iv), we get

401 (), 40) =0 (1, 40) = (U, 401 20)

= lim p(Ao\An) = p(Ao) — lim p(An) ,
m—oo m—oo

from which the claim follows.

(vi) Set By := Ap and By = Ak\(U;:é Aj) for k € N*. The sequence
(Bi) in A satisfies |J,, Br = Uy Ar and By, C Ay for kK € N. From (iii) and the
o-additivity of p, we have

(U, ) = (U3 = X, w50 <5, i -
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2.4 Remarks (a) Parts (iv) and (v) of Proposition 2.3 express the continuity of
measures from below and from above, respectively.

(b) Parts (i)—(iii) clearly remain true when A is an algebra and p: A — [0, 0] is
additive.

(c) If S is an algebra over X and p: S — [0, 00] is additive, monotone, and o-
finite, there is a disjoint sequence (By) in S such that |J, By, = X and pu(By) < oo
for k e N.

Proof Because of the o-finiteness of p, there is a sequence (4;) in S with (J; A; = X
and p(A;) < oco. Setting Bo := Ao and By := Ay \ Uf;é A;j for k € N*| we find easily
that (Bx) has the stated properties. m

Null sets

Suppose (X, A, 11) is a measure space. A set N € A with u(N) = 0 is said to be
p-null. We denote the set of all y-null sets by NV,,. A measure p or measure space
(X, A, p) is called complete if any subset of a p-null set lies in \A.

2.5 Remarks (a) For M € A and N € N, such that M C N, we have M € N,,.

Proof This follows from the monotony of y. m

(b) Countable unions of p-null sets are p-null.

Proof This follows from the o-subadditivity of p. m

(c) A measure u is complete if and only if every subset of a p-null set is p-null.

Proof This is a consequence of (a). m

(d) If A =P(X), then p is complete. For example, the Dirac measure and the
counting measure are complete. m

We denote by
M, ={MCX; 3INeN,such that M C N}

the set of all subsets of p-null sets. Clearly p is complete if and only if M, is
contained in A. Thus, for an incomplete measure space,*

.Zlu ={AUM; Aec A, MeM,}

does augment A. The next proposition shows that A, is a o-algebra admitting a
complete measure that agrees with p on A.

4Corollary 5.29 will show that there are incomplete measure spaces.
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2.6 Proposition Suppose (X, A, 1) is a measure space.
(a) For A€ A and M € M, define i(AUM) := p(A). Then [i is a well defined
set function on A, and (X7 A, ﬂ) is a complete measure space with i D u
(that is, i extends p).

(b) If (X, B,v) is a complete measure space with v D p, then v D [i.

Proof (i) We first show that A, is a o-algebra. Manifestly X belongs to A,,.
Suppose Ay € A,. Then there are A € A, N € N, and M C N such that
Ao =AUM. From M C N, it follows that M°¢ = N°U (N N M¢), and we find

AS = A°N M° = (A°NN°) U (A°N N N M°) .

Because A and N belong to A, so does A° N N€. Moreover AN N N M¢ lies in
My, because it is contained in the p-null set N. Therefore Af € .Il”. Finally, let
(B;) be a sequence in A,. There are sequences (4;) in A, (N;) in Ay, and (M)
in P(X) such that M; C N; and B; = A; UM, for j € N. Because |JN; is a
p-null set that contains | J M; and because A is a o-algebra, we have

Us = (Ua)u(Um) € 4,

(ii) We show that the set function fi: A, — [0,00] is well defined. Take
A1, Ay € A and My, My € M, with A1 UM; = Ay U My, and suppose N is a
p-null set with Ms € N. Then A; C A; UM; C A, U N, and Proposition 2.3
yields

(A1) < p(A2 UN) = p(A2) + p(N) — p(A2 NN) = p(Az) .
Analogously, we show p(As) < p(A;y). Therefore i is well defined.

(iii) Suppose Ag is a p-null set and take B C Ag. There exist A, N € N, and
M C N such that Ag = AU M. Therefore B C Ag C AU N, and thus B belongs
to M,, C A, that is, I is complete.

(iv) By construction [z is an extension of u, and it is easy to see that & is also
o-additive. This proves (a).

(v) Suppose (X, B,v) is a measure space with B D A and v| A = p. Then
N, C Ny, hence also M,, C M,,. If v is complete, so that M, C B, we obtain
M,, C B, and therefore A, C B. This proves (b). m

Part (b) of Proposition 2.6 says that (X,.A,, /i) is the minimal complete
extension of (X, A, u). We call (X,A,, ) and i the completion of (X, A, u1); we
also say [ is the completion of . An important example of this construction will
surface in Theorem 5.8.

Exercises

1 For AC X, let A:=A;({A}). Put p(0) := 0 and p(B) := oo otherwise. Show that
(X, A, ) is a complete measure space.
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2 Suppose (X, A, n) is a measure space and take Ai,..., A, € A for n € N*. Show
that .
u( Aj) =Y (=pFt M(ﬂ Ajz) :
=1

k=1 1<ji < <jp<n
3 Find in the measure space (N,B(N),H") a decreasing sequence (4;) € P(N)" for
which lim; H®(A;) exists but H®(; A;) # lim; H(A;).

<.
s

4 Suppose (X, A) is a measurable space and p: A — [0, o0] is additive and continuous
from below. Prove that (X, A, 1) is a measure space.

5 Let (X,.A, 1) be a measure space and take B € A. For A € A, set up(A) := p(ANB).
Show that (X, .4, up) is a measure space.

6 Let (X, A, u) be a measure space and consider a sequence (A4;) € AY. Prove the
following statements:

(a) p(lim A;) < lim p(Ay).

J J
(b) u(@Aj) > @N(Aj) if there exists k € N such that (U2, 4;) < .
(c) If there is a k € N such that N(U;‘;k Aj) < oo and the sequence (A;) converges, then
p(limy Aj) = lim; pu(A;).
7 Show that for every measure space (X, A, y) we have (X, .Zu,ﬁ) = (X,ﬁ,ﬁ).
8 Suppose (X, A, n) and (X, A, v) are finite measure spaces. Prove or disprove that

(X, A, ) = (X,A,70) <= N, =N, .

9 Suppose (X,.A) is a measure space and N' C A satisfies
(i) 0 eN;
(ii) (4)) e N =, 4; € N;
(ii) (Ae A, BEN, ACB)=AeN.
Construct a measure p on (X,.A) such that NV,, = N.
10 Suppose X is uncountable and A :={A C X ; A or A°is countable }. For A € A,

set p(A) := 0 if A is countable and p(A) := oo otherwise. Show that (X, A, p) is a
complete measure space.

11 Suppose (X, A, 1) is a measure space. We call A € A a p-atom if u(A) > 0 and, for
every B € A such that B C A, either u(B) =0 or u(A\B) = 0.

(a) Prove:
(i) Let A be a p-atom and take B € A with B C A. Then either p(B) = u(A) or
mw(B) = 0.

(ii) Suppose that A € A satisfies 0 < pu(A) < oo, and that for every B € A with B C A,
either p(B) = p(A) or u(B) =0. Then A is a p-atom.
(iii) Suppose p is o-finite and A € A is a p-atom. Then p(A) < oco.

(b) Determine all atoms of the counting measure H°. Repeat for the measures of Exercises
1 and 10.
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12 Suppose (X, A, ) is a complete measure space. Let A € A be a y-atom and suppose
B C A. Is B measurable? Justify your answer.

13  Suppose (X, A, ) is a complete measure space, and take A, N € A with u(A) > 0
and p(N) = 0. Show that u(AN N°¢) > 0.



3 Outer measures

Until now, all measures we’ve encountered have been of the banal variety. None
of them would do for measuring, say, surface areas, if we want the result to agree
with the familiar geometric one in the simplest case of a rectangle!

In this section, we lay the foundation for the introduction of more interesting
classes of measures. We first construct set functions, called “outer measures”,
that are defined on all subsets of a given set and have some, although not all, the
properties of measures. We will see important examples thereof. In later sections
we then obtain many actual measures as appropriately chosen restrictions of outer
measures.

As always, we suppose

e X is a nonempty set.

The construction of outer measures

A map p* : P(X) — [0, 00] such that p*(@) = 0 is called an outer measure on X if
it is increasing and o-subadditive. A subset K of B(X) is said to be a conforming
cover for X if it contains the empty set as well as elements K, for j € N, such
that X = U] Kj.

3.1 Remarks (a) Any outer measure on X is already defined on all of (X).
(b) Every measure defined on (X)) is an outer measure on X.

Proof This follows from Proposition 2.3(vi). m

(c) For A C X set
o [0, A=0,
“(A)'{1, A£0.

Then p* is an outer measure on X, and it is a measure if and only if X has a
single point.

(d) {0, X} is a conforming cover for X.

(e) Foreach a,b € R" let A(a,b) be some subset of R" with (a,b) C A(a,b) C [a,b].
Then { A(a,b) ; a,b e R" } is a conforming cover for R"; in particular, so is J(n).

(f) If (X,7) is a topological space, T is a conforming cover for X.

(g) Suppose X is a separable metric space and 7 is the corresponding topology.
For any € > 0, the set {O €7 ; diam(0) < 6} is a conforming cover for X.

Proof By Proposition 1.8, X is Lindelof, which implies the claim. m
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The next theorem allows the systematic construction of outer measures.

3.2 Theorem Suppose K is a conforming cover for X and v: K — [0, oc] satisfies
v(0) =0. For A C X, set

[ (A) = inf{ Z:‘;O v(K)) s (Kj) e K", Ac|] K, } .

Then p* is an outer measure on X, said to be induced by (IC,v).

Proof It is clear that u*: P(X) — [0, 00] is increasing and that p*(0)) = 0. To
check o-subadditivity, suppose (4;) is a sequence in P(X). For every € > 0 and
every j € N, there is a sequence (K x)ren in IC with

A; CU K and Z Kjr) < u*(A4;) +e/27F .

Then ; A; € U; Uy Kjx and we get

“*(UjAJ) SZZ VK
<Y (A +e/2) = (Zj i (4y)) +e

Because € > 0 is arbitrary, o-subadditivity follows. m

The Lebesgue outer measure
For a,b € R", the n-dimensional volume of the interval (a,b) in R" is defined as
H" (bj — aj) <b
—aj), a0,
vol,, (a,b) := j=1 ’
0 otherwise .

If (a,b) is nonempty, this coincides with the product of the n edge lengths of
(a,b) —more specifically, with the everyday notion of length of an interval, area
of a rectangle, and volume of a parallelepiped, for n = 1, 2, and 3 respectively.

3.3 Proposition For A C R", let
NE(A) = inf{ > volu(l)) s I € J(n), j €N, U I A} .

Then X}, is an outer measure on R", called n-dimensional Lebesgue outer measure.
For a,b € R™ and (a,b) C A C [a,b], we have A*(A) = vol,(a,b).

Proof (i) The first claim follows from Remark 3.1(e) and Theorem 3.2.
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(ii) Suppose a,b € R", and set Iy := (a,b) and I; := ) for j € N*. Obviously
this defines a sequence of intervals in R"™ such that (a,b) C U, I;. Therefore

N ((a, b)) < Zlvoln(lj) = vol,(a,b) . (3.1)

J

(iii) Let Ao be the set of all subsets® J of [a,b] such that a,b € R" with
ay, = by, for some k € {1,...,n}. Clearly, for every J € Ay and € > 0, there exists
I. € J(n) such that J C I and vol,(I;) < e. Thus \5(J) =0 for J € Aj. Now,
given a,b € R", there are 2n “faces” J; € Ag such that

2n

[a,b] = (a,b) U | J J; -
j=1
From this and Remark 2.1(a), it follows that
2n
X ([, ) < X ((0,8) + 30N = X ((a.B)) -
j=1

For (a,b) C A C [a,b] we conclude from the monotony of A} that
X ((a,)) = A (4) = Xs ([a,b]) - (3:2)

(iv) Suppose (I;) is a sequence in J(n) such that [a,b] C |J; I;. Since [a,b] is
compact, there exists N € N such that [a,b] C | i—o 1. Thus, by Exer01se 1 below,

N o]
vol,(a,b) < Z (I;) < Zvoln(lj)
=0 =0

and we find by taking the infimum that vol, (a,b) < X% ([a,b]). Together with (3.1)
and (3.2), this yields the claim. m

For a,b € R", suppose J(a,b) is an interval in R™ such that (a,b) C J(a,b) C
[a,b]. Then Proposition 3.3 shows that

A (J(a,b)) = vol,(a,b) . (3.3)

For this reason, we set
vol, J(a,b) := A5, (J(a,b))

and again we call vol, J(a,b) the n-dimensional volume of the interval J(a,b).
Formula (3.3) says, informally, that the boundary faces do not contribute to the
volume of an n-dimensional box.

1J itself need not be an interval in R™.
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Any interval of the form J = [a, b), for a,b € R", is said to be left closed, and
one of the form J = (a, b] is called right closed. We denote the set of all left closed
intervals in R” by J,(n), and that of right closed intervals by J,.(n). By J(n) we
denote the set of intervals in R™ that are bounded and closed (on both sides).

The next result shows that, in the definition of the Lebesgue outer measure,
we can use left, right, or both-sided closed intervals instead of open intervals.

3.4 Proposition Suppose A C R™ and J € {I,(n),J,(n),J(n)}. Then

A5 (A) = inf{ >

j=

vol,(J;) ; J; €7, j €N, U;_";OJJ- DA} .

Proof We consider the case J = J,(n). For J = (a,b) € J(n), let £J := [a,]).

If a sequence (J;) € J(n)N covers A, so does the sequence (£.J;) € J. Hence
there are no fewer sequences in J covering A than there are in J(n). So (3.3) and
the definition of A} (A) imply

inf{ Y7 volu(J;) s Jy el jeN, |J /04
ginf{ztio

J=

(3.4)
vol, (¢J;) 5 J; € I(n), j €N, Uj J; D A} =\, (4) .

Suppose (J;) is a sequence in J that covers A, and take e > 0. For a;,b; € R"
and J; = [a;,b;), set
J5 == (a; —e(bj —a;),b;) for jeN.

Then (J5) is a sequence in J(n) that covers A, and

Zvol J5) :il—ke voly, ( (Zvol ) +e)"
7=0
From this, it follows that

XE(A) = inf{ >

J=

< inf{ Zio

=

:inf{ ZZOVO1H(JJ-); Jel e | 7 3A}(1+g)n

vol,(I;) ; I; € J(n), j €N, Ujfj DA}

volo(J5) 3 J; €1, j €N, UijDA}

Since € > 0 is arbitrary, we see that

A (A) < mf{ >

J=

vol,(J;) ; J; €J, j €N, UijA}.

Now the claim follows from (3.4). Obvious modifications achieve the proof for the

cases J = J,.(n) and J = J(n). m
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The Lebesgue—Stieltjes outer measure

Let F': R — R be increasing and continuous from the left. We say that F' is a
measure-generating function. If lim, , o F(z) = 0 and lim,_,o, F(z) = 1, we
also say F is a (probability) distribution function. If F' is a measure-generating
function, we set

vr(la,b)) = { F(b) B ,F(a) ; Z; l; :

for a,b € R. Because F is increasing, vy is an increasing map into R from the set
of intervals of the form [a, b) with a,b € R.

3.5 Proposition Suppose F' is a measure-generating function, and for A C R let
* . 0 . )
wp(A4) = 1nf{ ijo ve(L;) 5 I = laj,b;), aj,b; € R with A C szo Ij} )

Then p}. is an outer measure on R, the Lebesgue—Stieltjes outer measure arising
from F. For —oo < a < b < oo, we have p}([a,b)) = F(b) — F(a).

Proof (i) That p}. is an outer measure follows from Remark 3.1(e) and Theo-
rem 3.2.

(ii) Suppose a,b € R with a < b. We set Iy := [a,b) and I, := 0 for j € N*.
Then [a,b) C U, I; and

ZVF =vp(ly) = F(b) — F(a) . (3.5)

(iii) Now let I; := [a;,b;) for j € N be such that [a,b) C [, 1;, and take
€ > 0. Because F' is continuous from the left, there are positive numbers c and c¢;
such that

F(b)—F(b—c)<e/2, F(aj)— Fla;—c¢;) <270 forjeN, (3.6)
and [a,b—c] C |J;(aj—c;,b;). Because [a, b—c] is compact, there is an N such that
[a,b—c] C U] olaj—cj,bj). Now the monotony of F' implies that

F(b—c)— F(a) <Y (F(bj) — Fla; — ¢;)) < > _(F(b;) — Fla; — cj)) -

=0 =0
Together with (3.6), this yields
F(b) — F(a) = F(b) = F(b—¢)+ F(b—¢) — F(a)
Z F(aj) +e270+Y)] Z (a;)] +¢ .
=0

This is true for every £ > 0, so F(b) — F(a) < |
equality in view of (3.5). m

<.

MX

Jj=
vr(I;), which gives the desired
0

<.
I
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3.6 Remarks (a) In the case F'(z) := x for z € R, we have u} = Aj.

Proof This follows from Proposition 3.4. m

(b) If one replaces “continuous from the left” in the definition of a measure-
generating function by “continuous from the right”, Proposition 3.5 remains true
if one replaces all left closed intervals by right closed ones. m

Hausdorff outer measures

Suppose X is a separable metric space, and let 7 be the topology induced by the
metric. For s >0, € >0, and A C X, we set

HI(A) = inf{ ZOO

Jj=

JdiamO,1° 5 0; € T, diam(0)) <&, Ac |~ oj} .

According to Remark 3.1(g) and Theorem 3.2, H¢ is an outer measure on X. Also
H:, < HZ, for 1 > €2, because for 1 there are more sets available for covering
than for e5. Therefore (see Proposition 11.5.3)

Hi(A) == lim HI(A) =supHI(A)
e—0+ e>0

exists for all s > 0 and A C X. We call H: the s-dimensional Hausdorff outer
measure on X. For completeness, we define the 0-dimensional Hausdorff (outer)
measure by H? := H°, where H° is the counting measure on X.

3.7 Proposition For every s > 0, H: is an outer measure on X.

Proof The case s = 0 is covered by Remark 3.1(b) since H° is a measure—
see Example 2.2(b). So suppose s > 0. Obviously H? is an increasing map from
PB(X) into [0, oo] with H? () = 0. To show o-subadditivity, let (4;) be a sequence
in P(X). Because HE(A) is an outer measure on X for every € > 0, we have

(U, 40) < 30, Me4) < 30 Hi(Ay) -

Taking the limit € — 0 we obtain the claim. m

Exercises

1 Prove:
(a) I,J € J(n) = INJ e J(n).
(b) Suppose Io, ..., Iy € J(n) and I is an interval such that I C J7_, I;.
Then vol, (1) < 25:0 voly, (I;). (Prove this without using Proposition 3.3.)
2 (a) Let u be a measure on the Borel o-algebra B' and suppose u((—o0,z)) is finite
for x € R. Further let
Fu(z) = p((foo,x)) forz e R.
Show that F), is a measure-generating function with limg, .o Fj(z) = 0.
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(b) Determine Fj,, where &y denotes the Dirac measure on (R, B') with support at 0.

3 Suppose f: R — [0,00) in improperly integrable and
:/ f(&)d¢ forzeR.

Verify that Fy is a measure-generating function for which pz + ( a,b) ) f f(&) d¢ when
—00 < a < b<oo.

4 Suppose A C R". Prove:

(a) HE(A) = 11%1+ inf{ 7% [diam(Az)]" ; Ax CR™, diam(Ax) <e, k€N, AcCJ, Ax }-

(b) If f: A — R™ is Lipschitz continuous with Lipschitz constant A, then
H(F(A)) S AHI(A) -

(c) For every isometry ¢: R™ — R", we have H3(¢(A)) = H:(A). Thus the Hausdorff
outer measure on R™ is invariant under isometries, that is, an invariant of motion.>

(d) Suppose 7 > n and H; is the Hausdorff outer measure on R™. Then H5(A) = HS(A).
That is, the Hausdorff outer measure is independent of the dimension of the ambient R™.
5 Suppose A C R" and 0 < s <t < 0o. Show these facts:
(a) Hi(A) < 0o = HL(A) =0.
(b) HL(A) >0 = HE(A) = co.
c)inf{s>0; HI(A) =0} =sup{s>0; H(A) =00 } The unique number
dimp (A) == inf{s >0; Hi(A) =0}
is called the Hausdorff dimension of A.
6 Let A, B, and Aj, for j € N, be subsets of R™. Prove:
(a) 0 < dimpg(A) < n.
(b) If A is open and not empty, then dimg(A) = n.
(¢) AC B = dimg(A) < dimg(B).
(d) dimg (U Aj) = sup, {dimpu (4;)}.
(
(

e)
f) dimp (f(A)) < dimp (A) for any Lipschitz continuous function f: A — R".
(g) The Hausdorff dimension of A is independent of that of the ambient R™.

If A is countable, it has Hausdorff dimension 0.

7 Suppose A C R" and B C R™. Show then that dimg (A x B) = dimpg (A) +dimg (B).

8 Suppose I C Ris a perfect compact interval and v € C'(I,R"™) is an injective rectifiable
path with image I'. Then dimg(T") = 1.

9 Verify that setting p*(A) := A} (pr,(A4)) for A C R? defines an outer measure on R”.

2By Exercises VI1.9.1 and VII.9.2, every isometry ¢ of R™ is an affine map— that is, of the
form p(z) = Tz + a with T € O(n) and a € R™ —and can be interpreted as a rigid motion.
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10 Suppose {pj ; j € N} is a family of outer measures on X. Then

ot "p(X) - [0,00] ’ AHijo,LL]'(A)
is an outer measure on X.

11 Show that for every A C R"™ there is a Gs-set G such that A C G and A, (A) = A\, (G).



4 Measurable sets

In this section we finish the process of constructing measures on a set. We start
with an outer measure and restrict it to an appropriate collection of subsets.
By choosing this subset skillfully, we end up with a complete measure space.
This technique, which goes back to Carathéodory, is then applied to the examples
of the last sections to obtain the most important measures for applications —in
particular, the Lebesgue measure.

Motivation

The key point in Carathéodory’s construction is the definition of measurable sets.
It’s a convenient definition for the proof of the main theorems, but not one that is
immediately grasped by intuition. Therefore we first give a heuristic motivation.

Suppose A is a bounded subset of R". If (I;) is a sequence of open inter-
vals such that (JI; D A, then Z;io vol, (I;) represents an approximate value for
Ay (A), which becomes closer to A, (A) as J; I; better approximates the set A. By
Proposition 3.4, we can replace open in-
tervals by left-open ones; in particular, we
can choose finitely many pairwise disjoint
intervals whose union contains A. The
set A is approximated “from the outside”
by a mosaic, a shape whose boundary is
piecewise parallel to the coordinate hyper-
planes. In this sense, we regard

AE(A) = inf{ S volu(ly) ; L €I(n), jEN, AcC Uj‘;o I }

as an “approximation from the outside” to the volume of A.

Now instead of A consider the set
D\ A, where D is a bounded superset of
A in R™. Approximating D\ A from the
outside by a mosaic, as above, we get an
approximation of A “from the inside”.
It is therefore natural to define the inner
measure of A (relative to D) by

Aow(A) := A (D) = X, (D\A) .

Now it is reasonable to expect a special role for those subsets A of R"™ whose
outer measures agree with their inner measures relative to every bounded super-
set D, that is, those satisfying

Ai(A)=AD (A) for DCR"and DD A,
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where again D is bounded. This corresponds to the equality
A(D) =X (A)+ A (D\A) for DCR"and DD A, (4.1)

from which we can now drop the requirement that A and D be bounded. Thus (4.1)
singles out precisely those sets A for which the Lebesgue outer measure behaves
additively with respect to the disjoint decomposition A U (D\ A) of D, for every
D c R" with D D A.

The o-algebra of p*-measurable sets

Suppose p* is an outer measure on X. If we replace R™ by X and A} by p*,
equation (4.1) is meaningful for every A C X. Because outer measures are sub-
additive, we can also replace the equality sign in (4.1) by > . We then reach the
key definition: A subset A of X is p*-measurable if, for every D C X,

WD) > w* (AN D) + " (A°N D) .

We denote the set of all p*-measurable subsets of X by A(p*). If N C X has
p*(N) =0, we say the set N is p*-null (or of p* measure zero).

4.1 Remarks (a) Every p*-null set is p*-measurable.
Proof Take Suppose D C X and N C X with p*(N) = 0. The monotony of u* gives
0<p*(NND)<p*(N)=0. Thus NN D is p*-null, and it follows that
w*(N A D) + u*(N° A D) = " (N* N D) < u*(D) .
Therefore N is p*-measurable. m

(b) For A C X, these statements are equivalent:
(i) A AGe).
(ii) p*(D) > p* (AN D)+ p*(A°N D) for all D C X such that p*(D) < co.
(iii) p*(D) =p*(AND)+p*(A°N D) forall D C X.
Proof The implications “(i)=>(ii)” and “(iii)=>(i)” are obvious.
“(ii)=>(iii)” Suppose D C X. The subadditivity of pu* gives

i'(D) = p* (AN D) U(A°N D)) < " (AN D) + u*(A°N D) . (4.2)

If 4" (D) < oo then (iii) follows from (4.2) and (ii). In the case p*(D) = oo, the statement
is likewise correct due to (4.2). m

The next theorem shows that the set of all p*-measurable sets forms a
o-algebra and the restriction of the outer measures p* to this o-algebra is a com-
plete measure. This is the important Carathéodory extension theorem, which
allows the construction of nontrivial measures.
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4.2 Theorem Suppose p* is an outer measure on X. Then A(u*) is a o-algebra
on X, and p = p*| A(p*) is a complete measure on A(p*), the measure on X
induced by p*.

Proof (i) Obviously §) belongs to A(p*). Also, A€ lies in A(p*) if A does, because
the notion of p*-measurability is symmetric in A and A°.

(ii) Take A, B € A(u*) and D C X. Then
w (D) > p* (AN D)+ u*(A°N D) . (4.3)
Because B is p*-measurable, we have
p (A°ND)>p*(BNA°ND)+pu*(B°NA°N D).
Thus (4.3) and the subadditivity of pu* give
(D) > p ((AND)U(BNA°ND))+p (B°NA°ND) .
Noting that
(AND)U(BNA°ND)=[AU(BNAY)|ND=(AUB)ND
and (AU B)¢ = A°N B¢, we see that
p*(D) > p*((AUB)N D)+ u*((AUB)°ND) .

Therefore AU B is p*-measurable, and A(p*) is an algebra over X.

(iii) Let (A4;) be a disjoint sequence in A(u*). Because Ay is p*-measurable,
Remark 4.1(b) results in

1 (AU A1) N D) = p*(((Ao U A1) N D) N Ag) + 1 (((Ao U A1) N D) N AG)
and from Ay N A; = 0, it follows that

By complete induction, we get
u*((U Aj)ﬁD):Zu*(Aj ND) formeN. (4.4)
§=0 §=0
After setting for short A := Uj Aj, the monotony of p* shows that

*(AN D) Z (A;jND) formeN.
7=0
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For m — oo, we get the inequality pu*(AND) > Z;io w*(A; N D). Together with
the o-subadditivity of p*, this implies

“(AND)=> u*(A;ND). (4.5)
7=0

Because, by (ii), A(p*) is an algebra over X, we have for every m € N that

m c m

w*(D) = M*((U Aj) mD) +ﬂ*((U Aj) N D) .

3=0 3=0

The monotony of p* and (4.4) then give
WD) > (45N D)+ 3 (4,1 D)
3=0
so we find using (4.5) that
w*(D) 2 p*(A° N D) + S (4, (1 D) = 4 (A° N D) + 5*(AN D)
3=0

as m — oo. Therefore A is p*-measurable, and Remark 1.2(c) implies that A(u*)
is a o-algebra.

(iv) To see that p* | A(n*) is a measure on A(u*), it suffices to set D = X in
(4.5). Finally, the monotony of p* and Remark 4.1(a) shows that this measure is
complete. m

If 1 is the measure on X induced by u*, sets in A(u*) are called u-measurable,
naturally enough, while p*-null sets and p-null sets coincide.

Lebesgue measure and Hausdorff measure

We now apply Theorem 4.2 to the outer measures discussed in Propositions 3.3,
3.5, and 3.7.

e The measure on R™ induced by A} is called n-dimensional Lebesgue mea-
sure on R" and is denoted by \,,. We call \,-measurable sets Lebesgue measurable.

e If F: R — R is a measure-generating function, we call the measure on R
generated by p7 is the Lebesgue—Stieltjes measure on R induced by F'. We denote
it pp.

e Suppose X is a separable metric space and s > 0. The measure on X
induced by H{ is the s-dimensional Hausdorff measure on X; it is denoted by H?.
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Metric measures

Granted that Theorem 4.2 guarantees that the restriction of p* to A(u*) is a
measure, it says nothing about how many or how few sets belong to A(u*). For
metric spaces, we will now specify a sufficient condition such that at least all Borel
sets are p-measurable.

Suppose X = (X, d) is a metric space and p* is an outer measure on X. If
p (AU B) = p*(A) + p"(B)

for all A, B C X separated by a positive distance, that is, for which! d(4, B) > 0,
we say p* and the measure on A(p*) induced by p* are metric.

The next theorem shows that the o-algebra induced by a metric outer mea-
sure contains the Borel o-algebra. Conversely, one can show that an outer measure
w* whose o-algebra of p*-measurable sets contains the Borel o-algebra is a metric
measure; see Exercise 1.

4.3 Theorem Suppose p* is a metric outer
outer measure on X. Then A(p*) D B(X).

Proof (i) Because A(p*) is a o-algebra and
because the Borel o-algebra is generated by
open sets, if suffices to verify that every open
set is p*-measurable.

(ii) Take O open in X and D C X such that
p* (D) < co. We will show that

3=

p (D) Z p(OND) 4+ p=(0°ND) .

From Remark 4.1(b), it follows that O € A(u*).

We set
Op:={ze€X;dz,0%>1/n}

and
Api={zeX;1/(n+1)<d(z,0% <1/n}

for n € N*. Clearly d(O,,,0°) > 1/n > 0. For z € A, we have
1/(k+1) <d(z,0° <d(z,z) < d(z,y) +d(y,z) forz€ O°andyec X .
Because this holds for every z € O¢, we have

1/(k + 1) S d((E, y) + d(ya Oc) S d(l’,y) + 1/(k + 2) for Yy S Ak+2 )

1See Example I11.3.9(c).
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and therefore

1 1
—— >0 forkeN*, (4.6)

Apra) > —— —
d(Ak; k+2)— k+1 k+2

(iii) Because p* is a metric outer measure, it follows from (4.6) by complete
induction that

n

Zu*(Agj,i ND)= y*((o Agj,i) ﬂD) <p*(D) forneN*andi=0,1.
j=1 J=1

From this we get
[ee]

> w(AxND) < 2" (D) < o0
k=1

In particular, we find that the series remainders r,, := Y po  p*(Ax N D) form a
null sequence. It is also clear that O\O,, = U]Oin Aj;. The o-subadditivity of p*

hence gives
o0

0<p*((O\Ox)ND) <> p(A;ND)=r, .
Therefore (u*((O\O,) N D))
(iv) Clearly

RENX is also a null sequence.

1*(ON D) < p*(0n N D)+ p* ((0\O) N D) . (4.7)

Because d(O, N D,0°N D) > d(O,,0°) > 1/n and since p* is an outer measure,
we have

1 (On N D)+ p*(0°N D) = p*((0,VO°)N D) < p*(D) .
From this and (4.7), we conclude that
(0N D)+ p (0°ND) < p*(D)+ p* ((O\O,)N D) forneN*.
Taking n — oo, we find the desired inequality. m

4.4 Examples (a) A’ is a metric outer measure on R". Therefore every Borel set
is Lebesgue measurable.

Proof Suppose A,B C R"™ with d(A4,B) > 0, and let ¢ := d(A4, B)/2. According to
Proposition 3.4, given € > 0 there is a sequence (;) in J,(n) such that {J;[; D AUB
and ) voln(I;) < AL(AU B) +e. By cutting along coordinate hyperplanes, we can
write each I; as a disjoint finite union of left closed intervals all having diameter less
than 6. Thus we lose no generality in assuming that diam(I;) < ¢ for every j € N.
Because d(A, B) = 24, this means that for each 57 € N we have either I; N A = 0 or
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I; N B = 0); in other words, there exist subsequences (I;,) and (I;) of (I;), covering A
and B respectively, and such that I}, N I, = @ for k,¢ € N. Thus

An(A) <> volu(I)  and  An(B) <Y volu(IY)
k e

and we get
An(A) + An(B) <3 voln(Ir) + > voln(If') <> volu (1)
k L J
<A, (AUB)+e.

Since £ > 0 was arbitrary, the claim follows using the subadditivity of A;,. m

(b) For a measure-generating function F': R — R, the corresponding Lebesgue-
Stieltjes outer measure pj on R is metric.

Proof This follows by a simple modification of the proof of (a). m

(¢) The Hausdorff outer measure H? on R™ is metric for every s > 0. Every
A € B" is H"-measurable.

Proof This also follows in analogy to the proof of (a). m

Exercises

1 Suppose X is a metric space and p* is an outer measure on X. Prove that if A(u*)
contains all Borel sets, p* is metric.

2 Let (X, A, v) be a measure space. Denote by p* the outer measure on X induced by
(A,v) and by p the measure on X induced by p*. Show that u is an extension of v. Are
they equal?

3 Prove the statements in Examples 4.4(b) and (c).

4 Let p* be an outer measure on X, and define p, : P(X) — [0, 00], the inner measure
on X induced by p*, by

px (A) :=sup{p* (D) — " (D\A) ; DC X, p"(D\A)< oo} for ACX .
Show that p.(A4) = u*(A) for A € A(u*).

5 Suppose I C R is a perfect, compact interval, and v € C(I,R™) is an injective
rectifiable path in R™ with image I". Show that H'(T') = L().

6 Set Ap :=[0,1]? C R®. Partition Ag into a 4 x 4 array of identical squares and remove
twelve of these squares according to the sketch below, so that exactly one closed square
remains in every row and every column. This forms the set A;. Repeat this procedure
for every remaining square to get Az, which consists of sixteen squares. Generally, obtain
Ap41 from Ay by applying this subdivision and then removing subsquares from Aj. The
intersection of all the Ay, that is, A := (1,2, Ak, is called Cantor dust.
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Show that 1 < H*(A) < /2 and dimg(A) = 1.

T e

Ty
Mo |

=

o

AO A1 AZ

(Hint: To bound H*(A) from above, use the covers suggested by the construction of A.
For the lower bound, consider pr; : A — R and apply Exercises 5 and 3.6(f).)

7 Show that the Cantor set? C' from Exercise I11.3.8 satisfies

(i) dimp(C) =1log2/log3 =: s and 1/2 < H*(C) < 1;

(ii) A (C) =0.
(Hints for (i): The upper bound for H*(C) is obtained much like the one for H'(A) in
Exercise 6. For the lower bound, a compactness argument shows that one need only
consider coverings by finitely many open intervals. If {I; ; 0 <4 < N } is such a cover,
choose for every i the integer k such that 3~ (k+1) < diam([;) < 37%. Then I; can intersect
at most one interval from Ck (Exercise I11.3.8). For j > k, the cover I; intersects at most
23_{“ = 2737%% < 29(3 diam([;))*® intervals from C;. Now choose j large enough that
37U*+Y < diam(I;) for all 4. Then count intervals.)

8 Suppose F': R — R is a measure-generating function and let pr be the Lebesgue—
Stieltjes measure induced by F. For a € R, calculate pr({a}).
9 Suppose (R,B', ) is a locally finite® measure space. Prove:

(i) There is a measure-generating function F such that u = ur | B*, that is, p is the
Borel-Stieltjes measure induced by F'. This F' is unique up to an additive constant.

(i) Define
Fo:={F:R—R; F is measure-gencrating with F(0) =0} .
Then F +— ur | B' is a bijection from Fy to the set of locally finite measures on B*.
(Hint for (i): Consider F(t) := u([0,)) for ¢ > 0 and F(t) := —p([t,0)) for ¢ < 0.)

10 Suppose F': R — R is a measure-generating function with the following properties:
F is constant on each interval (ax,ak+1), where the numbers ag, for k € Z, satisfy
limg—, 400 ar = £o00; moreover F has at each ar a jump discontinuity of height py > 0.
Show that A(pr) = P(R) and calculate pr(A) for A C R.

2The Cantor set and Cantor dust are examples of fractals. (see for example [Fal90]).
3If X is a topological space and p: A — [0,00] is a measure with A D B(X), we say p is
locally finite if every € X has an open neighborhood U 3 z such that pu(U) < oo.



5 The Lebesgue measure

Until now we have considered general measures; we now turn to the most important
special case, the Lebesgue measure. This measure has the fundamental property
that Cartesian products of intervals are assigned their natural content, and it can
therefore be used to calculate the content of more general shapes. In addition, it
forms the foundation for calculating the content of curved surfaces or more general
manifolds, as we shall see in later chapters.

The Lebesgue measure space

The o-algebra A(Xf) generated by the n-dimensional Lebesgue outer measure is
called the o-algebra of Lebesgue measurable subsets of R” and will be denoted by
L(n). Accordingly, Lebesgue null subsets of R (that is, A%-null or equivalently
Ap-null sets) are said to have Lebesgue measure zero (the use of this expression
implies membership in £(n)). If necessary, we speak also of Lebesgue n-measure.

In the next theorem, we list some first properties of the Lebesgue measure
space (R", L(n), Ap).

5.1 Theorem

(i) (R™,L(n),An) is a complete, o-finite measure space.

(i) B™ C L(n), that is, every Borel subset of R" is Lebesgue measurable.
(iii) For a,b € R", any set A satistying (a,b) C A C [a,b] belongs to L(n), and

n
An(A) = vol, (a,b) = T[] (b; — a;) .
j=1
(iv) Every compact subset of R" is Lebesgue measurable and has finite measure.
(v) A set N C R" has Lebesgue measure zero if and only if for every € > 0 there
is a sequence (I;) in J(n) such that \J; I; D N and ;A\ (I;) <e.
(vi) Every countable subset of R" has Lebesgue measure zero.

Proof (i) Theorem 4.2 and Proposition 3.3 show that (R", £(n), A,,) is a complete
measure space. Because R" = U;‘;l(ﬂB%OO) and A\, (jBoo) = (2)", it is o-finite.

(i) This follows from Theorem 4.3 and Example 4.4(a).

(iii) For M := A\(a,b), we have M C N := [a,b]\(a,b) € B™. Therefore part
(ii) and Proposition 2.3 imply that N has Lebesgue measure zero, since A, (N) =
An([a,8]) = An((a, b)) = 0. Now (i) says A, is complete, so M also has Lebesgue
measure zero. Therefore A = (a,b) UM belongs to £(n), and since (a, b) is disjoint
from M, we get A, (A4) = An((a,b)) = voly(a,b).

(iv) follows from (ii) and (iii). Statement (v) is an immediate consequence
of the definition of the Lebesgue outer measure. To see (vi), use the obvious fact
that any one-point has Lebesgue measure zero. m
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5.2 Example Any subset of R" confined to a single coordinate hyperplane has
Lebesgue measure zero.

Proof Since A, is complete, it suffices to verify that every coordinate hyperplane is
Ap-null. We consider the case H := R™™* x {0} (an obvious variant of the argument
works for any other coordinate hyperplane).

Take £ > 0, and for k € N* define &, := e(2k) "2~ *+2) and
Ji(e) = (—k‘,k‘)n_l X (—ek,en) €T .

Then vol, (Jx(¢)) = 2~ *+Y and thus Y orey voln(Jk(€)) = €/2 < e. Because (Ji(¢))
covers H, the equality A, (H) = 0 follows from Theorem 5.1(v). m

Corollary 5.23 below will show that every subset of R™ contained in a proper
affine subspace has Lebesgue measure zero.

The Lebesgue measure is regular
We now prove several basic approximation results, but first we collect some ter-
minology about measures on topological spaces.

Let X be a topological space and (X, A, u) a measure space with B(X) C A.
We say (X, A, u) and p are regular if, for every A € A,

p(A) = inf{ p(0) ; O C X is open with O D A}
= sup{ w(K) ; K C X is compact with K C A} .

If every x € X has an open neighborhood U such that u(U) < oo, we say (X, A, u)
and p are locally finite. Finally, if B(X) = A, we call u the Borel measure on X.
In particular §,, := A, | B™ is called the Borel-Lebesgue measure on R™.

5.3 Remarks (a) If p is locally finite, then every compact set X C X has an open
neighborhood U such that p(U) < .

Proof Because p is locally finite, every € K has an open neighborhood U, such that
u(Uyz) < oo. Since K is compact, there are xo,...,xm € K with K C U := ;":0 Us;s
and we get u(U) <377 pu(Us;) < 00. m

(b) Suppose X is locally compact.! Then p is locally finite if and only if every
compact set K C X satisfies p(K) < oo.

Proof This follows immediately from (a). m

5.4 Theorem The Lebesgue measure is regular.

LA topological space is said to be locally compact if it is Hausdorff and every point has a
compact neighborhood.
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Proof Let A € L(n).
(i) For every € > 0, there is a sequence (I;) in J(n) such that

AclJ I and ) volu(Ij) < An(A) +e .
J J

The open set O := |J; I; therefore satisfies

An(A) < X, (0) < Zj An(L;) =" voln(Ij) < An(A) +¢ . (5.1)

J

Because this is true for every e > 0,

An(A) =inf{ \,(0) ; O C R" is open with O D A} .

(ii) To verify that
An(A) = sup{ A\, (K) ; K C R" is compact with K C A4}
we consider first the case of a Lebesgue measurable set B that is bounded. Then
there is a compact set C' C R"™ such that B C C. Using (i) we find for every
€ > 0 an open set O C R" containing C'\ B and for which \,(0) < A\, (C\B) +e¢.
Because A, (B) < o if follows from Proposition 2.3(ii) that
An(0) < A (C) = An(B) + € . (5.2)

The compact set K := C\O satisfies K C B and C C K UO. Thus (5.2) shows

An(0) S XK UO) < M (K) + A (0) < M (K) + An(C) = An(B) + ¢,
which implies the inequality A, (B) — & < A, (K). Therefore

An(B) = sup{ M (K) ; K CR" is compact with K C B}

for every bounded Lebesgue set B.

(iii) We can assume that A, (A) is positive. There exists a > 0 such that
a < M(A). With B; := ANB"(0,5), the continuity of the Lebesgue measure
from below shows that A,(A) = lim; A, (B;). Thus there is & € N such that
An(Bg) > «. Because By is bounded, we find due to (ii) a compact set K such
that K C By, C A and A\, (K) > «a. Therefore

sup{ A\n(K) ; K C R" is compact with K C A} > o .

The claim now follows because o < A, (A) is arbitrary. m
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5.5 Corollary Suppose A € L(n). Then there is an Fy-set F' and a Gs-set G such
that ' C A C G and M\, (F) = A (A) = M\ (G). If A is bounded, G can be chosen
to be bounded.

Proof (i) We prove only the first statement, the second being clear. We start
with the case A\, (A4) < co. By Theorem 5.4 there is for every k € N* a compact
set K and an open set Oy such that Ky C A C Oy and

An(A) = 1/k < A (Ki) < An(A) < An(Ok) < An(A) +1/k . (5:3)

Setting F' := |J, Kx and G := (), Oy, we have the inclusions F' C A C G, and
Proposition 2.3(ii) applied to (5.3) gives for every k € N*

M(AVF) € M(A\KL) € 1/k, Aa(G\A) € Au(O\A) < 1/k .

Hence A\, (A\F) = \,(G\A) = 0, and the claim follows from Proposition 2.3(ii).

(ii) If instead A, (A) = oo, Theorem 5.3 provides for every k € N a compact
set K} such that K} C A and k < A\, (Kj). The Fy-set F' := |J, K} and the
Gs-set G := R" satisfy the desired equations. m

Theorem 5.4 implies that we can approximate the measure of a Lebesgue
measurable subset of R" to arbitrary precision by the measure of a suitably chosen
open superset. By the next proposition, the Lebesgue measure of an open set is
itself the limit of the values obtained by adding up the volumes of finitely many
disjoint intervals [a,b), chosen so their union approximates the open set. This is
the method for calculating content described in the introduction to this chapter.

5.6 Proposition Every open subset O in R™ can be represented as the union of a
disjoint sequence (I;) of intervals of the form [a,b) with a,b € Q". Then

(o] ) ' ' ' '
An(0) = Zvoln(Ij) . (\,_\ //F—J
§=0 3 NA
T : Ot
Proof For k € N, define Ox
Wi = {a+ [0,27%1,,) ; a € Z_kZ”} L

with 1, := (1,...,1) € R". In other words, . ( ) }/
every W € Wy is a cube (aligned with the VT — )‘ : /C
coordinate hyperplanes) whose sides have {3 / ) LG R

mia

length 2% and whose “lower left corners” 3 =
lie on points of the grid 27*Z". Obviously

W is a countable disjoint cover of R™. If Oy, is the union of those cubes in Wy, that
lie entirely in O, an application of Proposition 1.6.8 concludes the proof, because

O:OQU(Ol\OQ)U(OQ\(O()UOl))U-'- | |
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A characterization of Lebesgue measurability

Let X be a topological space. A subset M of X is o-compact if there is a sequence
(K;) of compact subsets such that M = J; K.

5.7 Theorem For A C R", these statements are equivalent:
(i) A is Lebesgue measurable.

(ii) There is a o-compact subset S of R™ and a set N of Lebesgue measure zero
such that A= SUN.

Proof “(i)=-(ii)” Since the measure space (R", L(n), A,) is o-finite, there is a
sequence (A;) in £(n) such that A = (J; A; and A,(4;) < oo for j € N. The
proof of Corollary 5.5 shows that for every j € N there is a o-compact subset S;
of R" such that S; C A; and A, (S;) = A\u(A;). Therefore N; := A;\S; is a set of
Lebesgue measure zero such that A; = S; UN;. Thus S = (J; S; is o-compact,
N = Uj N; has Lebesgue measure zero, and A =S UN.

“(ii)=(1)” Every o-compact subset of R" is Lebesgue measurable, because
B™ C L(n). Sets of Lebesgue measure zero are likewise Lebesgue measurable. m

In Corollary 5.29 we will show that the Borel-Lebesgue measure is not com-
plete. With the help of Theorem 5.7 we can right away determine its completion.

5.8 Theorem The Lebesgue measure \, is the completion of the Borel-Lebesgue
measure (R", B", 3,,).

Proof (i) Given A € @, take B, N € B® and M C R" such that A= BU M,
M C N and A\, (N) = 0. The completeness of A, shows that M has Lebesgue
measure zero. Then B" C L(n) implies A = BUM € L(n), that is, B C L(n).

(ii) Suppose A € L(n). By Theorem 5.7, there exist B € B" and a set M
of Lebesgue measure zero such that A = BU M. Also, Corollary 5.5 secures the
existence of a G € B™ such that M C G and A\, (G) = A\, (M) = 0. Therefore A
belongs to B—gl This proves the inclusion £(n) C B—gn [

Images of Lebesgue measurable sets

We will see in Theorem 5.28 that not every subset of R" is Lebesgue measurable.
Therefore it is not to be expected that measurable sets have measurable images
under arbitrary maps.2 For locally Lipschitz continuous functions, however, the
measurability of these images can be guaranteed outright. To show this, we first
consider null sets.

2In the following, we will deal almost exclusively with the Lebesgue measure and will omit
the qualifier “Lebesgue” if no confusion is to be feared.
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5.9 Theorem Suppose N C R™ has Lebesgue n-measure zero and f is an element
of C1°(N,R™), where m > n. (That is, f is locally Lipschitz continuous.) Then
f(N) has Lebesgue m-measure zero.

Proof (i) We first assume that f: N — R™ is (globally) Lipschitz continuous.
Then there is an L > 0 such that

1f(x) = fW)l < Lz -yl forzyeN. (5.4)

Suppose 0 < € < L™. Because N has measure zero, we can find by Proposition 3.4
a sequence (Ij,) in J,(n) that covers N and satisfies Yy An(Ix) < £/L™. We can
take the edge lengths to be e rational. By subdivision, we can also assume without
losing generality that every I is a cube, of side length ag, say. By (5.4), then,
f(N N I) is contained in a cube Jj, C J(m) of side length Lay. The n-volume of
these cubes is

A (Ji) = (Lag)™ = L™ A\ (I;,)™/" for ke N .

Thus we find
Ny = v L) e, g (5.5)
and
> An(k) = L™y A(T)™" < LMY A(l) <€ (5.6)
k=0 k=0 k=0

where the < estimate relies on the assumption m > n: we have
oo
An(Te) <) Aa(Ij) <e/L™ <1,
j=0

hence A, (Ix)™™ < A\, (Ix). Since all this holds for every € (0, L™), we see from
(5.5) and (5.6) that f(IN) has m-measure zero.

(ii) Now suppose f is only locally Lipschitz continuous. Every € N has an
open neighborhood U, such that f | (N NU,) is Lipschitz continuous. From Corol-
lary 1.9(ii) and Proposition 1.8, it follows that N is a Lindel6f space. Thus there
is a countable subcover {V; ; j € N} of the open cover {U, NN ; z € N} of N.
Because Lebesgue measure is complete, every V; has n-measure zero. Therefore
part (i) implies that f(V}) has m-measure zero, and the claim then follows from
the equality f(N) = J; f(V;) via Remark 2.5(b). m

5.10 Corollary  Suppose U is open in R™ and f € CY(U,R™) with m > n. If
N C U has Lebesgue n-measure zero, then f(N) has Lebesgue m-measure zero.

Proof This follows from Theorem 5.9 and Remark VIL.8.12(b). m
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5.11 Remarks (a) In the situation of Theorem 5.9, if we just ask that f : N — R™
be continuous, the conclusion need not be true. Control over expansion is essential.

Proof For N :=[0,1] x {0} C R?, we have A2(N) = 0. Denoting by ~ the parametriza-
tion of the Peano curve of Exercise VIIL.1.8, we have v € C(N, R?) and v(N) = B? but
A2(v(N)) > 2, because B contains a square of edge length V2 aligned with the axes. m

(b) Again in the situation of Theorem 5.9, the conclusion fails if instead of m > n
we have m < n.

Proof For N := (0,1) x {0} C R? and f := pr, € C®(N,R), we have X\2(N) = 0 and
M (V) =X ((0,1) =

Since the continuous image of a o-compact set is o-compact, Theorem 5.9 and
the characterization of Lebesgue sets in Theorem 5.7 easily lead to an invariance
result for Lebesgue measurability:

5.12 Theorem Suppose A € L(n) and let f € C1"(A,R™) be a locally Lipschitz
map from A into R™, where m > n. Then f(A) belongs to £(m).

Proof By Theorem 5.7, there is a o-compact subset S of R™ and a set N of
Lebesgue n-measure zero such that A =S U N. Then f(5) is a o-compact subset
of R™. According to Theorem 5.9, f(N) has m-measure zero. By Theorem 5.7,
f(A) = f(S)U f(N) thus belongs to L(m). m

5.13 Corollary Let U be open in R™. Suppose that f € C1(U,R™) with m > n
and A € L(n) with A C U. Then f(A) belongs to L(m).

Proof This follows from Theorem 5.12 and Remark VII.8.12(b). m

5.14 Remarks (a) In the situation of Theorem 5.12, if we just ask that f : N — R™
be continuous, the conclusion need not be true.

Proof Let C be the Cantor set of Exercise I11.3.8. In Exercise 17 you will show the
existence of a homeomorphism g: [0, 1] — [0, 2] mapping C to a set of measure 1. Any
set of positive measure has a nonmeasurable subset, by Theorem 5.28; hence we can fix
a nonmeasurable B C C. But the inverse image A := g~ !(B) is measurable, because \;
is complete, A C C, and C has measure zero (Exercise 4.7). Now take f:=¢g|A. m

(b) Again in the situation of Theorem 5.12, the conclusion fails if instead of m > n
we have m < n.

Proof For V € R\L(1) let A := V x {0}. Then Example 5.2 and the completeness
of the Lebesgue measure imply that A belongs to £(2). Also f := pr; | A is Lipschitz
continuous, but f(A) =V is not Ai-measurable. m

(c) A subset A of R" is Lebesgue measurable if and only if every € A has an
open neighborhood U, in R™ such that A N U, is Lebesgue measurable. That is,
measurability is a local property.
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Proof The implication “=" is clear. For the converse, choose for each x € A an
open neighborhood U, > x such that ANU, € L(n). Then A C |, 4 Uz, and since A is
Lindel6f (Corollary 1.9(ii) and Proposition 1.8), there is a countableset {z; € A; j € N}
such that the Us; still cover A. Therefore A ={J;(ANUs;) belongs to L£(n). m

The Lebesgue measure is translation invariant

We now turn to the task of checking that the Lebesgue measure of a set is inde-
pendent of its position in space. As a first step, we show that it is invariant under
translations. Given a vector a € R", the translation by « is the map

T, R"—>R", z—z+a. (5.7)

5.15 Remark By taking map composition as multiplication, T := {7, ; a € R" }
becomes a commutative group, the translation group of R". The map a — 7, is
an isomorphism from the additive group (R",+) to the translation group ¥. m

5.16 Lemma The Borel and Lebesgue o-algebras over R™ are translation invariant,

that is, 7,(B™) = B"™ and 7,(L(n)) = L(n) for a € R".

Proof (i) For a € R", the map 7_, is a continuous map of R" to itself. Therefore
T_q is Borel measurable according to Exercise 1.6. Thus

Ta(B) = (1_a) ' (B) C B.. (5.8)
Replacing a by —a, we also get 7_,(B) C B. Using (5.8) we conclude that
B=r1,07_a(B)=T4(m—a(B)) C1(B) C B, (5.9)

which proves that 7,(B) = B.

(ii) Because 7, is a smooth map of R onto itself, 7, (£(n)) = L(n) for a € R"
by Theorem 5.12 and the group property. m

5.17 Theorem The Lebesgue and Borel-Lebesgue measures are translation in-
variant: For a € R", we have \,, = A\, o7, and 3, = 3, 0 7,.

Proof Obviously J(n) and vol, : J(n) — R are translation invariant. Therefore
the Lebesgue outer measure is also translation invariant, and the claim follows
from Lemma 5.16 and the definitions of A, and 3,. =

Suppose O is open in R™ and nonempty. One easily checks that O — O is
a neighborhood of 0. The next theorem shows that this in fact holds for every
Lebesgue measurable set with positive measure. Intuitively this means that such
sets are never “too thin”. (Compare also Exercise 12.)
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5.18 Theorem (Steinhaus) For every A € L(n) such that \,(A) > 0, the set
A — A is a neighborhood of 0.

Proof Suppose A € L(n) with A,(A) > 0. By replacing A with A N kB" for a
suitable k € N*, we can assume that \,(4) < oo.

The regularity of A\, ensures the existence of a compact set K and an open
set O such that K C A C O and

0 < A (K) <A (0) < 20, (K) . (5.10)

Because K C O is compact, we have ¢ := d(K,O0¢) > 0; see Example II1.3.9(c).

We claim that any x € 6B" lies in K — K (hence also in A — A, which is
what we need). For suppose to the contrary that K and x + K are disjoint, with
x € 0B". Because ), is additive and translation invariant, this gives

M (KU (4 K)) = M(K)+ Mz + K) =2\,(K) . (5.11)

At the same time, x + K C O, by the definition of §, and hence K U (z + K) C O.
Thus (5.11) implies A, (O) > 2, (K), in conflict with (5.10). m

A characterization of Lebesgue measure

The next theorem shows in particular that Lebesgue measure is determined up to
normalization by translation invariance.

5.19 Theorem Let p be a translation invariant locally finite measure on B"™ or
L(n). Then p = a,fBy, or p = ayAy,, respectively, where oy, = u([O, 1)”)
Proof (i) As a first step we will show
1(la, b)) = o voly([a, b)) for a,b e R™ .
First assume n = 1 and set g(s) := p([0,s)) for s > 0. Then g: (0,00) — (0,00)
is increasing, and the translation invariance of u implies, for s,¢ € (0, 00),
g(s+1t) = p([0,54+1)) = p([0,5)U[s,s + 1))

= ([0, 5)) + p([s, s + 1)) = n([0,)) + 1([0,1))

=9(s) +9(t) .
Exercise 5 then shows that g(s) = sg(1) for s > 0. Since s = vol;([0,s)) and
o1 = ([0, 1)), this implies

1([0,5)) = g(s) = sg(1) = voli ([0, )y for s >0,
and we find
,u([oz, 6)) = u([O7 08— a)) = a1 voly ([O, 8 — a)) = oy voly ([oz, 6)) (5.12)

for a, B € R.
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To treat the case n > 2, we fix a/,b’ € R" ! and set

([ 8)) = (o, B) x [,b) for o, BER .
Exercise 7 and (5.12) imply

1 ([er, B)) = w1 ([0, 1)) voly ([er, 3))  for o, BER .
Take a = (a1,...,a,) € R", b = (b1,...,b,) € R", and set o/ = (aqa,...,ay),
b = (ba,...,by). Then
p(la,0)) = u(lar,b1) x [a’, b)) = pa([a1, b1))
= voly ([a1,b1)) 11 ([0,1))
= voly ([a1,b1)) ([0, 1) x [a',")) .

A simple induction argument now gives
p(la,b)) = ([0, 1)™) T voli ([aj,b;)) = cvn vol, ([a, b)) -
j=1

(ii) Suppose A € B™ [or A € L(n)] and let (I;) be a sequence in J,(n) that
covers A. It follows from (i) that

p(A) £ 37 alI) = an 30, Aalle)

Therefore we get from Proposition 3.4 that
w(A) < apAry(A) = anin(A) .

(iii) Now suppose B € B™ [or B € L(n)] is bounded. There exists I € J,(n)
such that B C I C I. Because I is compact and y is locally finite, Remark 5.3(a)
says that pu(B) < oo. Moreover A\, (B) < oo by Theorem 5.1(iv), so Proposition
2.3(ii) yields

w(I\B) = p(I) — u(B) and M,(I\B) =M (I) — \(B) ,
and we find with (ii) that
WD) — 1(B) = w1\ B) < a1\ B) = (D) — aun(B) .

From (i) we have u(I) = apnA\,(I), and the inequality p(B) > anA,(B) follows.
Together with (ii), we therefore get u(B) = anA,(B) for every bounded B € B
[or B € L(n)].

(iv) Finally take an arbitrary A € B" [or A € L(n)] and set B; := ANB"(0, j)
for j € N. The sequence (B;) is increasing and covers A; moreover each B; is a
bounded Borel [or Lebesgue] set in R™. Applying (iii) and Proposition 2.3(iv), we
see that

n(A) = H]III,LL(Bj) = Qn lijIn )\n(BJ) = an\n(4),

which finishes the proof. m



50 IX Elements of measure theory

5.20 Remark In the theorem just proved we cannot relax the assumption that p
is locally finite.

Proof Clearly the counting measure H° on Borel or Lebesgue-measurable sets is trans-
lation invariant. However, it is not a multiple of either measure. m

The Lebesgue measure is invariant under rigid motions

Theorem 5.19 allows a comparison of n-dimensional Lebesgue and Hausdorff mea-
sures. For this we need a lemma:

5.21 Lemma The n-dimensional Hausdorff measure H™ on R™ is locally finite,
and satisfies H™([0,1)™) > 0.

Proof (i) From Theorem 4.3 and Example 4.4(c), we know that every Borel set is
‘H"-measurable. Suppose K C R" is compact and take € > 0. Choose a > 0 such
that K C [—a,a]™ and m € N such that m > 2ay/n/e. Subdivide [—a, a]™ into m™
subcubes W; of length 2a/m. Then diam(W;) = 2ay/n/m < ¢, and therefore

n

3

[diam(Wj)}n = (2a)"n"™? .
1

<.
Il

Exercise 3.4 shows that H?(K) < H?([—a,a]") < (2a)"n™/?. Now we obtain from
Remark 5.3(b) that H" is locally finite.

(ii) It remains to verify that H™([0,1)") > 0. Take & > 0 and let (U;) be
a sequence of open sets in R" covering [0,1)" and such that diam(U;) < e. For
each j € N, there is I; € J(n) such that every edge length of I; is bounded by
2 diam(Uj) and such that U; C I;. It follows that

L= (0.1) < X voh(1) < 27 Y, (@]

J

and hence 27" < H2([0,1)"). This implies H"([0,1)") > 27" > 0. m

5.22 Corollary The n-dimensional Hausdorff measure H"™ on R" is an extension
of an A, with oy, := H™([0,1)"); that is, every A € L(n) is H"-measurable, and
H"(A) = apAn(4).

Proof (i) Lemma 5.21, Exercise 3.4, and the H™-measurability of Borel sets show
that H™ is a locally finite translation invariant measure on 5". By Theorem 5.19,
then, H"™ | B" = a,, 0.
(ii) Suppose N is a set of Lebesgue measure zero and € > 0. Then there is
a sequence (I;) in J(n) such that }_,vol,(I;) < e and N C {J; ;. From (i), it
follows that
HI(I;) = H"(I;) = anAn(1;)
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and we find
) <# (U, 1) <D0 HEE) = an Y volu(l)) < ane -

Therefore N is ‘H™-null.

(iii) Suppose A € L(n). According to Theorem 5.7, we can write A = SUN,
where S € B™ and N has Lebesgue measure zero. Therefore A is H"*-measurable.
And it follows from (i) and (ii) that

HY(A) < HM(S) + H'(N) = H(S) = antn(S) < andn(A) ,
ann(A) = apin(S) = H™(S) < H"(A) ,

which together show that H"(A) = apAn(A4). m

5.23 Corollary The Lebesgue and Borel-Lebesgue measures are invariants of
motion, that is, they are preserved under isometries. In symbols, any isometry ¢
of R" satisfies A, = A\ 0 0 and 3, = B, 0 .

Proof Let ¢ be an isometry of R™ and take A € L(n) [or A € B"]. Since
@ and ! are Lipschitz continuous by Conclusion VI.2.4(b), we obtain from
Theorem 5.12 [or Exercise 1.6(b)] that ¢(A) € L(n) [or ¢(A) € B"]. Next, H?
is invariant under isometries, by Exercise 3.4(c); hence Lemma 5.21 and Corol-
lary 5.22 show that

anAn (9(A)) = H"(9(A)) = H"(A) = anAn(A) . =

5.24 Remarks (a) Though Corollary 5.22 talks of an extension, in fact the domains
of H™ and A, coincide. Moreover the proportionality constant o, = H"([O, 1)”)
equals 2"/w,, where w,, = 7"/%/T'((n/2) 4+ 1). For proofs of these statements, see
[Rog70, Theorem 30 and subsequent remark].

(b) There are true extensions of the Lebesgue measure on R" that are invariant
under isometries; see [Els99]. m

The substitution rule for linear maps

Let ¢ be an isometry of R™ with ¢(0) = 0. Exercises VII1.9.1 and VII1.9.2 show that
¢ is an automorphism and |det ¢| = 1. Therefore it follows from Corollary 5.23
that

An(p(A)) = |det p| A\n(A) for A € L(n) .

Our goal now is to extend this formula from isometries to arbitrary linear maps
T € L(R"). In the next chapter, we will obtain an even more far-reaching gen-
eralization, in which ¢ is replaced by a C! diffeomorphism and ), is replaced by
the Lebesgue integral.
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5.25 Theorem Suppose T € L(R") is a linear map. Then

M (T(A)) = |det T| Ay (A) for A€ L(n) . (5.13)

Proof We know that T is Lipschitz continuous; see Conclusion VI.2.4(b). Hence,
by Theorem 5.12, T(A) is Lebesgue measurable for every A € L(n).

(i) If T is not an automorphism of R™, then detT = 0 and 7'(A) lies in an
(n—1)-dimensional hyperplane of R". Since ), is an invariant of motion, we can
assume that T'(A) lies in a coordinate hyperplane. Then Example 5.2 shows that
T(A) has Lebesgue n-measure zero, proving (5.13) in this case.

(ii) Suppose instead that T € Laut(R™), and define p(A4) := A, (T(A)) for
A € L(n). It is not hard to verify that p is a locally finite translation invariant
measure on £(n). Theorem 5.19 then says that u = u([O, 1)"))\n; this will imply
(5.13) if we show that

Ao (T([0,1)™)) = |det T . (5.14)

(iii) Let the ordered n-tuple [T'ey,...,Te,] be a permutation of the standard
basis [e1,...,e,]) of R". Then T([0,1)") = [0,1)™ and |[detT| = 1. Therefore
(5.14) holds and therefore so does (5.13).

(iv) Let a € R* and define T by

T {04617 .7:17
e; = ,
! ej, je{2,...,n}.

Then |det T'| = |a| and

n\ __ [O,Q)X[Ovl)"fl y CY>O,
o) ={ 5] ez

Again (5.14), and consequently (5.13), are satisfied.
(v) Finally suppose n > 2 and set

T@‘_{el+627 .7:17
/ €5, jE{Q,...,n}.

Then detT = 1, and
T([O,l)"):{(yl,...,yn)GR"; 0<y <yo <y1+1, yje[(),l)forj;éQ}.

Setting By := {y € T([O, 1)”) HETIRS 1} and By := T([O, 1)") \Bl, we see that
B U (BQ — 62) = [0, 1)" and B; N (Bg — 62) = 0.
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B>

\

B1 B,

€2 es z

e1 €1

n =2 n=3
The translation invariance of A, then yields
A (T([0,1)™) = An(B1 U Bg) = Ay (Bi) + A (B2)
= M (B1) + An(Bz2 — e2) = A (B1U (B2 — €2)) = A ([0, 1)) .
Once more (5.14) and hence (5.13) hold.

(vi) Now consider an arbitrary automorphism 7' of R". The normal form
theorem of linear algebra (see § 2.6 in [Koe83]) says that T' can be written as a
composition T'=Tyo---0Ty of maps T1, ..., Ty € Laut(R™), each having the form
of one of the linear maps treated in (iii)—(v). Therefore

M (T(A) = A ((Tr o T 00 Ty)(A))
= [det 1| Ap((T2 0 0 Tk)(A)) = - -+
= |detTy|- --- -|det Tx| A\p(A) = |det T| A (A)

for Ae L(n). m

5.26 Remarks (a) Suppose [t1,...,t,] € R"*" are the columns of the matrix [T
representation T € L(R"™) with respect to the canonical basis. Then

T([0,1)") ={art1+- +anty; 0<x; <1, 1<j<n}=Pty,... ts)

is the parallelepiped formed by the vectors t1,...,t,. Theorem 5.25 says that
|det T'| is the volume, or Lebesgue n-measure, of the parallelepiped P(t1,...,ty).

(b) For r > 0, we have
An(rB™) = 7" A, (B") .

Proof Letting T := rl,, we have detT = r™ and T'(B™) = rB". The conclusion follows
from Theorem 5.25. m

Sets without Lebesgue measure

We now turn to the question of whether the o-algebra L£(n) coincides with the
power set of R”™ or whether there are sets that are not Lebesgue measurable. To
answer this, we must resort to the axiom of choice (see Remarks 1.6.10 and 5.31(d)).
In this connection, Steinhaus’s theorem (Theorem 5.18) will prove very useful.
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We consider first the quotient group R"/Q" of the Abelian group (R",+)
modulo the subgroup (Q",+). By the axiom of choice, we can choose a repre-
sentative from every coset [z], and together these representatives form a subset
R of R™. More precisely, the axiom of choice ensures the existence of a map

©: R"/Q" — R" such that o([z]) € [z]. We set

R:=im(p) = {z eR"; 3 [u] € R"/Q" with z = p([u]) } . (5.15)

5.27 Remarks (a) Suppose z,y € R satisfy x — y € Q". Then z = y.

Proof For z € R and [u] as in (5.15) we have z = ¢([u]) € [u], so [u] = [z], so z = ¢([z]).
Similarly, y = ¢([y]). But z —y € Q" implies [z] = [y], hence z = ¢([z]) = ¢([y]) = y. m
(b) For every B C R, we have (B — B) N Q" = {0}.

Proof This follows from (a). m

5.28 Theorem For every A € L(n) with A\, (A) > 0, there is a B C A such that

B ¢ L(n).

Proof Fix A € £(n) with A\,(A) > 0, and define B :={be R; [BNA#0}.
By demanding in the construction of R that b € R lie in A whenever [b] N A # (),
we ensure that B is a subset of A. Suppose B is Lebesgue-measurable; then
it has measure zero, for otherwise Theorem 5.18 would imply that B — B is a
neighborhood of 0 in R", contradicting Remark 5.27(b). Because A, is translation
invariant, every set B + r with r € Q" also has measure zero.

Now consider a € A and take b := ¢([a]) € R. Then b € [a], hence a € [b)].
Therefore a € [b] N A, that is, b € B and

Ac = B+r).

beB reQn

The completeness of A, implies that A also has measure zero, in contradiction to
our assumption. m

5.29 Corollary The Borel-Lebesgue measure space (R", B™, 3,,) is not complete.

Proof (i) We consider first the case n = 1. Let C be Cantor set and f: [0,1] —
[0, 1] the Cantor function of Exercise II1.3.8. Being compact, C' is a Borel set, and
Exercise 4.7 tells us that it has measure zero. Exercise 17 below shows that the
map g: [0,1] — [0, 2] given by g(x) = x+ f(z) is a homeomorphism and that g(C)
has measure 1. By Theorem 5.28, g(C) contains a set B that is not even Lebesgue
measurable. We claim that Ny := ¢g~*(B) C C is not Borel measurable. Indeed,
since g is a homeomorphism, g~! is a Borel measurable map, and we have

B=g(Ni) = (g7") " (M) .

If N1 were Borel measurable, B would be as well, contrary to assumption.
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(ii) In the case n > 2, let A := C X R" ! and N,, := N; x R""!. Then
Corollary 1.18 and Exercise 1 show that A has Borel n-measure zero. If we were
to assume that N, € B", it would follow, by Corollary 1.18 and Proposition 1.19,
that N7 belongs to B!, in conflict with (i). This finishes the proof. m

5.30 Corollary The Borel o-algebra is a proper o-subalgebra of the Lebesgue
o-algebra.

Proof Let A and N, be as in the proof of Corollary 5.29. Then A, (A4) = 0 and
the completeness of A, implies N,, belongs to £(n), that is, N,, € L(n)\B". m

5.31 Remarks (a) Suppose (X, <) is an ordered set. A nonempty subset Y of
X is said to be totally ordered if any two elements from Y are comparable to one
another, that is, if (z,y) € Y x Y always implies (z < y) V (y < ). An element
m of X is maximal if x > m implies x < m, that is, if X has no element strictly
larger than® m. Zorn’s lemma reads: If X is an ordered set and every totally
ordered subset of X has an upper bound, then X has a maximal element. One
can show (see Theorem I1.2.1 in [Dug66]) that Zorn’s lemma is equivalent to the
axiom of choice.

(b) Suppose V is a nontrivial vector space over a field. Then V has a basis.

Proof For a proof (using Zorn’s lemma), we refer to Proposition (1.10) in the appendix
of [Art93]. m

(c) Suppose B C R is a basis of the vector space R over Q. Take by € B, and let
M := span(B\{bo}). Then M is not Lebesgue measurable.

Proof Assume that M belongs to £(1). Then A:(M) > 0, because otherwise it would
follow from the translation invariance of A; that M + rbg is a A1-null set for every r € Q.
However, because

U (M +rbo) =span(B) =R,
reQ

this is not possible. Thus Theorem 5.18 shows that M — M is a neighborhood of 0 in R; in
particular, there exists ro € Q such that ro # 0 and robg € M — M. Because M = M — M,
there are k € N*, r; € Q, and b; € B for j = 1,...,k such that roby = E?:l r;bj, which
contradicts the linear independence of B over Q. m

(d) In the proof of Theorem 5.28, we have explicitly used the axiom of choice. The
proof of (c), too, rests on the axiom of choice; see (a) and (b). In fact, one can
show (see [BS79], [Sol70]) that it is not possible in principle to specify a set that
is not Lebesgue measurable if one works in an axiomatic set theory not containing
the axiom of choice. m

3Note that a set can generally have multiple maximal elements.
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Exercises

1 Show that
Lm)RL(n) C Lm+n) and Ap(A)An(B) = Amtn(A X B)

for A x B € L(m)K L(n).
(Hint: Consider first the case of open sets A in R™ and B in R™ and use Proposition 5.6
and Theorem I1.8.10. For A x B € £L(m) K L(n), note Corollary 5.5.)

2 Show that B™ @ B" C L(m)® L(n) C L(m+n) and that these inclusions are proper.

3 Suppose M is an m-dimensional C* submanifold of R”™. Prove that M has Lebesgue
n-measure zero if m < n.

4 Verify that for A € £(n), we have

An(A) =sup{ An(B) ; BCR" is closed and BC A} .
5 Suppose g: (0,00) — R satisfies g(s +t) = g(s) + g(¢t) for s,t € (0, 00). Prove that if
g is increasing or bounded on bounded sets, then g(s) = sg(1) for s > 0.

6 Let
S:={geR"; g(s+1t)=g(s)+g(t), s,t €R, I s0 € R: g(s0) # sog(1) } .

Prove:

(a) For every g € S, the graph of ¢ is dense in R?;

(b) S #0.

(Hint for (b): Define g using a basis of the Q-vector space R.)

7 For n > 2, let 1 be a translation invariant locally finite measure on B™ [or L(n)]. If
AeB' jor Ac L£(1)] and a',b' € R"™ let

i1 (A) = (A x [a,0)) .
Show that g is a translation invariant locally finite measure on B' [or £(1)].
8 Let B be a basis of the Q-vector space R. Prove or disprove that B is finite.
9 Define M :={logp ; p € Nis prime }. Prove:
(a) M is linearly independent over Q.
(b) M is not a basis of R.
10 If B is a Lebesgue measurable basis of R over Q, then B has Lebesgue measure zero.

11 Verify that the Cantor set C satisfies C + C = [0, 2].

12 Show there is a set A of Lebesgue measure zero such that A — A is a neighborhood
of 0.4

4Compare Theorem 5.18.
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13 Show that there is a Lebesgue measurable basis of the Q-vector space R.
(Hint: Let C' be the Cantor set, and define

A:={M C C; M is linearly independent over Q } .

Then A has a maximal element B, which spans R in view of Exercise 11.)
14 Suppose R is as in (5.15). Verify that R does not belong to £(n).

15 Set G:=Q++V2Z, G1:=Q+2V2Z and G := G\G1. Prove:

(a) G and G, are subgroups of the Abelian group (R, +).

(b) Take ¢: R/G — R such that ¢([z]) € [z], and let R := im(p). Set A := R+ Gi.
Then (A—A)NG2 =0

16 Prove that there is a subset A of R such that every Lebesgue measurable set contained
in either A or A° has measure zero.

(Hint: Show with the help of Theorem 5.18 that the set A of Exercise 15 has the desired
properties.)

17 Let f: [0,1] — [0,1] be the Cantor function of Exercise 111.3.8. Prove:

(a) There is a set N C [0, 1] of measure zero such that f is differentiable at every point
of [0, 1]\ N, with derivative zero.

(b) The map g: [0,1] — [0,2], =+ x + f(x) is a homeomorphism.
(e) M(9(C)) = 1.

18 Verify:

(a)

(b)

(¢) A locally compact space is o-compact if and only if it is separable.

Every finite-dimensional normed vector space is locally compact.

Any open subset and any closed subset of a locally compact space is locally compact.

(d) Any open subset and any closed subset of a o-compact locally compact metric space
is is o-compact.

19 Suppose F': R — R is measure-generating. Then the Lebesgue—Stieltjes measure on
R induced by F' is regular.

20 Suppose X is a metric space. Check that
B(X) = A, ({ f(0); fEC(X,R)}) .

(There exist nonmetrizable topological spaces for which B(X) is strictly bigger than
A ({ f7H0) ; f € C(X,R)}); see [Flo8l, 11.1.2].)

21 Suppose X is a topological space, and denote by (X, A, u) a regular measure space
with A D B(X). Further let A € A, C:= A|A, and v := p|C. Verify that (A,C,v) is
regular.



Chapter X

Integration theory

Having made acquaintance in the last chapter with the fundamentals of measure
theory, we will now turn to the theory of integration. In the first part of the
chapter we study integrals over general measure spaces, while in the second half
we take advantage of the special properties of the Lebesgue measure.

Integration with respect to arbitrary measures is not only important in many
applications, but it will also be essential in the last chapter, when the underlying
set is not “flat” but rather a manifold. This is why even an introductory text such
as ours must deal with the subject.

In Section 1, we introduce p-measurable functions and investigate their basic
properties. A position of keen interest in analysis is held by natural measures with
respect to which every continuous function is measurable. An example is the class
of Radon measures, which we introduce in this section and which we will encounter
again in Chapter XII.

In analysis, and not only there, it will be increasingly important to be able to
deal with vector-valued functions, that is, maps with values in a Banach space. We
have already worked along these lines in the first two volumes, and you will have
noticed that the resulting exposition gains not only in elegance but, in many cases,
also in simplicity. The same situation obtains regarding integration theory. Hence
we have resolved from the outset to develop the theory in terms of vector-valued
functions, and we therefore treat the Bochner—Lebesgue integral. This is possible
with no significant extra effort. One of the few exceptions is the proof that a
vector-valued function is p-measurable if and only if it is measurable in the usual
sense and is p-almost separable valued. Of course, you could ignore this result and
consider only scalar-valued functions. But this is not recommended, as it would
cause you to miss out on an important and efficient addition to your toolkit.

Besides vector-valued maps, we will investigate in some detail functions with
values in the extended number line [0, co]. This is primarily for technical reasons;
in later sections it will save us from having to always single out special cases.
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In Section 2, we introduce the general Bochner—Lebesgue integral, and do
so via the Lj-completion of the space of simple functions. This approach not
only extends essentially unchanged to vector-valued functions, but also lays the
foundation for the proof of Lebesgue’s convergence theorem. We treat the latter,
as well as other important convergence theorems, in Section 3.

Section 4 is devoted to the elementary theory of Lebesgue spaces. We prove
their completeness and show that they become Banach spaces if we identify func-
tions that agree almost everywhere. Because this identification is in our experience
a source of difficulties for beginners, we make a meticulous distinction throughout
the chapter between equivalence classes of functions and their respective represen-
tatives.

Although up to this point, we have considered integrals with respect to an
arbitrary measure, we treat in Section 5 the special case of Lebesgue measure in R".
We show that the one-dimensional Lebesgue integral is an extension of the Cauchy—
Riemann integral for absolutely integrable functions. This puts us in the position
to bring what we learned about integrals in Volume II into the framework of the
general theory. This is of particular significance in the context of Fubini’s theorem,
which gives a reduction procedure for evaluating higher-dimensional integrals.

Section 6 treats Fubini’s theorem. We have decided not to prove it for ar-
bitrary product measure spaces, but rather only for the Lebesgue measure space.
This simplifies the presentation considerably and is in practice sufficient for all the
needs of analysis— once strengthened by a extension to product manifolds, to be
treated in Chapter XII.

The proof of Fubini’s theorem in the vector-valued case requires delicate mea-
surability arguments. For this reason, we study first the scalar case. We prove the
vector-valued version at the end of Section 6 and exhibit some important applica-
tions. On first reading, this part may be skipped, because its results are not used
in any essential way afterward, and also because the reader will probably become
acquainted at some later point with the Hahn-Banach theorem of functional anal-
ysis: with its help Fubini’s theorem for vector-valued functions is easily deduced
from the scalar version.

Section 7 studies the convolution. This operation allows us to prove with
extraordinary efficiency some fundamental approximation theorems, such as the
theorem on smooth partitions of unity, which plays in important role in the final
chapter. In the second half of the section we address the significance of the con-
volution and the approximation theorems in analysis and mathematical physics,
offering a first glimpse of the very important generalization of the classical differ-
ential calculus known as the theory of distributions.

Besides the convergence theorems of Lebesgue and Fubini, the transformation
theorem forms the third pillar of the entire integral calculus. It will be proved in
Section 8, where we also discuss its more basic applications.
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In the last section, we illustrate the power of the theory just developed by
proving several basic facts about the Fourier transform. Like the second half of
Section 7, this part affords a look at a related area of analysis which you may later
encounter in more advanced studies.



1 Measurable functions

Suppose (X, A, 1) is a measure space and A € A. An analogy with elementary
geometrical constructions leads one to define the integral over X of the character-
istic function x4 with respect to the measure u as fX XA du := p(A). Obviously
this only makes sense if A belongs to A. The function f = y 4 must therefore be
“compatible” in this sense with the underlying measure space (A, ). For more
complicated functions, a suitable approximation argument makes it possible to
generalize this notion of compatibility between functions and measures, leading to
the concept of the measurability of functions.

In this section denote by

e (X, A, u) a complete, o-finite measure space;
E = (E,|-|) a Banach space.

Simple functions and measurable functions

Suppose E is a property that is either true or false of each point in X. We say
that E holds p-almost everywhere, or for p-almost every x € X, if there exists a
p-null set N such that E(x) is true for every x € N¢. “Almost every” and “almost
everywhere” are both abbreviated “a.e.”

1.1 Examples (a) For f,g € R¥, we write “f > g p-a.e.” if there is a p-null set
N such that f(z) > g(x) for every x € N°.

(b) Suppose f;, f € EX for j € N. Then (f;) converges to f p-a.e. if and only if
there is a p-null set N such that f;(z) — f(x) for z € N°.

(c) A function f € EX is bounded p-a.e. if and only if there is a p-null set N and
an M > 0 such that |f(z)| < M for every x € N©.

(d) If E holds p-a.e., the set { # € X ; E(z) is not true } is g-null.
Proof This follows from the completeness of (X,.A, ). m
(e) Suppose (X, B,v) is an incomplete measure space. Then there is a property

E of X that holds v-almost everywhere for which {x € X ; E(x) is not true} is
however not a v-null set.

Proof Because (X, B,v) is not complete, there is a v-null set N and an M C N such
that M ¢ B. If f := xu, then f = 0 v-almost everywhere, but { z € X ; f(z) #0} =M
is not a v-null set. m

We say f € EX is p-simple’ if f(X) is finite, f~!(e) € A for every e € E, and
p(f~HE\{0})) < co. We denote by S(X, y1, E) the set of all p-simple functions

LIf the identity of the measure space is clear, we call functions simple instead of u-simple;
similarly in the case of py-measurable functions, about to be introduced.
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from X to E.2

A function f € EX is said to be p-measurable if there is a sequence (f;) in
S(X,u, E) such that f; — f p-almost everywhere as j — co. We set?

Lo(X,u, E):={fecEX; fis y-measurable} .

1.2 Remarks (a) We have the inclusions of vector subspaces

S(X,u,E) C Lo(X,pu, E) C EX .

(b) For j = 0,...,m, where m € N, consider ¢; € F and A; € A such that
w(A;) < co. Then f := Z;nzo ejx; belongs to S(X,u, E). We call this the
normal form of f if

e;#0 forj=0,...,m,

ej #ey forj#k,
AiNAy=0 forj#k.

(c) Every simple function has a unique normal form, and*

m

SXuB) = {3 epva, imeN, ¢ € B\{0}, 4; € A,
w(A;) < oo, AjﬁAk=®f0rj7ék} .
Proof Suppose f € S(X,u, E). Then there is an m € N and pairwise distinct elements

€0, ... em in E such that f(X)\{0} = {eo,...,em}. Setting A; := f'(e;), we have
Aj € A such that p(A4;) < oo and A; N Ar =0 for j # k. One checks easily that

m
§ €iXA;
j=0

is the unique normal form of f. The second part now follows from (b). m

(d) Suppose f € EX and g € K¥ are p-simple [or p-measurable]. Then |f| € RY
and gf € EX are also p-simple [or u-measurable]. In particular, S(X, u, K) and
Lo(X, 1, K) are subalgebras of K*.

(e) For A € Aand f € EX, form the restriction v := | (A] A) (see Exercise
IX.1.7). Then

flA€S(A v, E) <= xaf €S(X, 1, E),
f|AE‘C0(A7VaE) — XAfE‘CO(X7/J/7E) .

Proof The simple verification is left to the reader. m

2We called the space of jump continuous functions S(7, E), but this will cause no confusion.

3Clearly the definition of measurability of functions is meaningful even on incomplete measure
spaces.

4Compare the footnote to Exercise VI.6.8.
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(f) Suppose f € Lo(X, 1, K) and A := [f # 0]. Also define g € K¥ through

1/ f(=) ifreA,
g(f”)'{ 0 ifodA.

Then g is p-measurable.

Proof The measurability of f implies the existence of a p-null set N and a sequence
(¢5) in S(X, u,K) such that p;(x) — f(x) for z € N°. We set

] Yei(x)  ifgi(x) #0,
wj(x)_{ 0 if ¢;(z) =0,

for z € X and j € N. By (c) and (d), (xa®;) is a sequence in S(X, u, K), and one verifies
easily that (xa;)(xz) — g(x) for every x € N (see Proposition 11.2.6). m

(g) Let e € E\{0}, and suppose p(X) = oo. Then exx belongs to Lo(X, p, E)
but not to S(X, pu, E).

Proof Tt is clear that exx is not p-simple. Since X is o-finite, there is a sequence (A;)
in A such that (J; A; = X and p(4;) < oo for j € N. For j € N, set X; := (J;_, Ax and
;= exx;. Then (p;) is a sequence in S(X, i1, ) that converges pointwise to exx. m

A measurability criterion

A function f € EX is said to be .A-measurable if the inverse images of open sets of
E under f are measurable, that is, if f~(7g) C A, where 7 is the norm topology
on E. If there is a p-null set NV such that f(NN€) is separable, we say f is p-almost
separable valued.

1.3 Remarks (a) Exercise IX.1.6 shows that the set of A-measurable functions
coincides with the set of A-B(E)-measurable functions.

(b) Every subspace of a separable metric space is separable.

Proof By Proposition IX.1.8, separability amounts to having a countable basis. But by
restriction, a basis of a topological space yields a basis (of no greater cardinality) for any
given subspace; see Proposition 111.2.26. m

(c) Suppose E is separable and f € EX. Then f is u-almost separable valued.
Proof This follows from (b). m

(d) Every finite-dimensional normed vector space is separable.” m
The next result gives a characterization of p-measurable functions, which,

besides being of theoretical significance, is very useful in practice for determining
measurability.

5Compare Example V.4.3(e).
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1.4 Theorem A function in EX is u-measurable if and only if it is A-measurable
and p-almost separable valued.

Proof “=" Suppose f € Lo(X,p, E).
(1) There exist a p-null set N and a sequence (¢;) in S(X, y, E) such that

@j(x) — f(z) (j = o0) forxe N°. (1.1)

By Proposition 1.6.8, F' := U 0 #j(X) is countable and therefore the closure F is
separable. Because of (1.1) we have f(N°¢) C F. Remark 1.3(b) now shows that
f is p-almost separable valued.

(ii) Let O be open in E and define O, := {y € O ; dist(y,0¢) > 1/n} for
n € N*. Then O, is open and O,, C O. Also let x € N°. By (1.1), f(x) belongs
to O if and only if there exist n € N* and m = m(n) € N* such that ¢;(z) € O,
for j > m. Therefore

FroynNe=J e Onnne. (1.2)
m,neNX j=m
But goj_l(On) € Aforn € N* and j € N, because ¢; is pu-simple. Hence (1.2) says
that f~1(O) N N¢ € A.
Furthermore, the completeness of u shows that f~1(0) N N is a p-null set,
and altogether we obtain

F7H0) = (F7HO)NN) U (f1(O)NN°) € A.

“<” Suppose f is p-almost separable valued and A-measurable.

(iii) We consider first the case u(X) < oco. Take n € N. By assumption, there
is a p-null set N such that f(N€) is separable. If {¢; ; j € N} is a countable
dense subset of f(N€), the collection {IB%(ej, 1/(n + 1)) i J € N} covers the set
f(N€), and thus

X=NulJf'(B(e1/(n+1))) .
JEN
Since f is A-measurable, X, = f‘l(IB%(ej, 1/(n+ 1))) belongs to A for every
(j,n) € N2, The continuity of x from below and the assumption p(X) < oo then
imply that there are m,, € N* and Y,, € A such that

n . 1
Now define ¢,, € EX through

) ifre X()’n ,
on(z) =X ¢ ifx e Xj,n\Ui;é Xpp for 1 <j<m,,
0 otherwise .
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Obviously ¢, € S(X, u, E) for n € N, and
lon(z) — f(x)] <1/(n+1) forxeV,.

The decreasing sequence Z,, := Jpoy Y4k satisfies
= 1
Z Yotk) 2—n forn e N .
k=0

It therefore follows from the continuity of u from above that Z := [,y Zn is
p-null. We now set

| () ifeez¢,
¥n(®) '_{ 0 if v € Z,

Then (1) is a sequence in S(X, u, E). Also there is for every x € Z¢ =J,, Z;, an
m € N such that € Z¢,. Since Z5, C Z¢ for n > m, it follows that

[n (@) = f(2)] = len(z) — f(@)] <1/(n+1) .
Altogether, lim v, (z) = f(x) for every x € Z°. Therefore f is y-measurable.

(iv) Finally, we consider the case pu(X) = co. Remark IX.2.4(c) shows there
is a disjoint sequence (X;) in A such that |J; X; = X and p(X;) < co. By part
(iii), there exist for each j € N a sequence (¢ x)ken in S(X, u, F) and a p-null
set N such that limy, ¢; ,(x) = f(2) for every z € X;NN7. With N :=J; N; and

k() ifeeX;, je{0,...,k},
or(T) = . !
0 itedUL X,

for k € N, we have ¢, € S(X, 1, E) and limy, ¢ (z) = f(z) for x € N°. The result
follows because N is p-null. m

1.5 Corollary Suppose E is separable and f € EX. The following statements are
equivalent:

(i) f is u-measurable.

(ii) f is A-measurable.
(iii) f~1(S) C A for some S C PB(E) such that A,(S) = B(E).
(iv) f~YS) C A for any S C B(E) such that A,(S) = B(E).

Proof This follows from Theorem 1.4, Remark 1.3(c), and Exercise IX.1.6. m

1.6 Remark The proof of Theorem 1.4 and Remark 1.3(¢) show that Corollary 1.5
remains true for incomplete measure spaces. m

Without much effort, we obtain from Corollary 1.5 the following properties
of p-measurable functions.
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1.7 Theorem
(i) If E and F are separable Banach spaces and if we have maps f € Lo(X, u, F)
and g € C(f(X),F), then go f belongs to Lo(X,u, F). In particular, |f| €
Lo (Xv 1y R)
(i) A map f = (f1,..., fn): X = K" is y-measurable if and only if each of its
components f; is.
(iii) Let g,h € RX. Then f = g+ ih is p-measurable if and only if g and h are.
(IV) Iff € EO(X);LI’7E) and g€ EO(X);LI’7F)’ then (fag) € ,C()(X,M,E X F)

Proof (i) Let O be open in F'. Since g is continuous, g~*(0) is open in f(X). By
Proposition I11.2.26, there is an open subset U of E such that ¢=}(0) = f(X)NU.
Since f is Lebesgue measurable, f~1(U) belongs to A by Corollary 1.5. Because

(9o /)7H0) = g1 (0) = fTH{fX)NU) = fH(U),

the claim follows from another application of Corollary 1.5.
(ii) The implication “=" follows from (i), because f; = pr;of for 1 < j < n.
“<=” We consider first the case K = R. Take I € J(n), and write it as
I= H;LZI I;, where I; € J(1) for 1 < j < n. Because each fj_l(Ij) belongs to A,
so does f~1(I) = N}, fj_l(Ij), that is, we have f~!(J(n)) C A. Also, we know
from Theorem IX.1.11 that A, (J(n)) = B™. Therefore Corollary 1.5 implies that
f is p-measurable.

Using the identification C™ = R?", the case K = C follows immediately from
what was just shown.

(iii) is a special case of (ii), and we leave (iv) as an exercise. m

Measurable R-valued functions

In the theory of integration, it is useful to consider not only real-valued functions
but also maps into the extended number line R. Such maps are called R-valued
functions. An R-valued function f: X — R is said to be p-measurable if A
contains f~1(—o0), f71(c0), and f~1(O) for every open subset O of R. We

denote the set of all y-measurable R-valued functions on X by Lo(X, u, R).

1.8 Remarks (a) Any real-valued function f: X — R can be regarded as an
R-valued one. Thus there are in principle two notions of measurability that apply
to f. But since f~! ({—oo, oo}) = (), Corollary 1.5 implies that f is p-measurable
as a real-valued function if and only if it is g-measurable as an R-valued function.

(b) Note that Lo(X, p,R) is not a vector space. m

In the next result, we list simple measurability criteria for R-valued functions.
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1.9 Proposition For an R-valued function f: X — R, the following statements
are equivalent:

Proof “(i)=>(ii)” The sets f~*(—o00) and f~!((—o0,a)) with a € Q [or o € R]
belong to A. Because

[f <a]l =7 ([~o0,a)) = fH(—o0) U fH((—00,@))

this is also true of [f < a].

The implications “(ii)=>(iii)=-(iv)=>(v)” follow from the identities

f<a=[|lf<a+1/jl, [f>a]=[f<a]*, [fZa]=

1 J

[f>a-1/4].

38
RDL:

1

J

“(v)=-(i)” Suppose O is open in R. By Proposition IX.5.6, there exist
(a;), (3;) € QY such that O = U;laj.85). Therefore

Uf ([, 8))) = U([fzaj]ﬁ[f<ﬁj]) ,

JEN jEN

and because [f < a] = [f > a]°, we conclude that f~!(O) belongs to A. In
addition

f7H(=o0) = (I[f <=4l and [~ (cc) = [[f>J]-

jEN jEN

Thus f~!(+oc0) also lies in A. m

The lattice of measurable R-valued functions

An ordered set V = (V, <) is called a lattice if for every pair (a,b) € V x V, the
infimum a A b and the supremum a V b exist in V. A subset U C V is a sublattice
of V if U is a lattice when given the ordering induced by V. An ordered vector
space that is also a lattice is called a vector lattice. If a vector subspace of a vector
lattice is a sublattice, we call it a vector sublattice.
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1.10 Examples (a) Suppose V is a lattice [or vector lattice]. Then V¥ is a lattice
[or vector lattice] with respect to the pointwise ordering.

(b) R is a lattice, and R is a vector lattice.

(¢) The vector lattice R satisfies
fvg=(f+g+lf—gh/2, frg=(+g—If—gh/2.

(d) B(X,R) is a vector sublattice of R™.

(e) Suppose X is a topological space. Then C(X,R) is a vector sublattice of R,

Proof This follows from (c) and the fact that |f| is continuous if f is. m

(f) S(X,u,R) and Lo(X, 1, R) are vector sublattices of R¥.

Proof The first statement is clear. The second follows from (c) and Theorem 1.7 or
Remark 1.2(d). m

(g) Suppose V is a vector lattice and z,y,z € V. Then
(@Vy)+z=(z+2)V(y+2),
(=2)V(=y) = =(z Ay),
r+y=(zVy)+(@Ay).
Proof If u €V satisfies u > x and u > y, then clearly u+ z > (z + z) V (y + z). Hence
@Vy +zz@+2)V(y+2).

Suppose v > (z+2) V(y+2). Then v —z > z and v — z > y, and hence v > (zVy) + z.
Because this holds for every upper bound v of {z + z,y + z}, it follows that

(z+2)V(y+2z)>(xVy) +2.
This proves the first equality. The second is none other than the trivial relation
sup{—z,—y} = sup(—{m,y}) = —inf{z,y} .
Using this, we now find
eVy=(-y+@+y)V(-z+@+y) = (Vv (-2)+(@+y)

=—(@Ay)+(@+y),
which proves the last claim. m
(h) Suppose V is a vector lattice. For z € V, we set

zti=2Vv0, 27 :=(-2)V0, |z]:=2V(-1).

Then®

r=zt—z7, |z|=2t+2", 2tAzT =0.

6See footnote 8 in Section IL.8.
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Proof The first claim follows easily from (g). With this and (g), we find
T2 =422 =x+ (—22)vO0) =(—z)Va =]z .
Analogously, we have

Az )—2 =@ -z )A(x —2 )=2zA0=—z

and therefore zTA 2z~ =0. m

If V is a vector lattice and x € V, we call 7 the positive part and x~ the
negative part of x, and |z| is the modulus” of z. Clearly z* > 0, 2~ > 0, and
|z| > 0.

The figures below illustrate the positive and negative parts of an element f
of the vector lattice RY.

‘ /S SN,

graph(/f) graph(f") graph(f~)
Suppose f € RX. Then f* := f V0 is called the positive part of f, and
f~ =0V (—f) the negative part of f. These terms are chosen in obvious analogy

to the case of the vector lattice R*.8 Here too we have
ff>0, f7>20, f=f"=f, lfl=r"+1".

The next result shows that Lo(X,u, R) is a sublattice of RX and that it is
closed under countably many lattice operations.

1.11 Proposition Suppose f € Lo(X, i, R), (f;) is a sequence in Lo(X, 1, R), and
k € N. Then each of the R-valued functions

+ - ) i . . i ) Tim f- j )
~, f, |f| s Ofélja;(kfg s Orgnjlgkf] , Sl;pf] , H]lffj , h;nfj s hTmfj

belongs to Lo(X, p, R).

Proof (i) Suppose a € R. From Proposition 1.9, we know that [f; > o] belongs
to A for j € N. Therefore this is also true of

[sup, 5 > a] = 11 >l

and Proposition 1.9 implies that sup; f; is py-measurable.

7This is not to be confused with the norm of the vector x if V is a normed vector space. The
modulus of x € V' is always a vector in V', whereas the norm is a nonnegative number.
8Remember that R¥ is a lattice but not a vector lattice.
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(ii) Because f; belongs to Lo(X, 1, R), so does —f;. It then follows from (i)
that the function inf; f; = —sup,;(—f;) is p-measurable.
(iii) For j € N, set
fi  H0<j<k,
gj:_{ fo it >k
Because of (i), sup, g; = maxo<;<k f; belongs to Lo(X, u,R). Analogously, one
shows that ming<;<y f; is p-measurable.
(iv) From (iii), it follows that f*, f~, and |f| belong to Lo(X, i1, R).
(v) We have

Efj =infsup fr and lim f; = sup inf fi .
J J k>j J j k=23

Therefore by (i) and (ii), lim; f; and lim; f; also belong to Lo(X,1,R). m

The positive cone S(X, u, RT) of S(X, i1, R) is the set of all f € S(X,u, R)
such that f(X) C RT; see Remarks VI.4.7(b) and (d). Therefore it is natural to
denote it by S(X,u,R"). Similarly, if Rt := [0,00] is the nonnegative part of
the extended number line R, we denote by Lo(X,u, RT) the set of all nowhere
negative p-measurable R-valued functions on X.

The set Lo(X, i, RT) has an interesting characterization:

1.12 Theorem For f: X — R*, the following statements are equivalent:
(i) f € Lo(X,p,RT).
(ii) There is an increasing sequence (f;) in S(X,u,R") such that f; — f for

J — oo.

Proof “(i)=-(ii)” By the o-finiteness of (A, u), it suffices to consider the case
1(X) < oo (compare part (iv) in the proof of Theorem 1.4). So for j,k € N, set

Ao (k279 < f < (k+1)27] ifk=0,...,72 -1,
P f > ) it k=52 .

The sets Aj; 1 are obviously disjoint for k =0, ... ,j27 and by Proposition 1.9 they
lie in A. Since p(X) < 00, each A; ; has finite measure. By Remark 1.2(b), then,

j2’
fi=> k27xa,, forjeN
k=0
belongs to S(X, u, R). Further one verifies that 0 < f; < f;4; for j € N.
Now suppose € X. If f(z) = oo, we have f;(z) = j, so lim; f;(z) = f(x).
On the other hand, if f(z) < oo, then f;(z) < f(z) < fj(z) +277 for j > f(z), so
lim; f;(xz) = f(x) in this case as well. This shows (f;) converges pointwise to f.
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“(ii)=-(1)” This follows from Proposition 1.11. m

Here is an illustration of the construction of the A;; in the proof of Theo-
rem 1.12:

__\AM/_ :

1.13 Corollary
(i) For every f € Lo(X,u, R), there is a sequence (f;) in S(X, u, R) such that
fi— I
(ii) Suppose f € Lo(X, u,R") is bounded. Then there is an increasing sequence
(f;) in S(X, u,RT) that converges uniformly to f.

(i) Suppose (f;) is a sequence in Lo(X, p, RT). Then >5[ € Lo(X, w, RT).

Proof (i) In view of the decomposition f = f* — f~, this follows from Theo-
rem 1.12 and Remark 1.2(a).

(ii) Suppose f € Lo(X, 1, RT) is bounded. For the sequence (f;) constructed
in the proof of Theorem 1.12, we have

file) < f(x) < fi(z) +277 forj > | fle -

Thus (f;) converges uniformly to f.

(iii) By Theorem 1.12; there is for every j € N an increasing sequence
(¢ )ken in S(X, u,RT) such that ¢, T f; for k — co. Set spn := > j=0 Pin
for k,n € N. Then (sgn)nen is an increasing sequence in S(X, i, RT) that con-
verges to sy 1= ijo fj as n — oco. By Theorem 1.12, then, (s) is a sequence in
Lo(X, p, RY) such that limy, s, = supy, s = -7 f;. The claim now follows from
Proposition 1.11. m
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Pointwise limits of measurable functions

Let (f;) be a pointwise convergent sequence in Lo(X, y,R). By Proposition 1.11,
f:=lim; f; is also in Lo(X, u, R). We will now derive an analogous statement for
vector-valued sequences of functions.

1.14 Theorem Suppose (f;) is a sequence in Lo(X, u, E) and f € EX. If (f;)
converges p-almost everywhere to f, then f is u-measurable.

Proof (i) We show first that f is u-almost separable valued. By assumption,
there is a p-null set M such that f;(z) — f(x) as j — oo, for any & € M°. For
every j € N, there exists by Theorem 1.4 a p-null set N; such that fj(Njc) is
separable, hence also a countable set B; that is dense in f;(NY):

B; C fj(N )CB for jeN.
With B := {J; B;, we see from Corollary II1.2.13(i) that (J, B; C B, and we find

Ufj(N]C)C UEjCE'

JEN jEN
Finally let N := M U Uj N;. Then N is a p-null set satisfying, for any k£ € N,
N¢=Men[; N5 C Ni. Because lim; f;(z) = f(z) for z € M¢, we thus have

vy e U s cB=B.
jEN
Because B is countable, Remark 1.3(b) shows that f(N°¢) is separable.

(ii) Now we show that f is A-measurable. Let O be open in E, and define
O, :={z €O ; dist(x,0°) > 1/n } for n € N*. As in (1.2), it follows that

fFronme= | () O)nMe.
m,neNX j>m
By Theorem 1.4, fj_l(On) belongs to A for every j,n € N*. Therefore this also

applies to f~1(O)NM¢. Moreover, the completeness of y implies that f~1(O)NM
is a p-null set, and altogether we find

F7H0) = (F7HO) N M) U (FHO)N M) € A.

The claim now follows from Theorem 1.4. m

1.15 Remark Theorem 1.14 generally fails for incomplete measure spaces.

Proof Let C be the Cantor set. In the proof of Corollary IX.5.29, it was shown that C
contains a Borel nonmeasurable subset N C C'. We take f; := x¢ for j € Nand f := xn.
Remark 1.2(b) and the compactness of C' imply xc € S(R,51,R). Also f;(z) = f(z)
for x € C° C N° and j € N. Because C has measure zero, (f;) converges fi-a.e. to f.
However, because [f > 0] = N ¢ B', Proposition 1.9 says that f is not in Lo(R, 31, R). m



74 X Integration theory

Radon measures

We conclude this section by exploring how measurability and continuity are re-
lated in vector-valued functions. Besides proving a simple measurability criterion,
we prove Luzin’s theorem, which exposes a surprisingly close connection between
continuous and Borel measurable functions.

A metric space X = (X, d) is said to be o-compact if X is locally compact
and there is a sequence (X;);en of compact subsets of X such that X = {J, Xj.

Suppose X is a o-compact metric space. A Radon measure on X is a regular,
locally finite measure on a o-algebra A over X such that A D B(X). We say a
Radon measure 1 is massive if u is complete and every nonempty open subset O
of X satisfies u(O) > 0.

1.16 Remarks (a) Every o-compact metric space is a o-compact set in the sense
of the definition of Section IX.5; however, a countable union of compact subsets
of a metric space is not necessarily a o-compact metric space.

Proof The first statement is clear. For the second, consider Q C R. m

(b) Every Radon measure is o-finite.
Proof This follows from Remark IX.5.3(b). m

(c) Suppose X is a locally compact metric space. Then there is for every compact
subset K of X a relatively compact® open superset of K.

Proof For every x € X, we find a relatively compact open neighborhood O(z) of x.
Because K is compact, there are zo,...,zm € K such that O := U;"ZO Oij) is an open
superset of K. Corollary IT1.2.13(iii) implies O = [J]_, O(z;). Therefore O is compact. m

(d) Every open subset of R™ is a o-compact metric space.

Proof Let X C R™ be open and nonempty. For every x € X, there is r > 0 such that
B(x,r) C X. Because B(x,r) is compact, X is then a locally compact metric space.
For j € NX, define'®

Up:={zeX;dist(z,U°) >1/j } nB(0,5) . (1.3)
By Examples II1.1.3(1) and II1.2.22(c), the set U is open. Also U; C U; C Ujt1, and
U, U; Cyj U; = X. In particular, there exists jo € N* such that U; # 0 for j > jo.
Because Uj is compact by the Heine—Borel theorem, the claim follows. m
(e) For a locally compact metric space X, the following statements are equivalent:
(i) X is o-compact.

(ii) X is the union of a sequence (Uj), en of relatively compact open subsets with

U; CUjyq for j €N,

9A subset A of a topological space is said to be relatively compact if A is compact.
0dist(x, @) := oo.
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(ili) X is a Lindeldf space.
(iv) X satisfies the second countability axiom.
(v) X is separable.

Proof “(i)=-(ii)” Let (X;);en be a sequence of compact sets in X such that X = |J; Xj.
By (c), there is a relatively compact open superset Ug of Xo. Inductively choose relatively
compact open subsets U; such that U; D U;—1 U X for j > 1. Clearly X =J; U;.

“(ii)=>(iil)” Suppose O := {Oa ; o € A} is an open cover of X. For every j € N,
inductively choose m(j) € N and ao,...,am;) € A such that U; C UZ;({)) O, Then
{Oak i k=0,...,m(j), j € N} is a countable subcover of O for X.

“(iii)=>(i)” By assumption, there is a sequence (z;) in X and relatively compact
open neighborhoods O(z;) of z; (j € N) such that X = {J,cy O(x;). So X =,y O(;),
showing that X is o-compact.

jEN
The remaining equivalences follow from Proposition 1X.1.8. m

(f) Every locally finite Borel measure on a o-compact metric space is regular and
is therefore a Radon measure.

Proof This follows from (e) and Corollary VIIL.1.12 in [Els99]. m

(g) Finite Borel measures on (nonmetrizable) compact topological spaces need not
be regular.

Proof See [Flo81, Example A4.5, S. 350]. m

(h) Lebesgue n-measure, Ay, is a massive Radon measure on R".
Proof This follows from Theorems IX.5.1 and IX.5.4. m

(i) The s-dimensional Hausdorff measure H? is a Radon measure on R" only when
s > n. It is massive if and only if s = n.

Proof Every Borel set is H°-measurable, by Example 1X.4.4(c) and Theorem I1X.4.3.
The regularity of H® for s > 0 follows from Corollary IX.5.22 and Theorem IX.5.4.

Suppose O is open in R"™ and nonempty. Because O has Hausdorff dimension n
(Exercise I1X.3.6), it follows that

0 ifs>n,

00 ifs<n.

(0 = {

Therefore H® cannot be a Radon measure on R™ if s < n. If s > n, on the other hand,
‘H? is a nonmassive Radon measure.

Lemma IX.5.21 shows that H" is locally finite and therefore a Radon measure on
R™. Finally, Corollary 1X.5.22 implies H"(O) > 0, and we are done. m

(j) Suppose F': R — R is measure generating, and denote by pp the Lebesgue—
Stieltjes measure on R induced by F. Then pp is a Radon measure on R, and is
massive if only if F' is strictly increasing.

Proof This follows from Example 1X.4.4(b), Theorem I1X.4.3, Exercise 1X.5.19, and
Proposition 1X.3.5. m



76 X Integration theory

1.17 Theorem Suppose u is a complete Radon measure on X. Then C(X, E) is
a vector subspace of Lo(X, u, E).

Proof Take f € C(X,E) and let (X;) be a sequence of compact sets in X such
that X = (J; X;. According to Exercise IX.1.6(b), f is Borel measurable and
therefore A-measurable, where A is the domain of ;. By Remark 1.16(e), f(X}),
being a compact subset of F, is separable. Therefore f(X) = Uj f(X;) is also
separable, and the claim follows from Theorem 1.4. m

1.18 Theorem (Luzin) Suppose X is a o-compact metric space, p is a complete
Radon measure on X, and f € Lo(X, u, E). Then for every p-measurable set A
of finite measure and for every € > 0, there is a compact subset K of X such that
w(A\K) <e and f|K € C(K, E).

Proof (i) Because X is o-compact, we can find a compact set X such that
p(A\ X) <e/2. We set f:= f | X and A:= AN X. Then pu(X) < .

(ii) By Theorem 1.4, there is a g-null set N of X such that f(N®)is separable.
Therefore by Proposition IX.1.8, there is a countable basis { V; ; j € N} of f(N¢),
and because of Proposition III.2.26, there exist open subsets V; in E such that

V V; ﬂf(NC)

(iii) According to Theorem 1.4, f’l(V]) is p-measurable for every j € N.
Hence it follows from the regularity of 4 and the finiteness of ;(X) that for every
j € N there exist a compact set K; and an open set U; with K; C I Yv;) c U;
and p(U;\Kj) < £270+3), Puttmg U =, (U;\Kj), we have ,u( ) < 5/4

(iv) We set Y := (U U N)¢ and show that f‘ Y is continuous. To verify this,
let V be open in E. Then there is a subset {V}, ; k € N} of {V} ; j € N} such
that VN f(N°) =, Vj. N F(N€). This implies

FHV)NNe = U FNV;, )N Ne .
Obviously f~1(Vy)NY C U;NY for ¢ € N. Because

Y:Ucﬁchﬂ(UCUK)ﬂNCCﬂ UsUfNV) cUSUF (V)
it follows that f~1(V;)NY = U, NY, and we find

(F17)

—1 T
V)=t vynNenve = U, ny .

Because | J, Uj, is open in X and therefore | J, U;, NY is open in Y, the continuity

of f | Y follows.

(v) We apply once again the regularity of p to deduce the existence of a
compact subset K of the py-measurable set Y such that u(Y'\K) < ¢/4. Then
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f‘ K belongs to C(K, E), and
WA\ K) < p(Y\K) + p(YONK) < p(Y\K) + u(U) < /2.

Because u(A\K) < ,u(g\K) + u(A\)Z’) < g, we are done. m

Exercises

1 Suppose H is a separable Hilbert space. We say f € HX is weakly p-measurable if

(f | e) belongs to Lo(X, i, K) for every e € H. Prove:

(a) If f is weakly p-measurable, |f]| is p-measurable.

(b) f is p-measurable if and only if f is weakly p-measurable.

(Hints: (a) Suppose {e; ; j € N} is a dense subset of Bg. Then
[|f| < a] :mj[’(f|€j)’ Sa] foraeR.

(b) “«<=” Using (a), we can construct as in the proof of Theorem 1.4 a sequence of a
p-simple functions that converge p-a.e. to f.)

2 Denote by S(R, E) the vector space of all E-valued admissible functions of R (see
Section VI.8). Prove or disprove:

(a) SR, E) C Lo(R, p1, E);

(b) S(R, E) D Lo(R, 1, E).

3 Prove the statement of Remark 1.2(e).

4 Show that every monotone R-valued function is Borel measurable.

5 Let f,g € Lo(X,u,R). Show that the sets [f < g], [f < g], [f = g], and [f # g]
belong to A.

6 Suppose (f;) is a sequence in Lo(X, 4, R). Show that
K :={x € X ; lim, f;(z) exists in R }
is pu-measurable.

7 Suppose f: X — R. Prove or disprove:
(a) f € Lo(X, 1, R) = [T, f7 € Lo(X, i, RT).
(b) fe ﬁo(X,/A,R) = |f| € ﬁo(X,/A,R"’).
8 A nonempty subset B of R¥ is called a Baire function space if these statements hold:
(i) « €eRand f € B imply af € B.
(ii) If f + g exists in R* for f,g € B, then f 4+ g € B.
(iii) sup; f; belongs to B for every sequence (f;) in B.
Prove:

(a) RX and Lo(X, i1, R) are Baire function spaces.
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(b) If { B C R* ; @ € A} is a family of Baire function spaces, then ()., Ba is also a

Baire function space.

9 For C C R¥, we call

aEA

o(C) = m{B c R ; B> C, B is a Baire function space }

the Baire function space generated by C. By Exercise 8(b), o(C) is a well defined Baire
function space. Show that

o(S(X,1,R)) = Lo(X, 1, R) .

10 Prove that o(C(R™,R)) = Lo(R", Bn, R).

11 Show that the supremum of an uncountable family of measurable real-valued func-
tions is generally not measurable.

12 A sequence (f;) in EX is said to be p-almost uniformly convergent if for every § > 0
there is an A € A with p(A°) < § such that the sequence (f; | A) converges uniformly.
(a) Suppose (f;) is a p-almost uniformly convergent sequence in Lo(X, i, E). Show there
isan f € Lo(X, u, E) such that f; — f p-a.e.

(b) Define f;(x) := 2’ for j € N and = € [0,1]. Verify that (f;) converges almost
uniformly (with respect to Lebesgue measure), although there is no set N C [0,1] of
measure zero such that (f; | N°) converges uniformly.

13 Suppose (X, A, u) is a finite measure space and f;, f € Lo(X,u, F) with f; — f
p-a.e. Prove:

(a) For ¢ > 0 and ¢ > 0, there exist k € N and A € A such that p(A°) < ¢ and
|fi(x) — f(z)| <eforz € Aandj> k.

(b) The sequence (f;) converges p-almost uniformly to f (Egorov’s theorem).

(c) Part (b) is generally false if u(X) = co.

(Hints: (a) Consider K := [f; — f] and Ky := [|f; — f| < e ; j > k], and apply the
continuity of measures from above.  (b) To obtain the A;, choose e := 1/j and 6 := § 27
in (a), and let A:={J; A;. (c) Consider the measure space (X, A, ) = (R, A1, £(1))
and set fj 1= x[jj+1]-)

14 Suppose (X, A, ) is a measure space and f;, f € Lo(X, u, E). We say (f;) converges
in measure to f if lim;_.oo p([|f; — f| > €]) = 0 for every € > 0.

Prove:

(a) f; — f p-almost uniformly = f; — f in measure.

(b) If (f;) converges in measure to f and to g, then f =g p-a.e.

(c) There is a sequence of Lebesgue measurable functions on [0,1] that converges in
measure, but does not converge pointwise anywhere.

(d) There is a sequence of Lebesgue measurable functions on R that converges pointwise
but not in measure.

(Hints: (c) Set f; := x1,, where the intervals I; C [0, 1] are chosen so that A1(I;) — 0 and
so that the sequence (f;(z)) has two cluster points for every z € [0,1].  (d) Consider
fi = Xtji+11)
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15 Suppose (f;) is a sequence in Lo(X, u, E) converging in measure to f € Lo(X, pu, E).
Show that (f;) has a subsequence that converges p-a.e. to f.
(Hint: There is an increasing sequence (ji)ken such that

w([[fm = fa] >27F)) <27F form,n>ji .

With the help of By := Uy, [|fapyy — frr| = 27%], conclude that (fj, )ken converges
p-almost uniformly. Also note Exercises 12, 14(a) and 14(b).)

16 For z = (z;) € K" and p € [1, oc], define®*

= { (X5olzs?)'” ifp el o0,

1= e, o) if p=oo,
and

by = Lp(K) = ({2 € K" [|zflp < o0}, [|-]ln) -
Prove:
(a) If p € [1,00), then £, is a separable normed vector space.
(b) £oo is not separable.
17 Suppose z € R. If z € R, we say U C R is a neighborhood in R of z if U contains
a neighborhood in R of z. For z € R\R, neighborhoods were defined in Section I1.5 as
those sets that contain a semi-infinite interval of the appropriate kind. Suppose O C R.

We say O is open ig@ if every z € O has a neighborhood U in R such that U C O. Now
define 7 := {O C R ; O is open in R }. Prove:

(a) O is open in R if and only if ONR is open in R and, in the case co € O [or —oco € O],
there is an a € R such that (a,00] C O [or [—00,a) C O].

(b) (R T) is a compact topological space.
() BR)={BUF; BEB', F C{—o00,00} }.

(d) ( ) IR =8

(e) An element of R¥ belongs to Lo(X, i, R) if and only if it is .A-B(R)-measurable.

18 Check that, if S is a separable subset of E, the closure of its span is a separable
Banach space.

19 For f € KX, set

f@)/f@)]if f(z) #

(sign f)(z) :== { 0 if f(z)

Demonstrate that f € Lo(X, u, K) implies sign f € Lo(X, u, K).

11See also Proposition IV.2.17.
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In this section, we define the general Bochner—Lebesgue integral and describe its
basic properties. We also prove that the vector space of integrable functions is
complete with respect to the seminorm induced by the integral.

As in the previous section, suppose

e (X, A, ) is a complete o-finite measure space;
E = (E,|-|) is a Banach space.
The integral of a simple function

In Remark 1.2(c), we learned that every simple function has a unique normal form.
This form will prove to be useful in the sequel, and we work with it preferentially.

Convention We will always represent p-simple functions by their normal
forms, unless we say otherwise. Further, we set!

0 :=-00-0:=0g, (2.1)

where O is the zero vector of E.

For ¢ € Z;”:O ejxa,; € S(X, u, E), we define the integral of o over X with respect
to the measure p as the sum

/ pdu ::/cpdu = e;u(4;) .
X =0

If A is a pu-measurable set, we define the integral of ¢ over A with respect to the

measure p as
/@du :=/ Xapdu .
A X

A

N 4‘ >

J

LConvention (2.1) is common in the theory of integration and makes it possible, for example, to
integrate simple functions over their entire domains of definition. It is not to be understood in the
case E = R as another calculation rule in R, but rather in the sense of “external” multiplication
of 0o, —co € R by the zero vector of R.
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2.1 Remarks (a) For ¢ € S(X,u,E) and A € A, the integral [, pdp is well

defined.
Proof This follows from Remarks 1.2(c) and (d). m

(b) Let ¢ = >"7_, fuXBy, where fo,..., fn € E are nonzero and By, ...,

B,ec A

are pairwise disjoint, be a p-simple function not necessarily in normal form. Then

/ pdp = kau By)

Proof Let 37" ejxa; be the normal form of ¢. Set
Am+1 = ﬂ A; 5 Bn+1 = ﬂ Bz 5 Em+1 ‘= 0 5 fn+1 =0.
j k=0
Then X = U7 A5 = UpZg B, so

n+1 m-+1

Aj:U(AjﬁBk) and By = U(AjﬁBk) for j=0,...,m+land k=0,...

k=0 j=0

Because the sets A; N By, are pairwise disjoint, we have

n4+1 m—+1
p(A;) =Y u(A;NBy) and p(Bx) =Y p(A;NBy) .
k=0 =0

If A; N By # 0, then e; = fi, and we find

/wdu:
X

m—+1 n+1 m—+1

Ms

.
Il
o

[
M=

Jep(By) . =

=~
I

0

(c) The integral [y -dp: S(X, pu, E) — E is linear.

nt1
Zegz (4; N By) Zf > w4 By)
§=0 =0 j=0

(2.2)

;n+1.

Proof Suppose ¢ = 377" ejxa; and ¥ = 3\ fexp, are p-simple functions and
a € K. One checks easily that fx apdy = afxapdp. With the relations (2.2), an

argument like that in (b) implies

n+1 m+1
XA; = ZxAijk and xp, = Z XA;NBy,
k=0 j=
and thus?
m—+1n+1
e+ =D (e + fr)xanm, -
j=0 k=0

The claim now follows from (b). m

2In general, (2.3) does not give the normal form of ¢ + .

(2.3)
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(d) For A,B € Aand AN B = (), we have
/ @du=/wdu+/<ﬂdu for o € S(X, 1, E) .
AUB A B

Proof This follows from (c) and the equality xauBy = XA + XBY- B
(e)For ¢ € S(X,pu, E) and A € A, we have

[ odu| < [ 1ol au< il cnta)
A A

Proof This follows from Remark 1.2(d) and the triangle inequality. m

(F) If , v € S(X, i, R) satisfy ¢ <1, then [, pdu < [, ¢ dp.
Proof Clearly fA ndp > 0 for n € S(X, u, RT). The claim now follows from (c). m

The L£1-seminorm

Suppose V is a vector space over K. A map p: V — R is called a seminorm on V'
if it satisfies these properties:

(i) p(v) >0 forv eV,

(ii) p(Ww) = |A\|p(v) for v € V and A € K;
(iii) p(v +w) < p(v) + p(w) for v,w € V.
For v € V and r > 0, we denote by

By(v,r):={weV; plv-—w)<r}

the open ball in (V,p) around v with radius ». A subset O of V is said to be
p-open if, for every v € O, there is an r > 0 such that B,(v,r) C O.

2.2 Remarks Suppose V is a vector space and p is a seminorm on V.
(a) The seminorm p is a norm if and only if p~1(0) = {0}.
(b) Suppose K C R" is compact, k € NU {oo}, and

pic(f) = max|f(@)] for f € CHR"E) |

Then px is a seminorm on C*(R™, F), but not a norm.

Proof One verifies easily that px is a seminorm on Ck(]R",E). Let U be an open
neighborhood of K. Then Exercise VII.6.7 shows that there is an f € C*°(R",R) such
that f(z) =1 for z € K and f(z) =0 for x € U°. For e € E\{0}, we set g := (xr» — f)e.
Then g belongs to C°°(R"™, E), and we have px(g) = 0, but g # 0. Therefore px is not
a norm on C*(R", F). m
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(c) Let
lolls = /X ldp for p € S(X, 1, E) .

Then ||-||1 is a seminorm on S(X, u, E). If there is a nonempty p-null set in A,
then ||-||1 is not a norm on S(X, u, E).

Proof It is clear that ||-||1 is a seminorm on S(X, p, E). Letting N denote a nonempty
p-null set, we have |[xn|]1 =0, but x5 #0. ®

(d) 7, :={O0 Cc V; Oisp-open} is a topology on V, the topology generated
by p.

Proof One easily checks that the argument used in the proof of Proposition II1.2.4
transfers to this situation. m

(e) The topology 7, is not necessarily Hausdorff. If it isn’t, there is no metric on
V that generates 7.
Proof We use the notation of (b) and set K := {0}. Further let f € C*(R™, E) with

f(0) =0and f # 0. Then By, (f,€) = By, (0,¢) for every € > 0. Therefore T, is not
Hausdorff. The second statement follows from Proposition I111.2.17. m

(f) A linear map A: V — FE is said to be (p)-bounded if there is an M > 0 such
that |Av| < Mp(v) for v € V. For a linear map A: V — E, these statements are
equivalent:

(i) A is continuous.

(ii) A is continuous at 0.

(iii) A is bounded.

Proof This follows from the proof of Theorem VI.2.5, which used only the properties
of a seminorm. m

(g) [ -du:S(X,pu, E) — E is continuous.
Proof This follows from (c), (f), and Remark 2.1(c). m

Suppose p is a seminorm on V. We know from Remark 2.2(e) that the
topology of (V, p) may not be generated by a metric on V', in which case the metric
notions of Cauchy sequence and completeness are not available. Accordingly, we
need new definitions: A sequence (v;) € V¥ is called a Cauchy sequence in (V,p)
if for every ¢ > 0 there is an N € N such that p(v; —vg) < e for j, k > N. We call
(V,p) complete if every Cauchy sequence in (V,p) converges.

2.3 Remarks (a) If (V,p) is a normed vector space, these notions agree with those
of Section IL.6.

(b) Suppose (vj) € VN and v € V. Then v; — v if and only if p(v —v;) — 0.
However, the limit of a convergent sequence is generally not uniquely determined:
if p is not a norm, v; — v implies v; — w for every w € V such that p(v —w) = 0.
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(c) The set of all Cauchy sequences in (V,p) forms a vector subspace of V. m

In the following, we always provide the space S(X, y, E) with the topology
induced by ||-][1. Then we may also call a Cauchy sequence in S(X,u, E) an
L1-Cauchy sequence.

A function f € EX is called p-integrable if f is a p-a.e. limit of some £;-
Cauchy sequence (¢;) in S(X, i, E). We denote the set of E-valued, p-integrable
functions of X by L1 (X, p, E).

2.4 Proposition In the sense of vector subspaces, we have the inclusions

S(X,/J,,E) C El(X,M,E) C ﬁo(X,p,,E) .

Proof Clearly every p-simple function is p-integrable. That every u-integrable
function is p-measurable follows from Remark 1.2(a) and Theorem 1.14. There
remains to show that £;(X,pu, E) is a vector subspace of Lo(X,u, E). Take
f,9 € Li(X, 1, E) and a € K. There are £,-Cauchy sequences (p;) and (¢;)
in S(X, p, E) such that ¢; — f and ¢; — g p-a.e. as j — oo. From the triangle
inequality, it follows that (a; + ¥;);en is an £4-Cauchy sequence in S(X, p, E)
that converges p-a.e. to af + g. Therefore af + g is pu-integrable, as needed. m

The Bochner—Lebesgue integral

Let f € £1(X,u, E). Then there is an £;-Cauchy sequence (¢;) in S(X, p, E)
such that ¢; — f p-a.e. We will see that the sequence (fX @; du)jen converges
in E. Tt is natural, then, to define the integral of f with respect to p as the limit of
this sequence of integrals. Of course we must check that the limit is independent
of the approximating sequence of simple functions; that is, we must show that
lim; [ ¢; dp = lim; [4; du if (¢;) is another Cauchy sequence in S(X, p1, E) such
that ¢; — f p-a.e.

2.5 Lemma Suppose (p;) is a Cauchy sequence in S(X, u, E'). Then there is a
subsequence (¢j, Jken of (p;) and an f € L£1(X, p, E) such that

(i) ¢j. — f pa.e ask — oo;
(ii) for every € > 0, there exists A, € A such that pu(A.) < ¢ and (@}, )ken

converges uniformly to f on A¢.

Proof («) By assumption, there exists for any k& € N some j € N such that the
bound ||¢¢ — @m|l1 < 272F holds for £,m > ji.. Without loss of generality, we can
choose the sequence (ji)ren to be increasing. With ¢, := ¢;, , we then get

e — hml1 <272 form>£>0.
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(B) Set By := [|1)[Jz+1 — | > Q’Z} for £ € N. Then By belongs to A, and we
have p(By) < oo for £ € N, because every ), is p-simple. Therefore xp, is also
p-simple, and Remark 2.1(f) implies

2~Lu(By) = 2~ / X5, i < / et — el dit = bess — el < 272 |
X X

This leads to u(By) < 27¢ for £ € N.

Letting A,, := Ug—o Bn+k, we have p(A,) < 27! for n € N, and we see
that A := (2, A, is a p-null set.
(v) If o lies in AS, = (o~ BS, ., then

[Yeg1(z) — Ye(z)| < 27¢ for & >mn .

By the Weierstrass criterion (Theorem V.1.6), the series

Yo + Z(WH — o)

on A¢ converges uniformly in . Now we set

f limg () ifx e A° |
f(x)'{ 0 ifreA.

Then ¢;, — f p-a.e. as k — oo. Further, there is for every ¢ > 0 an n € N
such that p(A4,) < 27! < ¢, and (¢j, )ken converges uniformly on A¢ to f as
k—oco. m

2.6 Lemma Suppose (p;) and (v;) are £1-Cauchy sequences in S(X, u, E') that
converge [i-a.e. to the same function. Then lim ||¢; — ;|1 = 0.

Proof (i) Take e > 0 and set n; := ¢; — ¢; for j € N. By Remark 2.3(c), (n,)
is an £;1-Cauchy sequence in S(X, p, EY). Thus there is a natural number N such
that ||n; — nk|| < e/8 for j,k > N.

(ii) Because ny is p-simple, A := [ny # 0] belongs to A and p(4) < oo.
Moreover (1;) converges p-a.e. to zero. Then Lemma 2.5 says there exists B € A
such that pu(B) < €/8(1 + ||nn]||c), and there is a subsequence (1, )ken of (1;)
that converges uniformly to 0 on B¢. Hence there exists K > N such that

mjx ()| <e/8(1+ pu(A)) forz € A\B.

This implies fA\B [Mix| du < e/8.
(iii) The properties of B and K imply

/Imxldué/ Ian—nNIdu+/ Inn| dp
B B B
< mjxe — 0wl + v llo (B) < e/4 .



86 X Integration theory

From the definition of A, we have

/ IanIdu=/ i —nnldp < nje —nnlli <e/8.
Ac Ac

Altogether we obtain using Remark 2.1(d)
Il < [ il di < /2.
A°U(A\B)UB

and therefore ||n;|[1 < ||t + 1|75 — mjx |1 < € for j > N. Because ¢ > 0 was
arbitrary, all is proved. m

2.7 Corollary Let (¢;) and (v;) be Cauchy sequences in S(X, i, E) converging
p-a.e. to the same function. The sequences (fX ©j du) and (fX (r du) converge

in F, and
lim/ %du:hm/ Vjdp .
J X J X

Proof Because
‘/ sojdu—/ cpkdu‘ <l =kl forj,keN,
b'e b'e

([ ¢jdp)jen is a Cauchy sequence in E; hence [ ¢;du — e as j — oo, for some
e € E. Likewise there is ¢/ € E such that [¢;du — ¢’ for j — oo. Applying
Lemma 2.6 and the continuity of the norm of E, we see that

e e =tim| [ pydn— [ vyau] <tim [ oy~ 5l dn=tim s w311 =0,
7 NXx X 7 JXx J

and we are done. m

After these preparations, we define the integral of integrable functions in a
natural way, extending the integral of simple functions. Suppose f € £1(X, u, E).
Then there is an £4-Cauchy sequence (p;) in S(X, i, E) such that ¢; — f p-a.e.
According to Corollary 2.7, the quantity

/ fdu::hm/ ©j dp
X J X

exists in E, and is independent of the sequence (¢;). This is called the Bochner—
Lebesgue integral of f over X with respect to the measure . Other notations
are often used besides [ « [ du, namely,

[raw. [ @i . [ et

Clearly, in the case of simple functions, the Bochner-Lebesgue integral agrees with
the integral defined at the start of this section (page 80).
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The completeness of £,

With the help of the integral, we now define a seminorm on £ (X, i, E) and show
that £1(X, p, E) is complete with respect to this seminorm.

2.8 Lemma If f € L£i(X,p, E), then |f| belongs to L1(X,p,R). If (¢;) is
an L£q-Cauchy sequence in S(X, pu, E) such that ¢; — f p-a.e., then [|f|du =

lim; [ ;] dp.
Proof The reverse triangle inequality (which clearly holds for seminorms too) gives
151 = lerl I, < lles — erlls and | [e;] — |kl | < lp; — ol for jkeN.

Thus (|¢;])jen is an £1-Cauchy sequence in S(X, i, R) that converges p-a.e. to
|f|. Therefore |f| belongs to £1(X, u,R), and [ |f|dp =lim; [ |¢;| dp. m

2.9 Corollary For f € L1(X,p, E), let || f|l1 := [y |f|dp. Then ||-||; is a seminorm
on L1(X,u, E), called the L£1-seminorm.

Proof Take f,g € £1(X,p, E) and let (¢;) and (¢0;) be £1-Cauchy sequences in
S(X, u, E) such that ¢; — f and 9; — g p-a.e. From Lemma 2.8 and Remark
2.2(c) we have

||f||1:/ Iflduzlim/ lo;1dp = lim o1 >0,
X J X J
as well as
1 + gl =t s + 51 < T (llpsll + 950) = 171 + gl

and
lafllr = li;nHOéstll = |Oé|1i§n||90j|| = lef | fIIy

forany a € K. m
We will always give L1 (X, i, E') the topology induced by the seminorm ||-||1.

2.10 Theorem
(i) S(X,u, E) is dense in L1 (X, u, E).
(ii) The space L1(X, u, E) is complete.
Proof (i) Suppose f € Li(X, p, E), and let (¢;) denote an £,-Cauchy sequence

of simple functions such that ¢; — f p-a.e. as j — oco. Also suppose k € N. Then
(pj —¢k)jen is an Lq1-Cauchy sequence in S(X, u, E') such that (¢p;—¢x) — (f—¢k)
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p-a.e. for j — oco. Because of Lemma 2.8,

If — ekl =1i§n||90j — il forkeN.

Suppose € > 0. Then there is an N € N such that ||¢; — ¢il1 < e for j,k > N;
taking the limit j — oo we get ||f — ¢n|l1 < . This shows that S(X, p, E) is
dense in £1(X, u, E).

(ii) Let (f;) be a Cauchy sequence in £;(X, p, F) and take ¢ > 0. Choose
M € N such that || f; — fxll1 < €/2 for j,k > M. We know from (i) that for any
j € N we can find ¢; € S(X, u1, E) such that | f; — ¢;|l1 < 277. Then

lo; —erlly < llej = filll + 15 = felli + 1 fe — eellh <277 +27% +¢/2

for j,k > M. This shows that (p;) is an £4-Cauchy sequence in S(X, u, E).
By Lemma 2.5, therefore, there is a subsequence (¢;, )ren of (¢;) and an f in
L1(X, i, E) such that ¢;, — f p-a.e. as k — oo. The proof of (i) shows that there
exists an N > M such that ||f — ¢, |1 < e/4, and we get

If = fillh <N f = @inlli + l@in = finlli + 1 fjw = fil1 <& forj>N,

that is, (f;) converges in £1(X,p, E) to f. m

Elementary properties of integrals
We have seen that the integral on the space of simple functions is continuous,
linear, and, for £ = R, also monotone—see Remarks 2.2(g), 2.1(c) and 2.1(f).

We now show that these properties survive the extension of the integral from the
space of simple functions to that of integrable functions.

2.11 Theorem
(i) fX “dp: L1(X, p, E) — FE is linear and continuous, and

[ rau < [ 1nau= 151

(ii) [y -dp: L1(X, 1, R) — R is a continuous, positive linear functional.

(iii) Suppose F' is a Banach space and T € L(E, F'). Then

Tfe Li(X,u, F) and T/deu:/Xdeu

for f € L1(X,pu, E).
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Proof (i) Proposition 2.4 showed that p-integrable functions form a vector space.
Take f,g € £L1(X,u, E) and a € K. Then there are £;-Cauchy sequences (¢;)
and (¢;) in S(X, p, E) such that ¢; — f and ¢; — ¢g p-a.e. By Remark 2.1(c),

/(asﬁj‘f‘%‘)dﬂza/ cpjdp—i—/wjdu forjeN.
X X X

The linearity of the integral on £ (X, i, E) follows by taking the limit j — co. By
Corollary 2.9, |||l is a seminorm on £1(X, i, E), and Remark 2.1(e) yields

[ esdu| < [ Iosldn=lloslh forjeN.
X X

By Lemma 2.8, we can take the limit j — oo, and we find

[ rau] < [ 1nau= s

Continuity now follows from Remark 2.2(f).

The approach just used can be adapted without difficulty to the task of
proving (ii) and (iii). This is left to the reader as an exercise. m

2.12 Corollary
(i) A map f = (f1,...,fn): X — K" is p-integrable if and only if its every
coordinate f; is. In that case,

/deuz(/xfldu,...,/xfndu).

(ii) Suppose g,h € R and define f := g+ ih. Then f is in L1(X, u,C) if and
only if g and h are in L£1(X, u, R). In that case,

/fd,u:/gd,u—i—i/hd,u.
X X X

(iii) A function f € RY is p-integrable if and only if f+ and f~ are. In that case,

/deuz/xﬁdu—/xf—du, /X|f|du=/xf+du+/xf‘du.

Proof (i) “=" Take f € L£1(X, u, K"). Since pr; € L(K",K) for j =1,...,n, it
follows from Theorem 2.11(iii) that f; = pr; of belongs to £1(X, 1, K). Moreover
[ fidp=vpr; [ fdu,so

/deuz(/xfldu,...,/xfndu).
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“<" For j =1,...,n, we consider the map
b : K—=K", y~(0,...,0,9,0,...,0),

where y is in the j-th position on the right. Then

bj € LK,K") and f:=> bjof;.

Jj=1

The claim now follows from Theorem 2.11(i) and (iii).
(ii) This follows from (i) and the identification of C with R?.
(iii) For f € R™, we have

fr=+me, F=A1-n2, f=rr=f. fl=fr+f.
Hence Theorem 2.11(i) and Lemma 2.8 imply the conclusion. m

2.13 Lemma For f € £1(X,pu, E) and A € A, we have xaf € L1(X, u, E).

Proof Suppose (g;) is an £4-Cauchy sequence in S(X, p1, E)) that converges u-
a.e. to f. Then xay; is p-simple by Remark 1.2(d), and (xa¢;)jen obviously
converges p-a.e. to x4 f. By Remark 2.1(f), we have

/|XA<Pj_XASOk|dM:/XA|SOj_SOk|dM§/ lo; — ¢rldp for j,k e N .
X X X

Therefore (xa¢;)jen is an L£1-Cauchy sequence in S(X, u, ). This shows that
xaf is p-integrable. m

For f € £1(X,u, F) and A € A, we define the p-integral of f over A by

/Afdu::/Xfodu.

This is well defined by Lemma 2.13.

2.14 Remarks Suppose f € £1(X,u, F) and A € A.

(@) [ -du: L1(X,p, E) — E is linear and continuous, and

[ ran] < [ 11 =lxarin

(b) Suppose B:= A|Aand v:=p|B. Then [, fdu= [, f|Adv.

Proof The proof is simple and is left to the reader (Exercise 1). m
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(¢) If E=R and f > 0, the map

A=l0.00), Av [ fau
A
is a finite measure (see Exercise 11). m

2.15 Lemma Suppose f € L1(X,u, E) and g € EX satisfy f = g p-a.e. Then g
also belongs to L1(X,, E), and [ fdp = [y gdp.

Proof Suppose (p;) is an £4-Cauchy sequence in S(X, u, E) such that ¢; — f
p-a.e. Alsolet M and N be p-null sets such that ¢; — f on M¢and f =g on N°
Then (¢;) converges p-a.e. to g, because ¢;(x) — g(x) holds for x € (M U N)°.
Therefore g belongs to £1(X, i, E), and [ gdp =lim; [¢jdu= [ fdu. m

2.16 Corollary
(i) Suppose f € EX vanishes p-a.e. Then f is u-integrable with fX fdu=0.
(ii) Suppose f,g € L1(X,p,R) satisfy f < g p-a.e. Then [, fdu < [y gdp.
Proof (i) This follows immediately from Lemma 2.15.

(ii) Theorem 2.11(ii) and Lemma 2.15 imply 0 < [ (g — f) du, and therefore
Jx fdu< [y gdu. m

2.17 Proposition For f € £1(X, p, E) and o > 0, we have p([|f] > o]) < oc.

Proof Lemma 2.5 shows there is an £;-Cauchy sequence (¢;) in S(X, 1, E) and
a p-measurable set A such that p(A) <1 and (¢;) converges uniformly on A° to
f. Because |f| is p-measurable, B := A°N[|f| > a] belongs to A. Also there is
an N € N such that |pn(z) — f(z)| < a/2 for x € A°. Therefore

lon ()] > |f(z)| = len(2) — f(x)] > /2 forze€B.

In particular, B is contained in [pn # 0]. Thus u(B) < p([¢n # 0]) < oo, because
wn is p-simple. Since

[Ifl=a]=BU(AN[|f[>a]) cBUA,

it follows that u([|f| > a]) < u(B)+1<oc. m

Convergence in £;

For every integrable function f, there is an £1-Cauchy sequence of simple functions
converging to it almost everywhere. We show next that every Cauchy sequence
in £1(X, u, E) has in fact a subsequence that converges almost everywhere to the
sequence’s £y limit.
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2.18 Theorem Let (f;) be a sequence in £1(X, p, E') converging to f in L1(X, i, E).
(i) There is a subsequence (f;, )xen of (f;) with the following properties:
(o) fjr — f p-ae. ask — oo.

(B) For every € > 0, there is an A, € A with u(A.) < e such that (f;, )ren
converges uniformly on A¢ to f.

(ii) The integral [ f; du converges to [y fdu as j — oo.
Proof (i) It suffices to treat the case f = 0 because, if f # 0, we may consider
the sequence (f; — f)jen.

As in the proof of Lemma 2.5, there is a subsequence (gi) of (f;) such that
llge — gmll1 < 272 for m > £ > 0. The limit m — oo gives ||ge||1 < 272¢ for £ € N.
We set By := [|g¢| > 27%]. By Lemma 2.8, Proposition 2.4, and Proposition 1.9,
By belongs to A, and we find

2 u(By) < /

Igeldué/ gl dpt = lgels <27 for £ N
By X

(compare Theorem 2.11(ii)). Therefore u(B,) < 27¢ for £ € N. With 4,, :=
Uiy Bk, we have p(A,) < 27" and we find that A := (", A, is a p-null
set. We verify easily that (gx) converges to 0 uniformly on A% and pointwise on
A° (in this connection see the proof of Lemma 2.5).

(ii) From Theorem 2.11(i) it follows that

[ gdn= [ gan < [ 15 fdu=15- fl forgen,
X X X

so the limit of the left-hand side as j — 00 is 0. m

2.19 Corollary For f € L1(X, p, E),

1fli =0 f=0 p-ace.

Proof “=" Because | f|l1 = 0, the sequence (f;) with f; := 0 for j € N converges
in £1(X, p, E) to f. By Theorem 2.18 there is thus a subsequence (fj, )xen of (f;)
such that f;, — f p-a.e. as k — oo. Therefore, f =0 p-a.e.

“<” By assumption, | f| = 0 p-a.e.; the claim follows from Corollary 2.16(i). m

We conclude this section by illustrating its concepts and results in an espe-
cially simple situation.
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2.20 Example (the space of summable series) Let X denote either N or Z,
and let H° be its 0-dimensional Hausdorff measure, or counting measure. The
topology induced by R clearly transforms X into a o-compact metric space in
which every one-point set is open. Hence the topology of X coincides with B(X):
every subset of X is open. Consequently, every map of X is continuous in F, that
is, C(X,E) = EX.

It follows further that B(X) = P(X), and that H is a massive Radon mea-
sure on X. Thus, by Theorem 1.17,

Lo(X,H°,E) = C(X,E) = EX
In addition, H° has no nonempty null sets. Hence HC-a.e. convergence is the same

as pointwise convergence.

For ¢ € EX | we define the support of ¢ as the set

supp(p) :={z € X ; p(x) #0},

and denote by C.(X, E) the space of continuous E-valued functions on X with
compact support:

Ce(X,E):={p € C(X,E) ; supp(yp) is compact } .

Clearly ¢ € C'(X, F) belongs to C..(X, E) if and only if supp(¢p) is a finite set. Also,
C.(X, E) is a vector subspace of C(X, F), and we verify easily that C.(X, F) =
S(X,H°, E).

For ¢ € C.(X), it follows from Remark 2.1(b) that

/ pdH’ = E () . (2.4)
b'e

x€supp(p)
‘We now set

OX,E)={feE*; Y xlf(x)|<oo}.
For f € (1(X,E) and n € N, let
[ f(=) if |[2] <n
on(T) = { 0 if || >n .

Then ¢, belongs to C.(X, E), and ¢, — f for n — co. For m > n, we get from
(2.4) that

lon —@mlli= > If(@).

n<|z|<m

Therefore (p,,) is an £1-Cauchy sequence in S(X,H°, E), which shows that f
belongs to £1(X,H°, E). Therefore ¢,(X, E) C L1(X,H°, F), and

/deHO =Y fla) for feh(X,E). (2.5)

reX
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Now let f € £1(X,H° E). Then there exists an £1-Cauchy sequence (1;)
in S(X,u, E)—and therefore in C.(X, F)—that converges pointwise to f. By
Lemma 2.8, |f| belongs to £1(X,H", R), and

190 = [ 11 = i [ gl = lim 3 (o))
X )70 Jx J—00
reX
Hence there is a k € N such that
[l = 3 @l <1 torg =k
X xeX
This implies
Z [V ()] Sl—!—/ |f|dH® =: K <00 forj>k.
rzeX X

Therefore for every m € N we have

Y W@ <K forj>k,

lz[<m

from which, because ¢; — f as j — oo, we obtain

Z |[f(z)] <K formeN.

|z|<m

Now Theorem IL.7.7 implies that f belongs to ¢1(X, E) (and satisfies || f]|1 < K).
Therefore we have shown that

‘Cl(X7HO7E) :El(X7E) 5

whereupon we obtain from (2.5) the relation?

Il =" 1f()] .

zeX
Finally, it follows from Theorem 2.10 and Remark 2.2(a) that
0(X, E) = ((X, E), ||-]1h)
is a Banach space, the space of summable (E-valued) series.

If E =K, it is customary to write ¢1(Z) and ¢,(N) for ¢;(X,K), and the

abbreviation £; := £1(N) is also common.* m

3Note Theorem II.8.9.
4Compare Exercise 11.8.6.
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Exercises
1 Suppose A€ A, B:=A|A, and v := u|B. Verify for f € EX that
xaf € Li(X,u,E) <= fl|Ae Li(A v, E) .

For such an f, show that

/XXAfdu:/AﬂAdu.

2 Suppose (f;) is a sequence in L1 (X, u, E) that converges uniformly to f € EX. Also
suppose (X)) < co. Show that f belongs to L£1(X,u, E), that f; — f in £1(X,u, E),
and that lim; [, f;dp = [, fdp.

3 Verify that, for f € £1(X,u,RT),

/ fdu:sup{/ pdu; e S(X,,RT), o< f u—a-e} :
X X

4 Suppose X is an arbitrary nonempty set, a € X, and §, is the Dirac measure with
support in a. Show that £1(X, 8., R) = R*, and calculate J fdda for R¥.

5 Let ur be the Lebesgue—Stieltjes measure of Exercise IX.4.10. Determine £1 (R, ur,K)
and calculate [ fdur for f € L1(R, pr,K).

6 Prove statements (ii) and (iii) of Theorem 2.11.
7 Suppose that f € Lo(X,p,E) is bounded p-a.e. and that pu(X) < oco. Prove or
disprove that f is p-integrable.

8 Suppose (f;) is an increasing sequence in L£1(X, 4, R) such that f; > 0, and suppose
it converges p-a.e. to f € L1(X,u,R). Then [, fjdp 1 [ fdp. (This is known as the
monotone convergence theorem in L:l).

(Hint: Show that (f;) is a Cauchy sequence in £1(X, 1, R), and identify its limit.)

9 Let (f;) be a sequence in £1(X, u,R) with f; >0 p-a.e. and 33727 f; € L1(X, u, R).
Show that 72 [ f; dp = f(zjoio fi) dp. (Hint: Exercise 8.)

10 Suppose that f € £1(X, p, R) satisfies f > 0 p-a.e. Show that fA fdu > 0 for every
A € A such that u(A) > 0.

11 Given f € L1(X, 4, R) with f >0, define p(A) := [, fdu for A € A. Prove:

(a) (X, ¢y, A) is a finite measure space.

(b) N C N,

(¢) Nu =Ny, if f >0 p-ace.

In particular, show that (X,.A, ¢y) is a complete finite measure space if f > 0 p-a.e.
(Hints: (a) Exercise 9.  (b) Exercise 10.)

12 Suppose f € L£1(X, u, R) satisfies f > 0 p-a.e. and take g € Lo(X, u, R). Show that
g is ps-integrable if and only if gf is p-integrable. In this case, show that

/gd@f:/ fgdu .
X X
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13 For f € £1(X, u,RT), prove the Chebyshev inequality:
1
w([f > al) S—/ fdu fora>0.
a Jx

14 Suppose u(X) < co and let I be a perfect interval in R. Also suppose ¢ € C*(I,R)
is convex. Prove Jensen’s inequality, which says that if f € £1(X, u, R) satisfies f(X) C I
and p o f € £1(X, 1, R),

w(]{(fd@é]infdu, where ]éfdu:ﬁ/xfdu.

(Hints: Show that a := f f dp lies in I, so the bound ¢p(y) > ¢(a)+¢'(a)(y—«) applies).

15 Suppose f € L1(X,pu, E). Show that for every € > 0 there is a § > 0 such that
|[, fdu| <eforall A€ A with u(A) <. (Hint: Consider Theorem 2.10.)



3 Convergence theorems

Lebesgue integration theory stands out in contrast to the Riemann theory of Chap-
ter VI in that it contains very general and versatile criteria for the commutability
of limit taking and integration. Thus the Bochner-Lebesgue integral is better
suited to the needs of analysis than the (simpler) Riemann integral.

As usual, we suppose in the entire section that

e (X, A, ) is a complete o-finite measure space;
E = (E,|-|) is a Banach space.

Integration of nonnegative R-valued functions

In many applications of integration in mathematics, the natural sciences and other
fields, real-valued functions play a prominent role. As a rule, one is interested in
such cases in integrable functions, which is to say in finite integrals. However,
we have already mentioned that the theory gains substantially in simplicity and
elegance if it is made to encompass integrals over R-valued functions, ruling out in-
finite values neither for functions nor for integrals. As examples of results that gain
from such an inclusive treatment we mention the monotone convergence theorem
(Exercise 2.8 and Theorem 3.4) and the Fubini-Tonelli theorem on interchange-
ability of integrals (Theorem 6.11).

Because of the importance of the real-valued case, and because it offers useful
additional results that rely on the total ordering of R and R, we will now develop, to
complement the Bochner-Lebesgue integral, an integration theory for R-valued —
in particular, real-valued — functions.!

According to Theorem 1.12, there is for every f € Lo(X, u, RT) an increasing
sequence (f;) in S(X, 1, RT) that converges pointwise to f. It is natural to define
the integral of f as the limit in RT of the increasing sequence (fX fjdu)jen. This
makes sense if we can ensure that the limit does not depend on the choice of (f;).

3.1 Lemma Suppose ¢j,v € S(X,u,RT) for j € N. Also suppose (y;) is
increasing and v < lim; ¢;. Then

/wduﬁlim/ wjdp .
X J X

Proof Let Z;”:O a;jXxa; be the normal form of ¢ and fix A > 1. For k € N, define
By, := [Apr > ¢]. Because (gy) is increasing and A > 1, we have By, C By for

1The theory of R-valued functions is the centerpiece of practically all textbooks on integration
theory. It is in some ways simpler than the more general Bochner—Lebesgue theory, and suffices
if one is only interested in real- and complex-valued functions, but it is inadequate for the needs
of modern higher analysis, which is why we opted for a more general approach.



98 X Integration theory

k € N and {J,cy Bx = X. The continuity of measures from below then implies

/)<de = jz:%ozju(Aj) = h}gnjz:(:) a;u(A; N By) = h}gn/X xB, dp

By the definition of By, we have Apr > ¥x B, , and we obtain

[ vdn =t [ v du < N [ odn.
X kE Jx kE Jx

Taking the limit A | 1 now finishes the proof. m

3.2 Corollary  Suppose (p;) and (i;) are increasing sequences in S(X, u, RY)
such that lim; ¢; = lim; ;. Then

lim/ gojduzlim/ Y dp inRY .
J X J X
Proof By assumption, ¥ <lim;¢; = lim; ¢; for £ € N. By Lemma 3.1, we get

/wkdpglim/ pjdp for ke N,
b'e I Jx

and, as k — o0,

lim/ wkduglim/ wjdu .
ko Jx i Jx

Interchanging (¢;) and (¢;), we obtain the opposite inequality, and hence the
desired equality. m

Suppose (¢;) is an increasing sequence in S(X, , R™) that converges point-
wise to f € Lo(X, p, RT). We call

/ fdu:=1im/ ©; dp
X J X

the (Lebesgue) integral of f over X with respect to the measure pu. For A € A,

/Afdu :=/X><Afdu

is the (Lebesgue) integral of f over the measurable set A.

3.3 Remarks (a) [, fdu is well defined for all f € Lo(X, w,RY) and A € A.
Proof This follows from Theorem 1.12 and Corollary 3.2. m

(b) For f,g € Lo(X, p, RT) such that f < g p-a.e., we have [, fdu < [, gdp.
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(c) For f € Lo(X, pu, RT), these statements are equivalent:
(i) [y fdu=0.
(ii) [f > 0] is a p-null set.
(i) f =0 p-ae.
Proof “(i)=-(ii)” We set A:=[f > 0] and A; := [f > 1/j] for j € N*. Then (A;) is an
increasing sequence in A such that A = Uj Aj. Also xa; < jf. It follows that

OS/A(AJ'):/XAJdqu/ fdp=0 forjeN*,
X X

and continuity from below implies p(A) = lim; p(A;) = 0.

“(ii)=>(iii)” is clear.

“(iii)=>(i)” Let N be a p-null set with f(x) =0 for 2 € N°. Then® fxnye =0 and
fxn < coxn. Together with the definition of the integral (see also (d) below), this yields

OS/deu:/XfXNdqu/XfXNuduSoou(N):0- m

(d) Suppose f,g € Lo(X,pu, RT) and « € [0, 00]. Then

/X(af+g)du:a/xfdu+/xgdp.

Proof We consider the case a = oo and g = 0. Letting p; := jx[f>q) for j € N, we have

fi T oof, and hence
(0 if u([f>0])=0,
/x(oof)d”_{ oo if p([f>0])>0.

From (c), it now follows that [, (cof)du = oo [ f dp. The remaining statements follow
easily from the definition of the integral and are left as exercises. m

(e) (i) Suppose f € Lo(X, p,RT) has a finite Lebesgue integral [ fdu. Then f
belongs to £1(X, t, RT) and the Lebesgue integral of f over X coincides with the
Bochner—Lebesgue integral.

(ii) For f € £1(X,u, RT), the Lebesgue integral fX fdu is finite and agrees
with the Bochner—Lebesgue integral.
Proof (i) Theorem 1.12 guarantees the existence of a sequence (p;) in S(X,u,R")

such that ¢; T f. By assumption, there exists for every ¢ > 0 an N € N such that
Jx fdp— [ @jdp <efor j > N. For k> j > N, the finiteness of [ fdu now gives

/X|<pk—wjldu=/x(<pk—w)duﬁ/X(f—<pj)du=/xfdu—/xwdu<s.

Therefore (¢;) is an £1-Cauchy sequence in S(X,p, RT). This shows that f belongs to
L£1(X, i, RT). The second statement is a consequence of Exercise 2.8.

(ii) This follows from Theorem 1.12 and Exercise 2.8. m

2We recall Convention (2.1).



100 X Integration theory
(f) For every f € Lo(X,u, RT), we have

/ fdu:sup{/ wdu; ¢ € S(X,u, RT) with o < f ,u—a.e.}. [
X X

The monotone convergence theorem

We now prove a significant strengthening of the monotone convergence theorem
stated in Exercise 2.8 for functions in £ (X, y1,R). We will see that for increasing
sequences in Lo(X, 4, RT), Lebesgue integration commutes with taking the limit.

3.4 Theorem (monotone convergence) Suppose (f;) is an increasing sequence
in Lo(X, pu,R+). Then

/limfjd,uzlim/ fiduy inRT .
x J i Jx

Proof (i) Set f :=lim; f;. By Proposition 1.11, f belongs to Lo(X, y, RT), and
f; < f for j € N. By Remark 3.3(b), then, we have [ f;du < [ fdu for j € N,
and hence lim; [ f; du < [ fdp.

(ii) Suppose ¢ € S(X, u, RT) with ¢ < f. Take A > 1 and set 4; := [\f; > ¢]
for j € N. Then (4;) is an increasing sequence in A with (J; A; = X and
Afj = ¢xa;. Moreover, pxa; T ¢, so

/@duzﬁm/ sOXA7duSMim/ fidp
X 7 Jx ’ 7 Jx

Taking the limit A | 1 we get [, pdp < lim; [, f; du for every p-simple function ¢
with ¢ < f. By Remark 3.3(f), it follows that [, fdup <lim; [, f; du, and we are
done. m

3.5 Corollary Suppose (f;) is a sequence in Lo(X, u, R*). Then

/fjdp / ij)dp inRY .

Proof This follows from Corollary 1.13(iii) and Theorem 3.4. m

3.6 Remarks (a) The conclusion of Theorem 3.4 can fail if the sequence is not
increasing.

Proof Take f; := (1/§)X[o,; for j € N*. Then (f;) is a (nonincreasing) sequence in
S(R, A1, R") that converges uniformly to 0. But the sequence [ f5 dX\1 does not converge
to 0, because [ fjdA1 =1for j e N*. m
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(b) Suppose a; i, € RT for j,k € N. Then

7=0 k=0 =0 j=0

Proof We set (X,u) := (N,H°) and define f; : X — R* by fi(k) := ajx for j,k € N.
Then (f;) is a sequence in Lo(X,H°, RT) (see Example 2.20), and the claim follows from
Corollary 3.5. m

For nonnegative double series, this result is stronger than Theorem I1.8.10,
because it is no longer assumed that 3_; ajx is summable.

Fatou’s lemma

We now prove a generalization of the monotone convergence theorem for arbitrary

(not necessarily increasing) sequences in Lo(X, u, RT).

3.7 Theorem (Fatou’s lemma) For every sequence (f;) in Lo(X, u, R"), we have

/(h_mfj)dusn_m/ frdu in R

Proof Set g; := infy>; fi. By Proposition 1.11, g; belongs to Lo(X, u, R"), and
the increasing sequence (g;) converges to lim; f;. From Theorem 3.4 we then get
lim; [ g;dp = [(lim; f;) dp. Also g; < fr, and therefore [g;dp < [ fidp for
k > j. It follows that [g;du < infy>; [ frdp, and taking the limit j — oo
finishes the proof. m

3.8 Corollary Suppose (f;) is a sequence in Lo(X,u, RY) and g € Lo(X, u, RT)
satisfies fX gdup < oo with f; < g p-a.e. for j € N. Then?

T [ fraus [ (@) dn B
J X X J

Proof Suppose N is a p-null set such that fj(z) < g(z) for £ € N° and j € N.
Then f; < g+ ocoxny on X, and [y (9 + coxn)dp = [y gdu (see Remarks 3.3(c)
and (d)). Therefore we can assume without losing generality that f; < g for j € N.
We set g; := g — f; and obtain from Fatou’s lemma that

/(mgj)du:/ gdu—/ (Efj)duém/ gjdu:/ gdu—ﬁ/ fidp.
X X X7 J X X J X

The claim now follows because fX gdu <oo.m

3The assumption / x 9dp < oo cannot be relaxed (see Exercise 1).
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As a first application, we prove a fundamental characterization of integrable
functions.

3.9 Theorem For f € Lo(X, i, E), the following are equivalent:

(i) f e Li(X,p, E);

(i) |fl € L1(X, pu, R);

(iil) [y [fldp < oc.
If these conditions are satisfied, then |fX fdp| < | f]lx < oo.
Proof “(i)=-(ii)” follows from Lemma 2.8, and “(ii)=-(iii)” is clear. “(iii)=-(ii)”
was proved in Remark 3.3(e).

“(ii)=>(i)” Suppose (¢;) is a sequence in S(X, u, E') converging to f p-a.e. Set

Aj = [l <2[f|] and f; := p;xa, for j € N. Theorem 1.7 and Proposition 1.9
show that A; belongs to A. Thus (f;) is a sequence in S(X, i, E).

Take N € A such that y(N) = 0 and ¢,(z) — f(z) for z € N°. If f(x) #0
for some x € N°¢, there exists k := k(z) € N such that |¢;(z) — f(z)] < 3|f(z)|
for j > k. Therefore € N°N[|f| > 0] belongs to A; for j > k(x). This implies
fi(x) = ¢;(x) for j > k(x), and therefore f;(z) — f(z) for x € N°n[|f| > 0].
If f(x) = 0 for some z € N, then likewise f;(x) — f(x) for j — oco. Because
x belongs to Ay, for some k € N, we find fi(z) = ¢r(z) = 0 because |pg(z)] <
2|f(x)| = 0. For © ¢ Ay, we likewise have fi(z) = x4, ()pr(x) = 0. This implies
|f — fi] = 0 p-a.e. Now clearly |f — f;| < 3|f] for j € N, so Corollary 3.8 implies

i [ 17— fldu< [ Tanls = lda=o0.
J X X J

Therefore we can find for every e > 0 an m € N such that [ |f — f;|du < /2 for
j > m. It follows that, for j, k € N with j, k > m,

IIfj—fklllZ/lej—fklduﬁ/xlfj—fldu+/X|f—fk|du<E-

Hence (f;) is an £;-Cauchy sequence in S(X, p1, E), and f is p-integrable.
The last statement follows from Theorem 2.11(i). m

3.10 Conclusions (a) Let f € Lo(X, p, E), and suppose there is a sequence (f;)
in £1(X, p, ) such that f; — f p-a.e. and lim; [|f;|l1 < oo. Then f belongs to
Ly(X, p, E), and || f[[1 < Limy || f;]l1-

Proof By Lemma 2.15, we can assume that (f;) converges to f on all of X. Using
Fatou’s lemma, we obtain

[ 1f1du= [ tmiflde <tim [ 15ldu< oo
X X J J X

and the claim follows by Theorem 3.9. m
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(b) Let (f;) be a sequence in L1 (X, u, RY). Suppose there is an f € £1(X, 1, R)
such that

fi = f pae.  and /ijdﬂ—’/xfdﬂ (j — 00) .

Then? (f;) converges in £1(X, 1, R) to f.

Proof We can assume here too that (f;) converges to f on all of X. Then f > 0 and
|fi — fl < f; + f. From Theorem 3.7, it follows that

Q/deu=/xliTm(fj+f—Ifj—fl)duéliTm/X(fjJrf—lfj—fl)du

2 [ fdu-Tm [ 15y - fldn.
X 7 Jx
According to Theorem 3.9, [, fdu is finite, and we find lim; [, |f; — f|dp=0.m

Integration of R-valued functions

The decomposition of an R-valued function into its positive and negative parts
allows us also to extend the Lebesgue integral to measurable R-valued functions

admitting negative values. We say that f € Lo(X, u,R) is Lebesgue integrable
with respect to p if [, f*du < oo and [y f~ du < oo. In this case,

/deuzz/xfwu—/xf—du

is called the (Lebesgue) integral over X with respect to the measure p.

3.11 Remarks (a) For f € Lo(X, 1, R), these three statements are equivalent:
(i) f is Lebesgue integrable with respect to .
(i) Jx Ifldp < oo;
(i) There exists g € £1(X, u, R) such that |f| < g p-a.e.
Proof “(i)=-(ii)” This is a consequence of |f| = fT+ f~.
“(ii)=>(iii)” Theorem 3.9 says that | f| € £1(X, u, R). Hence (iii) holds with g = |f|.
“(ili)=>(i)” This follows from f*V f~ < |f| < g and Remark 3.3(b). m

(b) Suppose f € Lo(X,u,R). Then f is Lebesgue integrable with respect to u
if and only if f is p-integrable. In that case, the Lebesgue integral of f over X
equals the Bochner—Lebesgue integral. In other words, if we consider real-valued
maps, the definition of Lebesgue integrability of R-valued functions is consistent
with the definition from Section 2.

Proof This follows from (a), Theorem 3.9, and Remark 3.3(e). m

4Compare the statement of Theorem 2.18.
5See also Corollary 2.12(iii).
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(c¢) If f € Lo(X,u,R) is Lebesgue integrable with respect to p, then [|f| = oo] is
a p-null set.

Proof The assumption implies that A := [|f| = oo] is p-measurable and also that
Jx |fldp < co. Further we have coxa < |f], and we find by Remarks 3.3(b) and (d) that

sop(A) = /X (coxa) dp < /X fldp < oo

Therefore p(A) =0. m

Lebesgue’s dominated convergence theorem

We now prove an extremely versatile and practical theorem about exchanging
limits and integrals, proved by Henri Lebesgue. It is one of the cornerstones of
Lebesgue integration theory and has countless applications.

3.12 Theorem (dominated convergence®) Let (f;) be a sequence in L1(X, p, E)
and suppose that there exists g € £1(X, u,R) such that

(a) |fi| < g p-ae for j € N.
Suppose also that, for some f € EX,

(b) fi — f p-a.e for j — oo.

Then f is p-integrable, f; — f in £1(X,p, E), and / fidp— / fdu in E.
b's p's

Proof Define
gj = sup [fx — fil
k>3
for j € N. By Proposition 1.11, (g;) is a sequence in Lo(X,u, R*) that converges

p-a.e. to 0. Also |fi — fo| < 2g p-ae. for k,¢ € N, and hence |g;| < 2¢g p-a.e. for
j € N. From Corollary 3.8 it follows that

O§E/ gjdpg/mgjdu:O.
J X X J

Therefore ( / < 9 dp)j eN is a (decreasing) null sequence. This means that for every
€ > 0 there exists IV € N such that

[ = siddns [ s l-ildn<e orkezjzN.
X X k£>j

Hence (f;) is a Cauchy sequence in £1(X, i, E), and the claim follows from the
completeness of £1(X, u, E) and Theorem 2.18. m

6 Also referred to as ”Lebesgue’s theorem”.
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3.13 Remark The example in Remark 3.6(a) shows that the existence of an
integrable dominating function g is essential for Theorem 3.12. m

As a first application of the dominated convergence theorem, we prove a
simple criterion for the integrability of a measurable function.

3.14 Theorem (integrability criterion) Suppose f € Lo(X,pu, E) and g€ L1(X, 1, R)
satisty |f| < g p-a.e. Then f belongs to L1(X, u, E).

Proof Let (p;) be a sequence in S(X, p1, E) such that ¢; — f p-a.e. as j — oo.
Set A; := [|gj| < 2¢g] and f; := xa,p; for j € N. Then (f;) is a sequence in
S(X, u, E) that converges p-a.e. to f (see the proof of Theorem 3.9). Because
|f;j] <2g for j € N, the claim follows from the dominated convergence theorem. m

3.15 Corollary

(i) Take f € L1(X, 1, E), g € Lo(X, 1, K), and o € [0,00) with |g| < o p-a.e.
Then gf is p-integrable, and

[ aa| <alr, -

(ii) Take f € Lo(X,p, E) and o € [0,00). If |f] < o p-a.e. and p(X) < oo, then
f is p-integrable with

’/de“‘ <|Nflh < ap(X) .

(ili) Let X be a o-compact metric space and p a complete Radon measure on X.
Suppose that f € C(X,E) and that K C X is compact. Then xk f belongs
to L1(X,p, E), and

‘/K fdﬂ‘ < xw flloo (K -

Proof (i) By Remark 1.2(d), ¢gf is p-measurable. Also |gf| < a|f| p-a.e., and
a|f| is p-integrable. Hence Theorem 3.14 shows that gf is p-integrable; Theo-
rem 2.11(i) and Corollary 2.16(ii) imply

‘/ngd“‘S/X|9f|d/$§/xa|f|du:a||f||1 .

(ii) Since p(X) is finite, xx belongs to £1(X, i, R). By Theorem 1.7(i), | f|
is p-measurable. Therefore (i) shows (with g := |f] and f := xx) that |f]| is
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p-integrable and that

/X Fldp < o flxxl, = ap(X) < oo .

The claim now follows from Theorem 3.9.

(iil) According to Theorem 1.17, f is y-measurable. Moreover x g is u-simple,
because p(K) is finite by Remark IX.5.3(a). Therefore xx f is u-measurable, and
the claim follows from (ii) with « := max,cx |f(z)].

When dealing with a function not defined on all of X, it is occasionally useful
in the theory of integration to extend its definition by setting it equal to 0 where
it is not already defined. Measurability and integrability questions can then be
explored with respect to the measure space (X, .4, ). To that end, we set forth
the following conventions.

For f: dom(f) C X — E, define the trivial extension feEX of ftoX by

T { f(z) if z € dom(f) ,
' 0 if z ¢ dom(f) .

We say that f is p-measurable or p-integrable if f belongs to Lo(X, u, E) or
L1(X, p, E), respectively. If f is p-integrable, we set [ fdu:= [ fdp.

3.16 Theorem (termwise integration of series) Suppose (f;) is a sequence in
L1(X, p, E) such that 3222, [ |fjldp < oo. Then 3, f; converges absolutely
[-a.e., Zj f; is p-integrable, and

/(ij dp = /fjdu

Proof (i) By Theorem 1.7(i) and Corollary 1.13(iii), the R-valued function g :=
E;‘;o |fj] is p-measurable. Corollary 3.5 implies

gdu = /f-d < 00 .
/X 1 ;}XIJIM

It therefore follows from Remarks 3.11(a) and (c) that [g = oo] is a p-null set,
which proves the absolute convergence of Z . f; for almost every x € X.

(ii) Set gy, := Zj o fjand f(z) := Zj o filx)forz € g < oo]. The sequence
(gr) converges p-a.e. to f and we have the bounds |gx| < Z _olfil < g. By the
dominated convergence theorem, f belongs to £1(X, i, E) and

;/ijd/ﬁ:kli_,njo/xgkduz/Xkli_%ogdeZA(jz:(:)fj)du. n
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Parametrized integrals

As another application of the dominated convergence theorem, we investigate the
continuity and differentiability of parametrized integrals.

3.17 Theorem (continuity of parametrized integrals) Suppose M is a metric space
and f: X x M — F satisfies

(a) f(-,m) e Ly(X,p, E) for every m € M;

(b) f(z,-) € C(M,E) for y-almost every x € X;

(c) there exists g € L1(X, u, E) such that |f(x,m)| < g(x) for (x,m) € X x M.
Then

F:M—-FE, mr—>/ flx,m) p(dx)
X
is well defined and continuous.

Proof The first statement follows immediately from (a). Suppose m € M, and
let (m;) be a sequence in M converging to m. We set f; := f(-,m;) for j € N.
From (b), it follows that f; — f p-a.e. Therefore by (a) and (c), we can apply
the dominated convergence theorem to the sequence (f;), and we find

J—00

tim Fmy) = lin [ frau= [ Y fydu= [ fo.m)utdz) = Fm)
J—ooo Jx x J—oo X
The claim now follows from Theorem II1.1.4. m

3.18 Theorem (differentiability of parametrized integrals) Suppose U is open
in R", or U C K is perfect and convex, and suppose f: X x U — E satisfies

(a) f( 7y) € ,Cl(X,/l,E) for every y € U;
(b) f(z,-) € CHU, E) for u-almost every x € X;
(c) there exists g € L1(X, v, R) such that

‘aiy]f(x,y)‘ <g(x) for(z,y) e X xUand1<j<n.

Then
F:U—E, yH/f(fﬂ,y)u(d:v)
X

is continuously differentiable and

@F(y)z/xé‘iyjf(x,y)u(dx) foryeUand1<j<n.
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Proof Takey e U and j € {1,...,n}. Let (hg) be a null sequence in K such that
hi # 0 and y + hpe; € U for k € N. Finally, set

The mean value theorem (Theorem VII.3.9) then gives

forre Xand ke N,

0
| f(@)| < SEB‘@““‘Z)\ <g(x) pae.

Because (fi) converges p-a.e. to 9f( -, y)/ayj, it follows from Theorem 3.12 that

li FW A+ hiey) = F(y)
k—o0 hy

0
= 1. = e .
Jm [ Jedp= | 55 f@y) plde)

Therefore F is partially differentiable, and 9;F (y) = [ (9/0y?) f (z,y) p(dx). The
result now follows from Theorems 3.17 and VIIL.2.10. =

3.19 Corollary Suppose U is open in C, and f: X x U — C satisfies

(a) f(-,2) € L1(X,u,C) for every z € U;

(b) f(z,-) € C¥(U,C) for p-almost every x € X;

(c) thereis a g € L1(X,pu,R) such that |f(x, z)| < g(z) for (x,2) € X x U.
Then

F:U—-C, Zl—>/ f(z, z) u(dx)
X
is holomorphic, and
FOE) = [ S ez ) (3.1)
X 82”
for every n € N.

Proof Take zp € U and r > 0 such that D(z,7) C U. Cauchy’s derivative
formula (Corollary VIIL.5.12) gives

9 1 f(=,0)
— = — d¢  for p-almost X and D
azf(x, 2) 57 /OD(Z’T) (c=2)2 ¢ for p-almost every x € X and z € D(z,7r) ,

and we find from (c) and Proposition VIII.4.3(iv) that

g(z)

d
‘af(x, z)‘ < = for p-almost every x € X and z € D(zo, ) .

Theorem 3.18 now shows that F'|D(zg,7) belongs to C* (D(zo,7),C) and satisfies

0z

Holomorphy is a local property, so Theorem VIII.5.11 implies that F' belongs to
C¥(U,C). The validity of (3.1) now follows from a simple induction argument. m

F'(z) = /X 2f(ac,z) p(dz) for z € D(zp,7) .
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Exercises

1 Find a measure space (X, A, 1), a sequence (f;) in Lo(X, u, R"1), and a function g in
Lo(X, 1, RT) such that

fi<gfor jeN and E/ fjd,u>/ (mfj)dll.
J b'e b'e J
2 Suppose f € L1(X,pu, F) and € > 0. Show that there exists A € A such that

((A) < 0o and ]/deu—/deu‘@

for every B € A with B D A.

3 Suppose (f;) is a sequence in L£1(X, p, E) converging in measure to f € Lo(X, u, E).
Also suppose there is g € L£1(X, u,R) such that |f;| < g p-a.e. for all j € N. Then f
belongs to L£1(X, u, F),

£ fin X B), ad [ g [ fdpme.
X X

(Hint: If ([ f; dp) does not converge to [, fdu, there is a subsequence (fj, )ken and a
6 > 0 such that
Ifse — flli 26 for keN. (3.2)

Use Exercise 1.15 and Theorem 3.12 to derive a contradiction from (3.2).

4 Let f,g € Lo(X, pu,R) be Lebesgue integrable functions. Prove:
(i) If f < g p-ae., then [, fdu < [, gdp.

G) | [ rau| < [ 1n1an.

(iii) f A g and fV g are Lebesgue integrable, and

—/X(Ifl+|9|)du§/X(f/\g)duS/X(f\/g)dué/X(IfIJrlgl)du.

5 Suppose the sequence (f;) in Lo(X, p, RT) converges in measure to f € Lo(X, p, RT).

Prove that
[ s [ gan.
X Jj JX
6 For z € R"\{0}, define
x T ifn=1,
kn(z):= 1< log|z| ifn=2,

|z~ ifn>3.

Further suppose U C R" is open and nonempty, that A € £(n) satisfies A C U®, and
that f € C.(R™).
(a) The map A —» R, z— f(x)kn(Jy — z|) is An-integrable for every y € U.
(b) The map U — R, y fA F(@)kn(ly — z|) An(dzx) is smooth and harmonic.
7 Verify that

(i) L1(R™, \n, E)N BC(R™, E) € Co(R™, E);

(ii) £1(R", \n, E) N BUC(R", E) C Co(R", E).



4 Lebesgue spaces

We saw in Corollary VI.7.4 that the space of continuous K-valued functions over a
compact interval [ is not complete with respect to the Lo norm. The framework of
Lebesgue integration theory now gives us the means to complete the inner product
space (C(I,K),(-|-)2): we will construct a vector space Ly and an extension of
(+]+)2 onto Ly x Ly —also denoted by (- |- )2 —such that (La, (-|-)2) is a Hilbert
space containing C'(I,K) as a dense subspace.

This construction can be generalized in a natural way, leading to a new family
of Banach spaces, the Lebesgue L,-spaces. These are of great importance in many
areas of mathematics.

In the following, we suppose that

e (X, A, ) is a complete o-finite measure space;
E =(E,|-|) is a Banach space.

Essentially bounded functions

We say that a function f € Lo(X,u, E) is p-essentially bounded if there exists
o > 0 such that u([|f| > a]) = 0. The p-essential supremum of f is then'

|flloc := esssup f(x)| :=inf{ @ > 0; p([If| >al) =0} .

4.1 Remarks (a) Let f € Lo(X, p, E). There is equivalence between:

(i) f is p-essentially bounded;

(i) [[flloe < 003

(iii) f is bounded p-a.e.
Proof “(i)=-(ii)=-(iii)” is clear.

“(iii)=-(1)” Suppose N is a p-null set and take a > 0 such that |f(z)| < « for

@ € N°. Then [|f| > o] C N, and the completeness of y implies that p([|f] > o]) =0. m
(b) Suppose f € Lo(X, p, E). Then |f| < || fllco p-ace.
Proof The case ||f|co = 00 is clear. If || f|joc < 00, then [|f] > ||f]loc +277] is a p-null
set for every j € N, and hence so is the set [|f| > || flloc] = U en[If] > | flloc +277]. m

(c) Suppose f and g are p-essentially bounded and a € K. Then af + g is also
p-essentially bounded, and

lleef + glloo <l [ Flle + [glloo -

INote that now ||-|jcc has two meanings, namely, the essential supremum of a measurable
function and the supremum norm of a bounded function. The two values need not be the same;
see (d) and (e) in Remark 4.1. When necessary we denote the supremum norm by [|-||g(x, g)-
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Proof By (a) and (b), there exist p-null sets M and N such that |f(z)| < [|f]|e for
x € M° and |g(x)| < ||g]|loc for z € N€. Therefore

laf (@) + g(@)| < ol | fll + lgllee for @€ (MUN)®=M"NN°.
Hence af + g is p-essentially bounded and |laf + gllco < o] [[f]l o + 19]loo- ®

(d) Suppose f € Lo(X, p, E) is bounded. Then ||f|lc < || f|lB(x,r) (supremum
norm). If N is a nonempty p-null set, then [[xn |l =0 and ||xn|Bx,5) = 1.

(e) Suppose X is o-compact metric space and p is a massive Radon measure on
X. Then

Ifllee = lIfllBx.5) for f € BO(X,E) .

Proof By Theorem 1.17, any f € BC(X, E) is p-measurable, and by (d) we just have
to show that || f||zx,5) < ||f|loc. Assume otherwise. Then there exists 2 € X such that

[fllee <1f(@)| < IfllB(X,EB) >
and in view of the continuity of f there is an open neighborhood O of x in X such that
Ifllse < |f(y)] for y € O. From (b) it follows that 1(O) = 0, contradicting the assumption
that p is massive. m
The Holder and Minkowski inequalities

Suppose f € Lo(X, u, E). For p € (0,00), we set

1= ([ 117 au)”

with the convention that co/? := co. We define the Lebesgue space over X with
respect to the measure p as®

Lo( X, E):={feLo(X,u,E); ||fllp<oo} forpe (0,00].

For p € [1, 00|, we define the dual exponent to p as

o0 ifp=1,
pi=4q p/lp—1) ifpe(lo00),
1 ifp=o0c.

With this assignment, we obviously have
1 1
—+—=1 forpe(l,oo.
p p

We are now in a position to state and prove two important inequalities.

2Theorem 3.9 shows that the notation Lp(X, p, E) is consistent in the case p = 1 with that
of Section 2. In the following, we concentrate on the Lebesgue spaces £, with p € [1,00]. The
case p € (0,1) will be treated in Exercise 13.
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4.2 Theorem Suppose p € [1,0].
(i) For f € Lp(X, 1, K) and g € L, (X, p,K), we have fg € £1(X, 1,K), and

| /X Fodu| < /X Foldu < ISl llgl,  (Holders® inequality).

(ii) Suppose f,g € L,(X,u, E). Then f+g € L,(X, u, E), and
If+gllp < Ifllp + llgllp (Minkowski’s inequality).
Proof (i) We consider first the case p = 1. By Remark 4.1(b), there is a p-null

set N such that |g(x)| < ||g||eo for z € N It then follows from Remarks 1.2(d)
and 3.3(b) and Lemma 2.15 that

/ Ifglduéllglloo/ Fldu=I1fl gl < oo -
NC NC

Hence Remark 3.11(a), Theorem 3.9 and Lemma 2.15 result in fg being integrable,
and Theorem 2.11(i) implies

’/X fgdn < /X |fgldp = /N fgldp < |1 £llx llgll -

Suppose now p € (1,00). If

f=0p-ae or g=0p-ae., (4.1)
then fg also vanishes p-a.e., and the claim follows from Corollary 2.16. On the
other hand, if (4.1) does not apply, Corollary 2.19 gives || f|l, > 0 and ||g||,» > 0.

We then set € := |f|/||fllp, n = l9//llgll,r, and obtain from Young’s inequality
(Theorem IV.2.15) that

1P 1 gl
pIIfIE P gl

|fgl
I £1lp [lgll,

IN

It follows that

1 17 ]_ 17 ! /7
[ Vsl < 1A ol [ AP die 251 ol [ o d
X b X p X
=1£1p llgll,
and we conclude using Theorem 3.9 that fg belongs to £1(X, u, E). Therefore

[ tadu| < Usal < 51l

The case p = oo is treated analogously to the case p = 1.

3For p = 2, this is the Cauchy-Schwarz inequality.
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(ii) Because of Corollary 2.9 and Remark 4.1(c), it suffices to consider the case
p € (1,00). In addition, we can assume without loss of generality that || f+g|, > 0.
We will first prove that f + g belongs to £,(X, i, E). Noting the inequality

la+ b7 < (2(la] v [b]))? < 2°(lal? + |bF) for a,be E (4.2)

we obtain

/|f+9|pduﬁ2p(/ |f|pdu+/|g|pdu)<oo
X X X

because f,g € L,(X, p1, E). Therefore || f + g||, < 0o. Due to the equivalence
[f+ 9P~ € Ly(X, 1, R) <= |f + gl € L,(X, 1, R) |
it follows from Holder’s inequality that
SR gl < 1+ 9

for h € L,(X, i, E), and we find

o = Bl 1f +gl2”

/|f+9|”dué/ |f||f+9|p’1du+/ lg| 1f + g[P~ " dp
X X X

< (£l + llglly) I1f + gl2 .

The claim follows, because ||f + g|l, < oc and p/p’=p—1.m

(4.3)

4.3 Corollary Suppose p € [1,00]. Then L,(X,u, E) is a vector subspace of
Lo(X, 1, E), and |- ||, is a seminorm on L,(X, u, E).

4.4 Remarks (a) Set NV := {f € Lo(X,u, E); f=0 p-ae. } For f € Lo(X, p, E)
the following statements are equivalent:
(i) I1fllp = 0 for all p € [1, oc].
(ii) ||fll, = 0 for some p € [1, o0].
(i) feN.
Proof “(i)=-(ii)” is trivial. “(ii)=-(iii)” follows from Corollary 2.19 and Remark 4.1(b).
“(iii)=-(i)” For p € [1,00), use Lemma 2.15. The case p = oo is clear. m
(b) N is a vector subspace of £,(X, u, E) for every p € [1,00] U {0}.
Proof The case p = 0 is clear; in particular, N is a vector space. For p € [1, 00], the
claim then follows from (a), “(iii)=-(i)”. m
(c¢) For p € [1,00], we have these inclusions of vector subspaces:

S(X, 1, E) C Lp(X, 1, E) C Lo(X, 1, E) .

Proof It is clear that every p-simple function is p-essentially bounded. Take p € [1, c0)
and let ¢ € S(X, u, F) have normal form 7" ejxa;. Then |o" < 37T lej|” xa,, so
ll¢llp < co. The claim follows by Remark 1.2(a) and Corollary 4.3. m
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Lebesgue spaces are complete

We now generalize Theorem 2.10(ii), proving that all Lebesgue spaces £, (X, i, E)
with p € [1, oo] are complete. For p € (1, 00), this depends on the following lemma.

4.5 Lemma Suppose V is a vector space and q is a seminorm on V. The following
statements are equivalent:

(i) (V,q) is complete.
(ii) For every sequence (v;) € VN such that Z;io q(vj) < oo, the series ), v;
converges in V.

Proof “(i)=>(ii)” Suppose (v;) € VN and Z;‘;o q(v;) < oo. For every € > 0 there

exists K € N such that 332, q(v;) < e for £ > K (see Exercise I1.7.4). We set
k

wy =Y ;_ovj for k € N and get

q(wm—wg):q(z vj)g Z q(v;) < Z q(vj) <e form>(>K .

j=0+1 j=t+1 j=t+1
Therefore (wy) is a Cauchy sequence in V', and so converges to some v € V' by the
completeness of V. Hence the series ; Uj converges.

“(ii)=-(i)” Let (v;) be a Cauchy sequence in V. For k € N, take ji € N such
that g(vj,,, —vj,) < 2-*+D . Setting wy, := vj,,, —vj,, we have >_p  q(wy) < 1,
and we can find by assumption a v € V such that q(v — Zi:o wk) —0as/{ — oo.
Let € > 0 and L € N be such that ¢(v — Zi:o wy) < /2 for £ > L. Because (v;)
is a Cauchy sequence in V, there exists K > L such that q(vj,,, —vx) < /2 for
k,¢ > K. Finally setting v := v + v;,, we have for k > K that

q(ij - Uk) = q(v + V5, — Vi1 + Vjgi1 — vk)
K
< Q(v - Zwk) + q(UjK+1 - vk) <e.
k=0

This shows that (vj) converges to U. m

4.6 Theorem For p € [1,00], L,(X, p, E) is complete.

Proof (i) Consider first the case p € (1,00). Let (f;) be a sequence in £,(X, p, E)
such that Z;io I fillp < oo. Set g := Z?:o |f;] for k € Nand g := >, |f;|- By

Corollary 1.13(iii), g belongs to Lo(X, u, R*), and we have |gx|[P — |g|P. Because

k [eS)
lgrlly < DI filly < D Mfillp < oo,

Jj=0 Jj=0

Conclusion 3.10(a) tells us that g € £,(X, 4, R). By Remark 3.11(c), then, there
is a g-null set N such that g(z) < oo for € N¢. Therefore f(z) := > 322, f;(z) is
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well defined for every x € N¢ by the Weierstrass criterion (Theorem V.1.6). Also,
since |f|P < ¢gP p-a.e. and g € L,(X, i, R), Theorem 3.14 implies that f belongs
to Ly(X, p, E). Finally Fatou’s lemma shows that

k ¢ ¢
re p . . p
Hf_Zf]H :/ ‘th Z fj dp< lim /‘ Z f] d/l: lim H Z f
=0 P XTI Sl RS

£—o00

)

and we find

|7 ZfJH < Im S o= 3 15l forken.

j=k+1 j=k+1

Because E]‘:o Il £illp < 0, ;She sequence (Zj:kﬂ ”fj”p)keN converges to zero.
Therefore so does (||f — ijo fj”p)ke
L,(X, u, E) is complete.

(ii) Now suppose (f;) is a Cauchy sequence in Loo(X, 1, E). We set

Aj = [Ifil > fillse] s Broe = T[Ifk = fel > Ifi = fellsc] for j,k, £ €N
and N :=J; 4;UU,. ; Br,e- By Remarks 4.1(b) and IX.2.5(b), N is a null set and

i@ < I fillso s 1fr() = fe(@)| < [[fk = felloo  for j k£ €N, € N°.
Therefore (f; | N°) is a Cauchy sequence in the Banach space B(N¢, E), and we
can find an f € B(N¢, E) such that (f; | N¢) converges uniformly to f. Thus (f;)
converges p-a.e. to f. We know the function f is p-essentially bounded because
[|wtf] > ||f||B(NL' m] =0, and we have

N Now it follows from Lemma 4.5 that

|f )|<||f fj'NHBNCE) foerNCandeN.

Hence (f;) converges in Lo (X, 1, E) to f.
(iii) The case p = 1 was dealt with in Theorem 2.10(ii). m

4.7 Corollary Let p € [1, 0], and suppose f;, f € L,(X,u, E) satisfy f; — f in
Lo(X,p, E).

(i) If p = oo, then (f;) converges p-a.e. to f.

(ii) If p € [1,00), there is a subsequence (fj, )ren of (f;) converging u-a.e. to f.

Proof Because (f;) converges in £,(X,u, E) to f, we know (f;) is a Cauchy
sequence in L£,(X, p, E). Statement (i) now follows immediately from the proof of
Theorem 4.6.

If p € (1,00), choose a subsequence (f}, )xen of (f;) such that || f;, ., — fj.[lp <
2= (k1) Then the proof of Theorem 4.6 shows that thereis a g € L, (X, pu, F) such
that (fj, — fjo) — g in L,(X, u, E) and (fj, — fj,) — ¢ p-a.e. as k — co. Because
(f;) converges in L,(X, p1, E) to f, we have ||f — (g + fj,)|lp = 0. Remark 4.4(a)
implies f = g + f;, p-a.e., from which the claim follows.

The case p = 1 was treated in Theorem 2.18. m
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4.8 Proposition S(X, p, E) is dense in L£,(X,p, E) for p € [1,00).%

Proof Suppose f € L,(X, p1, E). Then f is y-measurable by Remark 4.4(c). Thus
there is a sequence (p;) in S(X, i, E) such that p; — f p-a.e. as j — co. We set
Aj = [|e;] < 2|f]] and ¥; := xa,¢;. Then (¢;) is a sequence in S(X, u, E) that
converges fi-a.e. to f. Moreover,

[ = fIP < (sl + )P < 37|fI" forjEN.

Because 37 | f|” belongs to £1(X, u, R), we can apply the dominated convergence
theorem, and we find

||1/Jj—f||’;:/X|¢j—f|pdu—>0 as j — 00

from which the claim follows. m

L ,,-spaces
We proved in Remark 4.4(b) that
N:={feLloX,,,E); f=0 pae.}
is a vector subspace of £,(X, u1, E) for p € {0} U[1, 00]. Hence the quotient spaces
L,( X, E):=L,(X,u, E)JN for pe {0} U1, 0]

are well defined vector spaces over K, by Example 1.12.3(i). By Remark 4.4(c), we
also have
L,(X,u, E) C Lo(X,u, E) forpe[l,x],

in the sense of vector subspaces. Suppose [f] € Lo(X, u, E), and let g be a repre-
sentative of [f]. Then f —g € NV, that is, f and g agree p-a.e. By Remark 4.4(a),
the map B

-l Lo(Xs s B) = RY o [f] = || fllw

is well defined for every p € [1, 00|, and for [f] € L,(X, u, E), we have
AN, = [Ifllp =0 < f=0 p-ae < [f]=0. (4.4)

Since |[||-[||, obviously inherits the properties of the seminorm ||-||,, (4.4) shows
that [||-[||, is a norm on L,(X,u, E). Therefore L,(X,pu, E) is a normed vector
space, whereas the space we constructed it from, £,(X, y, E), is only seminormed.
So limits in £,(X, u, E) are generally not unique, but limits in L,(X, u, E) are.’
The price we pay for the better topological structure of L, (X, u, E) is that its
elements are not functions on X but rather cosets of the vector subspace N of
L,(X, i, E). In other words, we identify functions that coincide p-a.e. Experience
shows that the following simplified notation does not lead to misunderstandings.

4The statement can fail if p = co; see Exercise 8 (but also Exercise 9).
5See Remark 2.3(b).
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Convention Suppose p € {0} U [1,00]. Then we write the coset [f] = f + N
in L,(X, u, E) as f and identify with each other functions that agree p-a.e.
Further, if p € [1, oo], we denote the norm in L, (X, u, E) by |- ||, and set

Lp(X,p,E) = (Lp(X,p,E), || ’ ||p) for p € [1700] .

4.9 Remarks (a) For f € Lo(X,u, F) and € X, f(x) is undefined if p
has nonempty null sets. That is, elements of Ly(X, ,u,E) cannot be “evaluated
pointwise”. (Of course, if one chooses a representative f of f, then f (z) is defined.)

(b) For p € [1, 0],

Ly(X, 1, E) = { | € Lo(X, 1, E) ; |[fllp <0} .
Proof “C” Let f € Lp(X, pu, b:) Any representative f of f lies in L,(X, u, E), that is, it
is p-measurable and satisfies || f||, < co. Hence f belongs to Lo(X, u, F), and ||f||p < 0.

“2” Consider f € Lo(X,u, E) with |[f|l, < co. Every representative f of f is
p-measurable, with || f||, = ||f||p < 0o. Thus f belongs to £,(X, 1, E), and so f belongs
to Lp(X, u, E)

(c) Suppose f,g € Lo(X, u,R), and let f, g be representatives of f,g. If we write
f<g = [<g pae.,

we obtain a well defined ordering < on Lo(X, 1, R), which makes this space into

a vector lattice.

Proof We leave the simple proof as an exercise. m

(d) Suppose (F, <) is a vector lattice and (F, | -]|) is a Banach space. If |z| < |y|

implies ||z|| < |ly||, we call (F,<,||-||) a Banach lattice.

(e) (Lp(X,1,R),<,[|]lp) is a Banach lattice for every p € [1, 00].

Proof It is clear that L,(X, pu,R) is a vector sublattice of Lo(X, u,R). Also it follows
immediately from the monotony of integrals and of the map ¢ — t? that L,(X, u,R) is a
Banach lattice in the case p € [1,00).

Suppose f19 € Loo(X, 1, R) with |f| < |g|, and let f J be representatives thereof.
Then |f| <|g] p-a.e. In addition, Remark 4.1(b) shows that || < ||g|lc p-a.e. Therefore
£ < llglls pra.e., and hence [|floc < [lglloc- m

4.10 Theorem
(i) Ly(X,u, E) is a Banach space for every p € [1, 00].
(ii) If H is a Hilbert space, then so is Lo(X, u, H) with respect to the scalar
product

('|')2: LQ(XvuaH) XLQ(X7/’L5H) _)K’ (f7g) '_>/X(f|g)Hd/J/ .
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Proof (i) Suppose p € [1,00]. We already know that L,(X,u, E) is a normed
vector space. Let (f;) be a Cauchy sequence in L,(X,u, E), and (f]) a correspond-
ing sequence of representatlves Then ( fj) is a Cauchy sequence in £,(X, 1, E).
By Theorem 4.6, there exists f € Lp(X, p, E) such that || f; — f[l, — 0 as j — oc.
Letting f == f + A, we have f € Ly(X, ., E) and | f; — fll, = I.f; — flp — 0.
Therefore L, (X, i, E) is complete.

(ii) Using statements (i) and (iv) of Theorem 1.7 and Hoélder’s inequality, we
easily prove that (-|-)2 is a scalar product on Lo(X, u, H) satisfying |(f | f)z2| =
|l f113 for f € La(X, pu, H). The claim then follows from (i). m

4.11 Corollary Lo(X, 1, K) is a Hilbert space with respect to the scalar product

(flg)zz/ngdu for f.g € Lo(X, 1K) .

Continuous functions with compact support

Let Y be a topological space. For f € EY | we call

supp(f —{xGY flx 750}

the support of f. Here, as usual, the bar denotes the closure (in Y'). Continuous
functions with compact support are particularly significant. We therefore define

C.(Y,E) := {f € C(Y,E) ; supp(f) is compact} .

4.12 Examples (a) For the Dirichlet function xg € R* of Example I11.1.3(c), we
have

supp(xg) = supp(xr-q) = R .
Proof This follows from Propositions 1.10.8 and 1.10.11. m
(b) Suppose X = Z or X = N, and provide X with the metric induced from R.
Let H° be the counting measure on (X ). Then®
Co(X,E)=S(X,H*,E)={p € EX; Numjp#0] < oo} .
(c) Suppose X is a metric space. Then C.(X, E) is a vector subspace of BC(X, E).
If X is compact, then C.(X,FE) = C(X,E) = BC(X, E).

Proof The first statement follows from Corollary I11.3.7. The second is a consequence
of Exercise I11.3.2 and Corollary 111.3.7. m

6Compare Example 2.20.
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4.13 Proposition Suppose X is a metric space and A and B are closed, disjoint
nonempty subsets of X. There exists ¢ € C(X) such that 0 < ¢ <1, ¢|A =1,
and ¢ | B = 0. Such a function is a called a Urysohn function.

Proof If D C X is nonempty, Example ITI.1.3(1) shows that the distance func-
tion d( -, D) belongs to C(X). If D is also closed, we have d(x, D) = 0 if and only
if x € D. Using these properties, we easily prove that the function defined by

. d(x, B)
o) = e T d@. B)

forze X,
has the stated properties. m

With help from Urysohn functions, we can now prove an important approx-
imation theorem.

4.14 Theorem Suppose X is a o-compact metric space and p is a Radon measure
on X. Then C.(X, E) is a dense vector subspace of L,(X, u, E) for p € [1,00) .

Proof Suppose ¢ > 0. According to Proposition 4.8, S(X, u, E) is dense in
L,(X,p, E). Thus, because of Theorem 1.17 and Minkowski’s inequality (that
is, the triangle inequality), it suffices to verify that for every pu-measurable set A
of finite measure and every e € E\{0}, there exists f € C.(X,E) such that
1f - xaelly <.

Suppose then that A € A with p(A4) < oo. Because p is regular, we can find
a compact subset K and an open subset U of X such that K C A C U and

pUNK) = p(U) = p(K) < (e/]e])? -

Proposition 4.13 secures the existence of a Urysohn function ¢ on X with ¢ | K =1
and ¢ |U° = 0. Setting f := pe, we get, as needed,

e = S5 < el [ xiucd < e n(U\K) <. w

Embeddings

Suppose X and Y are topological spaces, and X is a subset of Y. Denoting by
j: X =Y, x> x the inclusion” of X in Y, we say X is continuously embedded
in Y if j is continuous.® In this case, we write X < Y. We write X Ly if X
is also a dense subset of Y. If X and Y are vector spaces, the notation X — Y
(and the term “continuously embedded”) will always mean in addition that X is
a vector subspace of Y, not just any odd subset.

7See Example 1.3.2(b).
8These notions become important when X is not provided with the topology induced by Y;
see Remark 4.15(a).
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4.15 Remarks (a) Suppose V and W are normed vector spaces. V' is continuously
embedded in W if and only if V is a vector subspace of W and there is an « > 0
such that ||v||w < a|jv]y, for v € V, that is, if the norm of V' is stronger than the
norm induced from W on V.

If V carries the norm induced by W, then V — W always.
(b) Suppose X is open in R". Then
BUC*(X,E) — BUCY(X,E) fork>1{.
If X is bounded as well, then
BUC*(X,K) <% BUC(X,K) forkeN .

Proof The first statement is clear. The second follows from the Stone—Weierstrass
approximation theorem (Corollary V.4.8) and then Application VI.2.2. m

Simple examples (see Exercise 5.1) show that Lebesgue spaces are generally
not contained in one another. Under suitable extra assumptions on the measure
space (X, A, 1), continuous embeddings exist for Lebesgue spaces. For example,
if H° is the counting measure on P(N), the spaces £, introduced in Exercise 1.16
coincide with £,(N,H% K) for 1 < p < oo, and we have the embeddings

b=l —lg— Ll for1<p<g<oo,

(see Exercise 11).

Finite measure spaces present an altogether different situation:
4.16 Theorem Let (X, A, ;1) be a finite complete measure space. Then
Ly(X, 1, E) <% Ly(X, 1, E) for1<p<q<oo
and

1y < n(OMYP=Y9If]l,  for f € Lo(X, p, B) . (4.5)

Proof (i) Take f € L,(X,u, E) and set r := ¢g/p. Let g € Ly(X,u, E) be a
representative of f. Then |g|P belongs to L,.(X,u,R), and 1/7" = (¢ — p)/q.
Further, xx belongs to L,/ (X, u, R), because p is a finite measure. Thus in the
case ¢ < oo Holder’s inequality gives

, 1/r’ 1/r (a=p)/ »
lollp = [ xlaPdn < ([ xsean)” ([ laPmdn) " = o gl

and we find ||g||, < p(X)Y/P-1/a lgll,; this clearly also holds in the case ¢ = oo.
Because g is an arbitrary representative of f, we see that f belongs to L, (X, u, E)
and (4.5) holds. By Remark 4.15(a), it follows that L, (X, u, E) — L, (X, u, E).
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(i) M :={[¢] € Lo(X, 1, E) ; ¢ € S(X,p, E) } satisfies M C Ly(X, p, E),
and, because p < oo, Proposition 4.8 implies that M is dense in L, (X, p, E).
Therefore Ly (X, u, E) is also dense in Ly(X,u, E). m

The next theorem shows that, in the case of a massive Radon measure p,
an element of Lo(X,u, E) has at most one continuous representative. In this
case, then, we can identify each function in C'(X, E) with the equivalence class it
generates in Lo(X, u, E), and regard C(X, E) as a vector subspace of Lo (X, p1, E).

4.17 Proposition Suppose p is a massive Radon measure on a o-compact space X .
Then the map

is linear and injective.

Proof Theorem 1.17 shows that the map (4.6) is well defined and linear.

Take f,g € C(X, E) with [f] = [g]. There exists h € N such that f —g=h,
that is, f — g = 0 p-a.e. Assume for a contradiction that f(z) # g(x) for some
z € X. By continuity, (f — g)(y) # 0 for all y in some open neighborhood U of x.
But p(U) > 0, contrary to the assumption that f —g = 0 p-a.e. Therefore f = g,
which proves the asserted injectivity. m

Convention Let p be a massive Radon measure on a o-compact space X. We
identify C(X, F) with its image in Lo(X, p, E') under the injection (4.6) and
so regard C(X, E) as a vector subspace of Lo(X, i, E). Then

| fllBx.p) = |flec for f € BC(X,E) .

The following result is a simple consequence of this convention.

4.18 Theorem Let u be a massive Radon measure on a o-compact metric space X .
(i) Co(X, E) is a dense vector subspace of L,(X, u, E) for every p € [1,00).
(ii) BC(X, E) is a closed vector subspace of Loo(X, i, E).

Proof The first statement follows from Theorem 4.14. The second is obvious. m

Continuous linear functionals on L,

For the rest of this section, we use for p € [1, 00] the abbreviations
Lp(X) == Lp(X, p, K) and L;)(X) = (L;D(X))/ ,

the prime on the right indicating the dual space (Remark VII.2.13(a)). From
Holder’s inequality, it follows that, for every f € L,/ (X), the map

Ty: Ly(X) - K, gH/ngdu
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is a continuous linear functional on L,(X), that is, an element of L},(X); it satisfies
1T¢ll Ly x) < I llpr - (4.7)

In fact (4.7) holds with equality:

4.19 Proposition The map
T:Ly(X)—L(X), f—Tf
is a linear isometry for every p € [1, 00].

Proof (i) Clearly T is linear. Also, in view of (4.7), we need only show that for
every f € Ly (X) satisfying f # 0 and every ¢ > 0, there is g € L,(X) such that

lallp =1 and flly < | [ Fadu|+e.
X

(ii) First assume p € (1,00), so p’ € (1,00). Therefore
g=sign f | fl77 [f]7
is well defined and p-measurable (see Exercise 1.19 and Theorem 1.7(i)). Also

1—p/ ’_ o ’
/X lgl? dp = 778 /X PP dpe = |17 1 = 1

and fg = || FIL77 | £, Therefore ||f], = [y fgdu.

For p = oo, we set g := sign f. Then
lole =1 andflh = [ fodu.
X

(iii) Now suppose that p = 1. Suppose 0 < € < || f]|co and set & := || f]|oo — €.
Because [|f| > a] has positive measure and p is o-finite, we can find A € A such
that A C [|f] > a] and p(A) € (0,00). Therefore g := sign f (1/p(A))xa is well
defined and p-measurable. Clearly ||g||; = 1 and

1
/ngdufm/AlflduZafIIflloo—s.

This concludes the proof. m



X.4 Lebesgue spaces 123

4.20 Remarks (a) One can show that the map T of Proposition 4.19 is surjective
for every p € [1,00), that is, every continuous linear functional on L,(X) can
be represented is of the form Ty for an appropriate f € L, (X); see [Rud83,
Theorem 6.1.6], for example. Consequently 7': L, (X) — L},(X) is an isometric
isomorphism for every p € [1,00). This isomorphism allows us to identify L, (X)
with Ly (X) for p € [1,00). The dual pairing (-,-)r,: L,(X) x Ly(X) — K
satisfies

0. )1, = /X fgdu for (g, f) € Ly (X) x Ly(X) .

(b) In the case p = oo, the map T': L1(X) — L _(X) is generally not surjective;
see [Fol99, S. 191].

(c) Denote by (-, )g: E' x E — K the duality pairing between F and E’. Then
the map

k:E—[E]), e—{(-,e)p
is linear and bounded. Its norm is at most 1.

Proof Clearly & is linear. Suppose e € E with |le]|z < 1. Then
|<n(e),e'>E,| =, e)r| < ||e'||gr fore € B,
and we find ||k(e)||(gr) < 1, from which the claim follows. m

(d) With tools from functional analysis, one can show that x is an isometry and
therefore injective. We call k the canonical injection of E into the double dual space
E" .= (E') of E. If k is surjective as well, and hence an isometric isomorphism, we
say FE is reflexive. In this case, the canonical isomorphism « allows us to identify
FE with its double dual E”.

(e) Lp(X) reflexive for p € (1, 00).

Proof This follows from (a). m

(f) The spaces L1(X) and Loo(X) are generally not reflexive; see, for instance,
[AdaT75, Theorem 2.35]. m

Exercises

1 Let S(X,u, E):= { [f] € Lo(X, 1, E) ; [f[INS(X,u, E) # @}. Prove that S(X, u, E)
a dense vector subspace of Ly (X, u, E) for 1 < p < co.

2 For a € R", we define 7, : E®") — E®") the right translation by a, by
(ta@)(z) :=p(x —a) forzeR", p€ B®"Y

Set 74[f] := [1a f] for [f] € L. Prove:

(i) (R",+) — (Laut(L,(R™, An,E)),0), a — T4 is a group homomorphism with
ITallz(z,y = 1 for every p € [1, 00].
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(ii) For p € [1,00) and f € Ly(R", An, E), we have limq—o ||7af — fl|p = 0.
(iii) If limy—o ||7Ta f — flloo = 0, there exists g € BUC(R"™, E) such that f =g p-a.e.

3 Suppose p is a complete Radon measure on a o-compact space X, and let (X;)jen
be a sequence of relatively compact open subsets of X covering X. For p € [1, 00, set

qj,P(f) = ”XXjf”P for JE N ) f € LO(X7,U’7 E) )
LP»IDC(X7U7E) = {f € LO(levaE) > qjﬂ?(f) < 0, je N} .

Finally, define

Z 2 ‘ZJ,p (f —9)

for f,9 € Lpioc(X, 1, E) .
L+¢gjp(f—9) paoc(X, 1. B)

(1) Lpoc(X, u, E) is well defined, that is, independent of the particular sequence (X;).
(i) (Lpoc(X,p, E),dp) is a complete metric space.

) Lp(X, 11, B) < Lytoe(X, 1, B) < Lujoc(X, 1, E).
(iv) The topology generated by d, is independent of the sequence (Xj;).

(iii

4 Suppose p,q € [1,00] and define
Ly N Ly = (Lp N L) (X, 1, E) 1= Lp(X, jt, E) N Ly(X, 11, E)
Lo+ Lg:=(Lp+ Ly)(X,p, E) := Lp(X, t, E) + Lo(X, 1, E) .
Also set [[fllz,nL, := [Ifllp + [|fllg for f € Ly N Lg, and put
|y, =inf{llgllo + IRllq 5 9 € Lp(X, 1, E), h € Lg(X,p, E) with f =g +h}

for fe Lp+ Ly.
(i) Check that the interpolation inequality

- 1 0
Il < A1~ If Nl o where r = T

holds for f € L, N Ly and 0 € [0,1].
(ii) (Lp N Lg, |- |lzp,nL,) and (Lp + Ly, || -||2,+L,) are Banach spaces with
(LP N LQ)(XHu‘v E) — LT(Xv/‘LvE) — (LP + LQ)(le‘LvE) — LLIOC(XHU‘? E)
for1<p<r<g< o

(Hints: (i) Holder’s inequality.  (ii) Take f € L, + Lg with || f||z,+r, = 0. To show it
vanishes, note that L, < L1 1oc for r € [1, 0o] (see Exercise 3). To prove the completeness
of L, + Ly apply Lemma 4.5. The embedding L, N Ly — L, follows from (a).)

5 Suppose p € [1,00) and f € (Lp N Loo ) (X, p, E). Prove that limg—oo || fllg = || flloo-
6 Prove that the map
LN(XanK) X LP(Xv/‘LvE) - LP(Xv/‘LvE) I ([90]7 [f]) = [@f]

is bilinear and continuous and has norm at most 1.
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7 Suppose u(X) < 0o, and for f,g € Lo(X, u, E) put

o lf — gl
do(f,9) ~—/deli~

(i) (Lo(X,u, E),do) is a metric space.

(i1) (f;) converges to 0 in (LO(X7 u, E), do) if and only if it converges to 0 in measure.
8 Let u be a Radon measure on a o-compact space X and let E be separable. Prove:

(i) C.(X,K) is separable.

(ii) C.(X, E) is separable.
(iii) Lp(X,u, E) is separable for p € [1, 00).
(iv) Loo(X, u, E) is generally not separable.

(v) S(X,u, E) is generally not dense in Loo(X, u, E).
(Hints: (i) Corollary V.4.8 and Remark 1.16(e).  (ii) Take A C Cc(X,K) and let B be
countable and dense in E. For a € A and b € B, set (a ® b)(z) := a(z)b for z € X and
consider

{z;nzoa]'@bj ; meN, (aj,b;) € AX B, j:O,...,m} .

(iii) Theorem 4.14.  (iv) Find an uncountable subset A of Lo such that ||f — g|joc > 1
for all distinct f,g € A.)
9 If p finite and F is finite-dimensional, show that S(X, u, E) is dense in Lo (X, u, E).
10 Prove the statement of Remark 4.9(c).

11 Prove:

(i) £, = L,(N,H° K) for 1 < p < oo.

(ii) €p — £ with [|-|l¢ <[]l f 1 <p < g < oo

(iii) £p 4, Ly L o o b if 1 < p < g < oo (see Section I1.2).
12 Suppose p,q € [1,00] with 1 < p < g < co. Prove:

(i) Loo(X, 11, ) C L1 (X, 11, E) = Lo(X, pt, E) — Lp(X, i, E).

(i) Li(X, 1 B) C Loo (X, B) = Lyp(X, 1, E) — Lo(X, p, E).

(iii) There exists a complete o-finite measure space (X, A, u) [or (Y, B, v)] realizing the

embedding Loo (X, i, R) — L1 (X, 1, R) [or L1(Y,v,R) — Lo (Y, v, R)].
(Hints: (i) Holder’s inequality.  (ii) Show that L, — L. and apply Exercise 4(i).)
13 For p € (0,1), prove:
G) 1F + gllz < I + gl for £,g € Lo(X, , E).
() If +gllo <277 (1 f 1o + glly) for f,9 € Lo(X, p, E).
(iil) Lp(X, u, F) is a vector subspace of Lo(X, u, E).
N:={feLlo(X,u,E); f=0 p-ae.} is a vector subspace of L,(X,u, E), and

N={feLy(X,mB); |flr=0}.
(v) Putting p(f,g) := ||f — gl induces a metric on
LP(X7U7E) = ﬁP(Xvqu)/N :

- L Z

(iv

(vi) (Lp(X,pu, E), p) is complete.
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(vil) For f,g € L,(X,p,R) with f > 0 and g > 0, we have || f 4+ gllp, > | fllr + llgll»-

(viii) The map
LP(Xv/‘LvR) *)RJF ’ [f] = ||f||P

is not a norm.
(Hints: (i) For a > 0, the map [t — a” +t” — (a + t)?] is increasing on R*.  (ii) For
a >0, examine [t — (a'/? +t"/7)/(a+1)"/?].  (vi) Adapt the proof of Lemma 4.5 and
Theorem 4.6.  (vii) Theorem 4.2.)
14 Suppose p; € [1,00] for j =1,...,m; let 1/r:= 37", 1/p;. For f; € Ly, (X, 11, K),
show that [[]", f; belongs to L. (X, y, K) and that

m m
ITL 5| < TL150, -
j=1 Toi=

(Hint: Holder’s inequality.)

15 Suppose X is a metric space. The function f € EX vanishes at infinity if for every
€ > 0 there is a compact subset K of X such that |f(z)| < € for all z € K°. Verify that

Co(X,E):={feC(X,E); f vanishes at infinity }
is the closure of C.(X, E) in BUC(X, E).
16 For f € Lo(X,pu, E), set
Ar(t) == p([Ifl >t]) and f*(t):=inf{s>0; A\f(s) <t} forte[0,00).
We call f*: [0,00) — [0, 0] the decreasing rearrangement of f. Prove:
(i) Ay and f* are decreasing, continuous from the right, and Lebesgue measurable.
(i1) If | f] < |g| for g € Lo(X, u, E), then Ay < Ay and f* < g*.
(iii) If (f;) is an increasing sequence such that |f;[ 1 [f], then Ay, T Ay and f; T f~.
(iv) For p € (0, 00),
[itran=p [ e=xon@n= [ @yran.
p's R+

R+

(V) Ifllee = £7(0).

(Vl) )\f = )\f*.
(Hint for (iv): Consider first simple functions and then apply (iii) together with Theorems
1.12 and 3.4.)
17 ForjeN,let I;x := [k277, (k+1)277] for k = 0,...,27"'. Furtherlet { J, ; n € N}
be arelabeling of { I; 1 ; j €N, k=0,...,27' } and set f, := x.,, for j € N. Prove that
(fn) is a null sequence in £,([0,1]) for every p € [1,00), even though (fn(z)) diverges
for every z € [0, 1].
18 Suppose (fx) is a sequence in L,(X), where 1 < p < co. We say that (fi) converges
weakly in L,(X) to f € Lp(X) if

/fkcpdx—>/f<pdx for p € Ly (X) .
X X

In this case, f is called a weak limit of (fx) in L,(X).
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Prove:
(i) Weak limits in L,(X) are unique.
(ii) Every convergent sequence in L,(X) converges weakly in L,(X).
(iii) If (fx) converges weakly in L,(X) to f and converges p-a.e. to g € Ly(X), then
f=g
(iv) If (fx) converges weakly in La2(X) to f and || fkll2 — ||f||2, then (fx) converges in
Ly (X) to f.

(v) Let ex(t) := (2m)""/2e'™ for 0 < t < 2w and k € N. Then the sequence (ey)
converges weakly to 0 in L2 ((0,27)), even though it diverges in Lz ((0,27)).
(Hints: (i) For f € Ly(X) consider ¢(z) := f(x) |f(x)|p/pl_1. (ii) Holder’s inequality.
(iii) Show that g € L,(X), so [|g| = oo] is a p-null set. If X,, := [supy,, |fx(z)| > n] then
() X, is also a p-null set. Now consider lim fx; fapdx for ¢ € Ly (X).  (iv) Apply
the parallelogram identity in L2 (X). (v) The first statement follows from Bessel’s

inequality, the second from (ii).)



5 The n-dimensional Bochner—Lebesgue integral

In this short section, we discuss the relationship between the Bochner—Lebesgue
integral and the Cauchy—Riemann integral defined in Chapter VI. We show that
every jump continuous function is Lebesgue measurable and that the corresponding
integrals are equal. This connection will allow us to bring into Lebesgue integration
theory the methods we developed for the Cauchy—Riemann integral.

We also show that a bounded scalar-valued function on a compact interval
is Riemann integrable if and only if the set of its discontinuities has measure
zero. From this it follows that there are Lebesgue integrable functions that are
not Riemann integrable. Thus the Lebesgue integral is a proper extension of the
Riemann integral —and therefore also of the Cauchy—Riemann integral.

In this entire section, suppose

e X C R" is a \,-measurable set of positive measure;
E = (E,|-|) is a Banach space.

Lebesgue measure spaces

From Exercise IX.1.7, we know that Lx := £(n)| X is a o-algebra over X. Thus
the restriction A, | X := A, | Lx is a measure on X, called n-dimensional Lebesgue
measure (or Lebesgue n-measure) on X. We denote this restriction by A, as well.
We check easily that (X, Lx,\,) is a complete o-finite measure space. If there is
no danger of misunderstanding, we drop the qualifier “Lebesgue” (or “\,,”) from
the words measurable, measure, integrable and so on.

If f € EX is integrable, we call

/deAn :=/de<An|X>= Frx dh,

R™

the (n-dimensional) (Bochner-Lebesgue) integral of f over X. The notations
/ f@)dAn( and / flz) A
b's

For short, we set

are also common.

Ly(X,E):=L,(X, M, E) and L,(X, E) := L,(X, A\, E) .

We also set £,(X) := L,(X,K) and L,(X) := L,(X,K) for p € [1,00] U{0}.

The next theorem lists important properties of n-dimensional integrals.
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5.1 Theorem Suppose X is open in R"™ or, in the case n = 1, a perfect interval.
Then:

(i) An is a massive Radon measure on X.

) C(X, E) is a vector subspace of Ly(X, F).

(ili) BC(X, E) is a closed vector subspace of Loo(X, E).
)

C.(X,FE) is a dense vector subspace of L,(X,FE) for p € [1,00). If K is a
compact subset of X, then

1y < )\n(K)l/p [flloo for f € C.(X,E) such that supp(f) C K .

(v) If X has finite measure and 1 < p < g < oo, then
Ly(X, E) < Ly(X, E)

and
1£llp < An(X)VP7V9 fllg for f € Ly(X, E) .

Proof (i) X is a o-compact metric space— by Remark 1.16(e) if X is open, and
for obvious reasons if X is an interval. Now the claim follows from Remark 1.16(h)
and Exercise IX.5.21.

(ii) and (iii) are covered respectively by Proposition 4.17 and Theorem 4.18(ii).

(iv) The first statement is a consequence of Theorem 4.18(i), and the second
is obvious.

(v) is a special case of Theorem 4.16. m

5.2 Remark Suppose X is measurable and its boundary 0X is a A,-null set.
Then the Borel set X belongs to £(n), and we have A, (X) = An(X). Further,
one checks easily that the map

Ly(X,E) = L,(X,E) , [fl~ [f]X]

is a vector space isomorphism for p € [1,00] U {0}. If p € [1, o0], it is an isometry.

Thus we can identify L,(X, E) and L, (X7 E) for p € [1,00] U {0}. In particular,
for an interval X in R with endpoints ¢ := inf X and b := sup X, we have
Ly(X,E) = Ly([a,b], E) = Ly([a,b), E) = Ly((a,b], E) = Ly((a,b), E)

for p € [1, 00] U {0}.

The Lebesgue integral of absolutely integrable functions

We now show that every absolutely integrable function is Lebesgue integrable, and
its integral in the sense of Section VI.8 equals the Lebesgue integral.
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5.3 Theorem Suppose f: (a,b) — E is absolutely integrable, where a,b € R and
a < b. Then f belongs to El((a, b), E), and

b
Mh:/f.
(a,b) a

Proof (i) Suppose a < a < < b. If g: [, 8] — E is a staircase function, then

g is obviously A;-simple and
B
/ gd\ z/ g . (5.1)
(avﬁ) o

Now suppose g: [a, 3] — E is jump continuous. Then there is a sequence (g;)
of staircase functions that converges uniformly to g. Therefore g is measurable,
and Remark VI.1.1(d) and Corollary 3.15(ii) show that g belongs to £1((c, 8), E).
Because g is bounded and the sequence (g;) converges uniformly, there is an M > 0
such that |g;| < M for all j € N. Therefore it follows from Lebesgue’s dominated
convergence theorem that

hm g;j d\ = / gd)\l
I (@,B) (e.)

in E, and we conclude using (5.1) and the definition of the Cauchy-Riemann
integral that

B B
/ g = lim / g; = lim g; d\1 :/ gdA .
a J7° Ja I J(a,8) (a,3)

(if) We fix ¢ € (a, b) and choose a sequence (5;) in (¢, b) such that 8; T b. We
also set!
9:=Xer) S + 95 =Xep)f forjeN.

By (i), (g;) is a sequence in £4(R, E). Obviously (g;) converges pointwise to g
and (|g;]) is an increasing sequence converging to |g|. Therefore ¢ is measurable.
From (i), it follows that

Bj
/MMM:/ UMM:/Iﬂ,
R (¢,85) c

and the absolute convergence of fcb f implies

Bj b
tin [ Jgjlan = lim |11 [ 111 (5:2)
J—70 JR J7° Je c

IHere and in similar situations, we regard X[e,b)f as a function on R. Writing X[c,b)f would
be more precise but cumbersome.
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On the other hand, the monotone convergence theorem shows that

]/|g|dA1:: Jim j/|gj|dxl,
R J—70 JR

and we see from (5.2) that g belongs to £1(R, E). Therefore we can apply the
dominated convergence theorem to the sequence (g;), to get

lim [ gjd\ = / gd\ = fd\
R R [c,b)

J—00

in E. Further, it follows from (i) that

Bj
/WM:/ fMFJ‘L
R [e.B5) c

and hence, by Proposition VI.8.7,

Bj b
lim [ gjd\ = lim / f :/ f
J=0 JR J=oo Je c
in E. Thus the limits f[c ) fdX i and fcb f are equal. In similar fashion, we show

that x(q,cf belongs to £1(R, E) and that f(ad fdxy = [ f. This shows that f is
Lebesgue integrable with f(a p fdX = f: f-m

5.4 Corollary For —oco < a < b < oo, we have S([a, b], E) — L ([a, b], E) and

b
fd)q:/f forfeS([a,b],E).
] a

[a,b

Proof This follows from Theorem 5.3 and Proposition VI.8.3. m

5.5 Remarks Fix a,b € R with a < b.

(a) Suppose f: (a,b) — E is admissible and f: f exists as an improper integral.
Then f need not belong to £1((a,b), E).
Proof We define f: R — R by

a 0 if z € (—00,0),
J@=3 (C1y/;  ifweli-1), wherej €N~ .

Obviously f is admissible, and [ f exists in R, since

/wf—j(lﬁﬁ.

— 00 =1
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If f belonged to L1(R), we would have [, |f|dA\1 < oo, contradicting the monotone
convergence theorem, which gives

k
/R|f|dA1 :klillgo/RX[o,k] || dAs :lerlgO; l/j=oco. m

(b) Suppose f: (a,b) — FE is admissible and f belongs to El((a,b),E). Then f
is absolutely integrable, and

b
fd/\lz/ ;o OmE.
(a,b) a

Proof Take ¢ € (a,b) and let (o) be a sequence in (a,c) with a; — a. Also let
[ = Xja,,ef- Then (f;) converges pointwise to X(q,c] f, and we have |f;| < |f| for j € N.
Because f is admissible, Proposition V1.4.3 shows that |f| | [«;, ¢] belongs to S([ey, c], R).
Thus it follows from Corollary 5.4 and the dominated convergence theorem that

/C.'f':/a,c'fWH Il

Therefore [ |f] exists. Analogously, we show the existence of [ | f| and thus the absolute
convergence of f f. The second statement now follows from Theorem 5.3. m

Suppose f € L1((a,b), E). Remark 5.5(b) shows that 1o misunderstanding
should arise in this case if we denote f 1w [ dAi by f for f f(x)dz. From now
on, we will usually write in the n- dlmensmnal case

/dexzz/xfd/\n

Theorem 5.3 and its corollary allow us to transfer the integration methods
developed in Volume II to the framework of Lebesgue theory. In combination
with the integrability criterion of Theorem 3.14 and the dominated convergence
theorem, these provide very effective tools for proving the existence of integrals.
This will be made clear in the remaining sections of this chapter, when we develop
procedures for the concrete evaluation of “multidimensional” integrals.

A characterization of Riemann integrable functions

Theorem 5.3 showed that the Lebesgue integral is an extension of the Cauchy—
Riemann integral. We now characterize Riemann integrable functions and show
that this extension is proper.

5.6 Theorem Let I be a compact interval, and let f: I — K be bounded. Then
f is Riemann integrable if and only if it is continuous Aj-a.e. In this case, f is
Lebesgue integrable, and the Riemann and Lebesgue integrals are equal.
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Proof (i) We can take without loss of generality the case K = R and I := [0, 1].
For k € N, let 3 := (§o,k, - - -, &2r ;) be the partition of [0, 1] with &5 := j27F for
j=0,...,2% Also suppose

Tok = [Cor,E1k] 5 Lix:i=Err ] forj=1,...,2" 1.

Finally, set o1 == inf;cefj,k f(x), Bjk:= SUD, e, f(x), and

2k 1 2k 1
gi = Z OG5 kXI5 hy := Z 6]"16)([]),C forkeN.
j=0 §=0

Then (gi) is an increasing and (hy) a decreasing sequence of \;-simple functions.
Therefore their pointwise limits g := limg g5 and h := limy hy are defined and
Ar-measurable, and g < f < h. Furthermore, we have

/ grdh = S(f, k) and / b dhs = S/, k) |
[0,1]

(0,1]

where S(f, k) and S(f, k) stand for the lower and upper sums of f on [0, 1] with
respect to the partition 3 (see Exercise VI.3.7). Denoting by [ f and [ f the
lower and upper Riemann integrals of f on [0,1], we find from the monotone
convergence theorem that

/[0’1]<h—g> dAs = /f—_/f . (5.3)

(i) Let R := Upen{€o.ks--->&ax 1} be the set of endpoints of the intervals
I . Let C be the set of continuous points of f. Then

[g=hNR°CCClg=h]. (5.4)

To see this, take € > 0. Suppose first that o € R° and g(zo) = h(xo). We can
find a k € N such that hy(z0) — gr(z0) < € and a j € {0,...,2% — 1} such that z
lies in the interval (& k,&;41,%). For « € I, we thus have

|f(z) = f(zo)| < sup f(y) — inf f(y) = hw(zo) — gr(zo) <e,
yel ik yeljk
which proves the continuity of f at zg.

Now suppose zg € C. Take 6 > 0 such that |f(z) — f(zo)] < €/2 for
x € [zg — 0,70 + 6] N[0,1]. Choose kg € N with 27% < § and take for every
k>koaje{0,...,28 — 1} such that zg € I; ; C [v0 — 6, 7o + 6]. Then

0 < hi(zo) — gr(xo) = sup (f(x) - f(xo)) - g}f (f(ﬂ?) - f(%)) <e.

:CEIJ,)C TELj K

It follows that h(zo) — g(zo) = limy (hi(zo) — gr(w0)) = 0. This proves (5.4).
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(iii) If f is a Riemann integrable function, then [ f = f [ = [f (Exercise
VI1.3.10). Therefore (5.3) shows that B

h=g=1f Ai-a.e. (5.5)

which implies the Aj-measurability of f. Since f is bounded, f € £1([0,1]). We
also have |gi| < ||flleo A1-a.e. for k € N. Then Lebesgue’s dominated convergence
theorem results in

/ gd\; = lim grd\ = th (f, k) / f,
[0.1] B Jo)

where, in the last equality, we have once more used Exercise VI.3.10. From (5.5)
and Lemma 2.15, it follows that fo yfdd = fo f. Finally (5.4), (5.5), and the
countability of R imply that the dlscontlnuous points of f form a set of Lebesgue
measure zero.

(iv) Suppose conversely that C¢ has measure zero. By (5.4), so does [g # h],
and the Riemann integrability of f follows from (5.3). This finishes the proof. m

5.7 Corollary Some Lebesgue integrable functions are not Riemann integrable.
Thus the Lebesgue integral is a proper extension of the Riemann integral.

Proof Consider the Dirichlet function
1 ifreQ,
Fba-R, f@={ |

ifz¢Q,

on [0,1]. By Lemma 2.15, f belongs to £1([0,1]), since f vanishes almost every-
where. But we know from Example III.1.3(c) that f is nowhere continuous, hence
not Riemann integrable by Theorem 5.6. m

The equivalence class of maps that agree a.e. with the Dirichlet function
contains Riemann integrable functions—for example, the null function. So this
example is uninteresting from the viewpoint of Li-spaces. However, in Exercise 13,
it will be shown that there exists f € £ ([0, 1], R) such that no g € [f] is Riemann
integrable. This implies that the Riemann integral is inadequate for the theory of
L,-spaces.

Exercises

1 For p,q € [1,00] with p # ¢, show that L,(R, E) ¢ Lq(R, E).

2 Suppose J is an open interval and f € C*(J, E) has compact support. Then fJ f'=o.
3 Suppose f € Lo([0,1],R") is bounded. Show that

[fﬁ [O!l]fdhé/_f.
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4 Suppose I is a compact interval, and define the space of functions of bounded variation
on I by

BV(ILE):={f:1—E; Var(f,I) < oo} .

(a) In the sense of vector subspaces, we have the inclusions
C"(I,E)c BV(I,E) C B(I,E) .

(b) Let o := infI and f € Li(I,E). Then F: I — E, z — [7 f(t)dt belongs to
BV(I,E), and Var(F,I) <| f|.

(c) For every f € BV (I,R), there are increasing maps s*: I — Rsuchthat f=st—s".

(d) BV(I,R) is a vector subspace of the space S(I,R) of jump continuous functions
I —R.

(e) Every monotone function belongs to BV (I,R).
(Hint for (c): For a := infI, consider the functions s* := (z — Var(fT,[a,z])) and
sTi=s—f.)

5 Suppose H is a separable Hilbert space. Show? that BV([a, b], H) is a vector subspace
of Lo ([a,b], H) and that

b—h
/ Il f(t+h) — f(t)||dt < hVar(f,[a,b]) forO<h<b—a.
(Hints: Note Exercises 1.1 and 4(d). For 0 < h < b—a and t € [a,b — h], show that
£t +h) = FO)]l < Var(f, [a, ¢ + h]) = Var(f, [a,1]).)

6 Suppose J C R is a perfect interval. A function f: J — FE is absolutely continuous if
for every € > 0 there is 6 > 0 such that

m

D IFB) = flaw)| < e
k=0
for every finite family { (ak,Bk) 5 k=0,... ,m} of pairwise disjoint subintervals of J

with 37" o (Bx — ax) < 6. We denote by W (J, E) the set of all absolutely continuous
functions in E’. Prove:

(a) In the sense of vector subspaces, we have the inclusions
BC'(J,E) Cc W{(J,E) C C(J,E) .

(b) If J compact, then Wi (J, E) c BV (J,E).
(c) The Cantor function (Exercise II1.3.8) is continuous but not absolutely continuous.

(d) Set o := inf J and take f € L1(J,E). Then F: J — E, x — f; f(t) dt is absolutely
continuous.

20ne can show that the statement of Exercise 5 remains true if H is replaced by an arbitrary
Banach space.
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7 For j =1,2, define f;: [0,1] — R by

x? sin(1/z%) if x € (0,1] ,

fi(x) == o

0 ifx=0;
compare Exercise IV.1.2. Prove:
(a) f1 € BV([0,1],R).
(b) f2 ¢ BV ([0, 1], R).
8 Let p and v be measures on a measurable space (X,.A). We say v is u-absolutely
continuous if every p-null set is also a v-null set. In this case, we write v < p.

(a) Let (X, A, 1) be a o-finite complete measure space. For f € Lo(X,u, RY), define
fems A=l A [ faa.
A

Show that f « u is a complete measure on (X, A) with f«pu < p.
(b) Let A:= Loq), v:= A1, and p:= H°. Check:
(i) v < p.
(ii) there is no f € Lo([0, 1], A, ) such that v = f« p.
9 Suppose (X, A, v) is a finite measure space and p is measure on (X,.4). The following
statements are equivalent:
(i) v < p.
(ii) For every € > 0 there is 6 > 0 such that v(A) < € for all A € A with pu(A) < 4.
10 For f € Lo(R,A\1,RT), let F(z) := JE. f(t)dt for © € R, and denote by ur the
Lebesgue—Stieltjes measure on R generated by F'. Prove:
(a) FF € W{(R,R) implies pr < A1.
(b) pr < B1 implies F € W (R, R) if pp is finite.
11 Let I is an interval and take f € £1(I,R"). For a fixed a € I, suppose [ f(t)dt =0
for x € I. Show that f(z) = 0 for almost every z € I.
12 Let 0<a<b<ooand I :=(—b,—a)U(a,b), and suppose f € L1(I, F). Show that
J; fdz=0if fis odd, and fIfdx:2f:fdxiffiseven.
13 Define
Ko :=1[0,1] ,
Ky = Ko\ (3/8,5/8) ,
Ky := K1\ ((5/32,7/32) U (25/32,27/32)) , ...
Generally, K, 41 is derived from K, by the removal of open “middle fourths” of length
(1/4)"*! rather than middle thirds as in the construction of the traditional Cantor set

(Exercise I11.3.8). Set K := (K, and f := xx. Show that f belongs to £1([0,1]) and
that no g € [f] is Riemann integrable.



6 Fubini’s theorem

The heart of this section is the proof that the Lebesgue integral of functions of
multiple variables can be calculated iteratively and that this sequence of one-
dimensional integrations can be performed in any order. Therefore multivariable
integration reduces to integrating functions of only one variable. With the results
of the previous section and the procedures developed in Volume II, multidimen-
sional integrals can be calculated explicitly in many cases.

The method of iterative evaluation of integrals has wide-reaching theoretical
applications, a few of which we will present.

Throughout this section, we suppose
e m,n are positive integers and F is a Banach space.

In addition, we will generally identify R™"" with R™ x R".

Maps defined almost everywhere

Suppose (X, A, i) is a measure space. We will often consider nonnegative R-
valued functions that are only defined p-a.e. For these, we shall simply write = +—
f(z), without specifying the precise domain of definition. We say such a function
x +— f(x) is measurable if there is a p-null set N such that f|N¢: N¢© — R*
is defined and p-measurable. Therefore [y. fdu is defined. If M is another u-
null set such that f|M¢: M¢ — RY is defined and p-measurable, the equalities
w(N) = pu(M)=p(M UN) =0 and Remarks 3.3(a) and (b) imply that

Jo = J 0= ] A

| tawi= [ i (6.1)
X Ne

Therefore

is well defined and independent of the chosen null set V.

For an E-valued function xz — f(z) defined u-a.e., we define measurability
just as above. We say such an f is integrable if f| N¢ belongs to £1(N€¢, u, E).
In this case, fX fdu is also defined through (6.1), and Lemma 2.15 shows this
definition is meaningful.

Consider for example A € £(m+n), and assume that the cross section Ap,; is
An-measurable for A,,-almost every x € R™. Then z +— A, (A[y) is a nonnegative
R-valued function defined Ap-a.e. If 2 +— A, (A[;)) is measurable, the integral
Jgm An(Ap) da is well defined.
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Cavalieri’s principle

We denote by C(m,n) the set of all A € L(m + n) for which
(i) Ay € L(n) for Ap,-almost every = € R™;
(i) x+— A ( [2]) i Am-measurable;
(1) Ampn(A) = fom An(Ap)) da.
We want to show that C(m,n) agrees with £(m + n), but we need some prelimi-
naries.

6.1 Remarks (a) Suppose A € C(1,n) is bounded and pry(A4) is an interval with
endpoints a and b. Then

b
Ant1(A) :/ An(Af)) dz

This statement is called Cavalieri’s principle and makes precise the geometric idea
that the measure (volume) of A can be determined by partitioning A into thin
parallel slices and continuously summing (integrating) the volumes of these slices.

prz(4)

(b) L(m) X L(n) C C(m,n).

(c) For every ascending sequence (4;) in C(m,n), the union (J; A; belongs to
C(m,n).

Proof (i) For j € N, let M; be a Ap-null set such that A; ;) = (A4;)) € L(n) for
x € Mj. Letting A :=J; A; and M :=J; M;, we then have Ay =, Aj (2] E L(n) for
x € M*¢. The continuity of A, from below implies A\, (A[;)) = limy; An (4 ) for x € M€,
and we conclude with the help of Proposition 1.11 that z — An(Afy) is )\ measurable.

(ii) Because A; € C(m,n), we have
/ )\n(Ajy[z]) dr = /\m+n(Aj) for j €N,
and from the monotone convergence theorem, it follows that

lim )\n(Ajy[z]) dx = / )\n(A[I]) dx . (62)

J RM RM
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The continuity of Ay,+n from below thus shows that
)\ern(A) = lir_n )\m+n(Aj) = lir_n )\n(Aj,[z]) dx = / )\n(A[z]) dx .
J J R™ m
Therefore A belongs to C(m,n). m
(d) Suppose (A;) is a descending sequence in C(m,n) and there is a k € N such
that Ajin(Ak) < oo. Then (; A; belongs to C(m,n).

Proof We set A :=[); A;. The measurability of Am-almost all cross sections Aj,) and
of  +— An(A[,) follow as in (c). Next, Lebesgue’s dominated convergence theorem shows
that (6.2) is true in this case. The claim now follows as in (c). m

(e) Suppose (A4;) is a disjoint sequence in C(m,n). Then |J; A; also belongs to
C(m,n).

Proof Because of (c), it suffices to prove the statement for finite disjoint sequences. We
leave this to the reader as an exercise. m

(f) Every open set in R™"

Proof This follows from Proposition IX.5.6, (e) and (b). m

belongs to C(m,n).

(g) Every bounded Gs-set in R™" belongs to C(m,n).
Proof This follows from (f) and (d). m

(h) Suppose A is a Ayqpn-null set. Then A belongs to C(m,n), and there is a
Am-null set M such that A, is a A,-null set for every z € M*€.

Proof It suffices to verify there is a A,,-null set M such that A\n(Ap)) =0 for z € M°.
So let A; := AN (jB™%") for j € N. Then (A;) is an ascending sequence of bounded
Am+n-null sets with (J; A; = A. By Corollary IX.5.5, there is a sequence (G) of bounded
Gs-sets with Gj D A; and Am+n(G;) =0 for 7 € N. From (g), it therefore follows that

Hence, there is for every j € N a Ap,-null set M; such that A\, (G} (q)) = 0 for z € M
(see Remark 3.3(c)). Because

Uj Gj,[z] D U]- Aj,[z] = (UJ Aj) ] = A[I] for x € R™ s

M= j Mj has the desired property. m
After these remarks, we can now show the equality of C(m,n) and L(m +n).

6.2 Proposition C(m,n) = L(m + n).

Proof We need only check the inclusion £(m +n) C C(m,n).

(i) Suppose A € L(m + n) is bounded. By Corollary IX.5.5, there is a
bounded Gs-set G such that G D A and A\pyyn(G) = Am4n(A). Because A has
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finite measure, G\ A4 is a bounded \,,,-null set by Proposition 1X.2.3(ii), and
we conclude using Remark 6.1(h) that (G\ A)[y) = G[o)\ A}y is a Ap-null set for
Am-almost every x € R™. By Remark 6.1(g), G|, belongs to L£(n) for A,,-almost
every x € R™. Because

Alz) = G N (G \Apr))© for z € R™

this is also true of A,,-almost every intersection Ap). In addition, A\,(Ay)) =
An(Glgp) for Ap-almost every = € R™. We know by Remark 6.1(g) that G belongs
to C(m,n). Therefore x +— A, (A[;]) is measurable, and

Aman(G) = /m )\n(G[x]) dxr = /m )\n(A[x]) dzx .

Therefore A belongs to C(m,n).

(ii) If A is not bounded, we set A; := AN (jB™*") for j € N. Then (A;) is
an ascending sequence in £(m + n) with (J; A; = A. The claim now follows from
(i) and Remark 6.1(c). m

6.3 Corollary If A € L(m +n) has finite measure, then A, (Ap)) < oo for Ay,-a.e.
x e R™.

Proof Because Proposition 6.2 implies

/\n(A[x]) dx = )\m_;,_n(A) <00,
R"m,

the claim follows from Remark 3.11(c). m

For A € L(m +n) and z € R™, we have xa(x,-) = xa,,, so Proposition 6.2
can also be formulated in terms of characteristic functions. It is then easy to apply
the statement to linear combinations of characteristic functions and therefore to
simple functions.

6.4 Lemma Suppose f € S(R™™" E).
(i) f(z,-) € S(R", E) for A\,,-almost every x € R™.
(ii) the E-valued function x — f]R” x,y) dy Is A, -integrable.

111 f]R7n+” fd € y fR"n I:I]R” T,y dy} dl‘

Proof (i) With f = Z?:o ejXa,, we have f(z,-) = Z?:o €jXa,,, forz € R™.
Then it follows easily from Proposition 6.2 and Corollary 6.3 that there is a A,,-null
set M such that f(z,-) belongs to S(R", E) for every x € M°.
(i) We set
k

g(x) = flx,y)dy = Z e n(Aj ) forze M©. (6.3)

R™ =0
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Then Proposition 6.2 and Remark 1.2(d) show that x — g(z) is A,,-measurable.
In addition, we have

k

[ 1ol = 3l [ e =3 e Amsal) < o

j=0 j=0

Therefore x — g(z) is \p,-integrable.
(iii) Finally, it follows from Proposition 6.2 and (6.3) that

k
/RWM Zej mtn (A Zej / Aj o)) dr = / gdx
j=
=/ [ f(z,y) dy}dx,
m LJgn

which completes the proof. m

6.5 Remark In the definition of the set C(m,n), we chose to single out the first
m coordinates of R™". We could just as well have chosen the last n coordinates
and made the same argument not with A,,(A,]) but with A (A for A,-almost
every y € R". With this definition of C(m, n), we would obviously have found that
C(m,n) = L(m + n). Thus the roles of z and y in Lemma 6.4 can be exchanged,
and we conclude that, for f € S(R™", E),

(i) f(-,y) € S(R™, E) for Ay-almost every y € R™;
(ii) the E-valued function y — [ f(x,y)dx is A,-integrable;
(i) Sgmen £ @, y) = [on [Jom f(2,y) da] dy.

In particular, we find

L] tewa]a= [ [ tai]a

for f € S(R™", E). In other words, the integral Jgman [ d(z,y) can be calculated
iteratively in the case of simple functions, and the order in which the integrals are
performed is irrelevant. m

Applications of Cavalieri’s principle

The main result of this section is that the statement of Remark 6.5 about the
iterative calculation of integrals remains true for arbitrary integrable functions f.
Before we prove this theorem, we first give a few applications of Cavalieri’s prin-
ciple, meaning that we are working in the case f = xa.
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6.6 Examples (a) (geometric interpretation of the integral) For M € £(m) and
f € Lo(M,R"), the set

Spi=58rm={(z,y) eR"xR; 0<y< f(z), ze M}

belongs to £(m + 1), and

R
[ iz =S
M
that is, the integral fM f dx equals the Sy
(m~+1)-dimensional Lebesgue measure
of the set of points under the graph | > R™
of f.1 M

Proof Set fi := pry and fo := foprgm. Then fi and fo belong to Lo(M x R,R™), and
Sy = [0 < fi < f2]. Therefore Proposition 1.9 implies the Am+1-measurability of Sy.
Because (Sf)z) = [0, f(z)] for x € M, it follows that A1 ((Sf)s)) = f(x), and hence

Amt1(Sy) = / A ((Sf) ) dz = Mfdx ,

by Proposition 6.2. m

(b) (substitution rule for linear maps) Suppose T' € L(R™), a € R™ and M €
L(m). Also let o(z) := a+Tx for x € R™ and f € L1(p(M)). Then f o belongs
to L1(M), and

/ fdy:|detT|/ (fop)dr . (6.4)
P (M) M

In particular, the Lebesgue integral is affine isometry invariant, that is, for every
affine isometry ¢ of R, we have

/f: fop for feLi(R™).

Proof (i) By Theorem IX.5.12, ¢ maps the o-algebra £(m) into itself. Therefore (M)
belongs to £(m), and Theorem 1.4 implies that f o ¢ lies in Lo(M). The decomposition
f=/fi—fot+i(fs — f1) with f; € L1(p(M),RT) shows that we can limit ourselves to
the case of f € L1(¢(M),R"). Then (a) says that

/ = 2Am1(Sspn) / fowo=Amt1(Srop,m) - (6.5)
P (M) M

(i) We set @ := (a,0) € R™ x R and T(z,t) := (Tz,t) for (z,t) € R™ x R. Then
a+T(Sfop) =Sy and det T' = det T', because the representation matrix 7" has the block

1Compare the introductory remarks to Section VI.3.
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structure -
=15
Corollary 1X.5.23 and Theorem IX.5.25 therefore imply
Am+1(S5) = Ama1 (T(Spop)) = [det T Amt1(Spop)
which, due to (6.5), proves (6.4). The integrability of foy follows from Remark 3.11(a). m
(c) (the volume of the unit ball in R™) For m € N*, we have
/2
T(+m/2)’
in particular, A\; (B') = 2, A\(B?) =7, and A\3(B®) = 47/3.

Am (B™) =

Proof Setting wm := Am(B™), we obtain from
Cavalieri’s principle and Remarks IX.5.26(b) and (B™)W! 1—9?
6.5 that

on = [ (@) A=
_ / Mt (VIS g2B™ ) dy m
= omes [ (VT '

To calculate the integral

1 1
B ::/ (1—y2)<m—1)/2dy:2/ (1 =)™ V2 4y for m e N¥ |
—1 0

we let y = —cosz, so that dy = sinxz dz. This gives By, = 2[”/2 sin™ z dz. It follows

0
from the proof of Example VI.5.5(d) that

m—1(2m —3) - - -1 Im(2m —2) - --. .9
BQm:(m )(m 3) ST, Bgm+1: m(m ) L2
Im@m —2)- - 2 Cm+1)Em—1)- -1
Thus we find By Bm—1 = 27/m and
2
Wm = Bmwm-1 = BmBm—1wm—2 = Eﬂ-wm—Q . (66)

Since w1 = 2, we obtain wy = Baw1 = 2B = 7w and therefore, with (6.6),

" 2m)™
Wom = — ,  Womtl = (2m) -2
m!

135 -(2m+1)

These two expressions can be unified with the help of the Gamma function, because

3 ™
(m+1)=m!, F(m+§>:2\"{; 13- (2m4+1)

(see Theorem VI.9.2 and Exercise V1.9.1). m
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Tonelli’s theorem

We now prove the advertised theorem that justifies the iterative calculation of
integrals of nonnegative R-valued functions. This version, Tonelli’s theorem, will
give us an important integrability criterion in the case of E-valued functions.

6.7 Theorem (Tonelli) For f € Lo(R™" RT),
i) f(z,) € EO(R",R;*) for Ap-a.a. x € R™,
f(,y) € Lo(R™,RY) for \y-a.a. y € R”;
(ii) = — [pn f(av7 y) dy is A\y,-measurable,
Y — fpm f(z,y) dx is X\,-measurable;
(i) Jomen fAd@y) = fom [Jon f@y) dy] de = [0 [ fom flzy) dz] dy.

Proof (i) By Theorem 1.12, there is an increasing sequence (f;) in S(R™™, R™)
that converges to f. The monotone convergence theorem then gives

lim fid(z,y) = / fd(z,y) in RY . (6.7)
J Rmtn Rm+n

Further, by Lemma 6.4, there is for every j € N a A,,-null set M; such that
fi(x,-) € SR™,R") for z € Ms. If we set M := |J; M;, we then see from the
monotone convergence theorem that

/ fj(x,y)dyT/ flz,y)dy for x € M€ (6.8)
R R™

Lemma 6.4(ii), Proposition 1.11, the fact that M has measure zero, and (6.8)
imply that the R-valued function = — f]R" f(x,y) dy is \p,-measurable. Next, it
follows from (6.7), Lemma 6.4(iii), (6.8), and the monotone convergence theorem
that

/ fd(z,y) =lim fid(z,y) =lim
R™+7

J R™ +n J R™ |: R™

_ /[ LX) dy| da

The remaining statements are proved analogously (paying heed to Remark 6.5). m

fi(z,y) dy} dx

6.8 Corollary For f € Lo(R™"™, E), suppose f = 0 Ay in-a.e. Then there is a
Am-null set M such that f(x,-) vanishes \,-a.e. for every x € M, and a \,-null
set N such that f(-,y) =0 Ap-a.e. for every y € N€.

Proof Clearly, it suffices to prove the existence of M (compare Remark 6.5).
Tonelli’s theorem gives

/m [/L |f(x,y)|dy} clx:/]Rern If]d(z,y) =0 .
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Thus according to Remark 3.3(c) there is a A,,-null set M such that

[l =0 woreene,

from which the claim follows again by Remark 3.3(c). m

Fubini’s theorem for scalar functions

It is now easy to extend Tonelli’s to the case of integrable K-valued functions,
which is of particular interest for applications.

6.9 Theorem (Fubini) For f € £;(R™""),

(i) f(z,-) € L1(R™) for Ap,-almost every x € R™,
f(-,y) € L1(R™) for A,-almost every y € R™;

(i) z— [pn f(av7 y) dy is An,-integrable,
Y f]R’” x,y) dx is A,-integrable;
() fmeo £ 4(28) = fyn U £(15) ] do = fo [ £, da] dy.
Proof (a) For f € £;(R"™"" R™), the claim follows from Tonelli’s theorem and
Remark 3.3(e).

(b) Given the representation f = f1— fo+i(fs— f1), with f; € £(R™T™ R™),
the general case now follows by Corollary 2.12 and the linearity of the integral. m

6.10 Corollary Suppose A € L(m) and f € L1(A). Let (j1,...,Jjm) denote a
permutation of (1,...,m). Then

/Afdx:/ / /f dxﬁ)---dxjm_l)dxjm.

Fubini’s theorem guarantees that integrable functions can be integrated in
any order. In combination with Tonelli’s theorem, we obtain a simple, versatile,
and extraordinarily important criterion for the integrability of functions of multiple
variables, as well as a method for explicitly calculating integrals.

6.11 Theorem (Fubini-Tonelli) Suppose A € L(m +n) and f € Ly(A).
(i) If one of the integrals

/ {/ |F(z,y)| dy} dz | /R {/ |F(z,y)| dx} dy , /:4|f|d(x7y)

is finite, then so is each of the others, and they are all equal. In that case, f
is integrable, and the statement of Theorem 6.9 holds for f.
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(ii) If prgm(A) is measurable? and f is integrable, then

Afd(x’y)_/prwm) [/AM f(x,y)dy] dz .

Proof Because f belongs to Lo (R™*™), the first statement follows immediately
from Tonelli’s theorem. Then by Theorem 3.9, f is integrable, and hence so is f.
The claim is now clear. m

6.12 Remarks (a) We have lost no generality by choosing the first m coordinates,
because by Corollary 6.10, this order can always be achieved by a permutation.

(b) Typically we omit the brackets in f]R" [ Joom [(2,9) dx} dy and instead write,
say,

/ [l y)dzdy . (6.9)
w Jam

In this notation, it is understood that the integrals are to be evaluated from the
inside to the outside.> The iterated integral (6.9) is to be distinguished from the
(m + n)-dimensional integral

/}R ot d(z,y) = /R o Do

(c) There exists f € Lo(R?) \El(RQ) such that

/R/Rf(x’y)dxdy:/R/Rf(af,y)dydx:o.

Therefore the existence and equality of the iterated integral does not imply that
f is integrable.

Proof Define f: R? — R by

Y if (z
fz,y) = { (22 +y?)? f@y)# (0.0, (6.10)
0 if (z,y) = (0,0) .

Then f is Ag2-measurable. For every y € R, the improper Riemann integral fR flz,y)dx
converges absolutely. Also f(-,y) is odd. Hence [, f(x,y)dx = 0 for every? y € R, and
therefore, because f(z,y) = f(y, ), we have

/R/Rf(x’y)dxdy:/R/Rf(lny)dydx:o,

2As Remark IX.5.14(b) shows, this is not generally the case.

3That is, the integral me f(z,y) dz is calculated for fixed y and the result is then integrated
over y in R"™.

4The case y = 0 is covered in the given argument, although it follows more simply from the
fact that f(-,0) =0.
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Now suppose f were integrable. Then, by Fubini’s theorem, 2 — [ |f(z,y)| dy would
also be integrable, which, because

|lzy| 1
/R(JL’QerQ)Q dy = m forx #0 ,

cannot be true. m

(d) There exists g € Lo(R?) \ L£1(R?) such that

O<‘//g(x,y)dmdy‘:‘//g(x,y)dyd:v < 00 .
RJR RJR

Proof Let f be the function from (6.10) and take h € L£1(R?) with [hd(z,y) > 0.
Then g := f 4+ h has the stated properties. m

6.13 Examples (a) (multidimensional Gaussian integrals) For n € N*, we have

_ 2
/ el g = 77/2

Proof Using |z|> = 27 + --- + 22 and the properties of the exponential function, it
follows from Tonelli’s theorem that

2 2 2 2
/ Pl dm:/~ ./e—%e—xz. cee e Tndpy - o o dan
Rn R R
. —z2 —t2 "
= H e idxj = ( e dt) .
iZ1JR R

Now the claim follows from Application VI.9.7. m
(b) (a representation of the beta function®) For v,w € [Rez > 0],

L'(v)L(w)

B(v,w) = T tw)

Proof Set A := {(s,t) € R? ; 0 <t < s} and define yw: A — C by vo,u(s,t) =
t""Hs —t)*"te™* for v,w € [Rez > 0]. Setting v, (t) := t" e~ * for t > 0, we find from
Tonelli’s theorem that

/ e (s, D] d(s, £) = / / (s, 1)) ds dt
A 0 t

[e')

= </OoofyReU(t)dt) (/0 ’yRew(s)ds) =T (Rev)T'(Rew) < oo .

Therefore 7y, is integrable, and Fubini’s theorem analogously gives

/A%,w(s,t) d(s,t):/ooo /too%,w(s,t)dsdt:r(v)r(w). (6.11)

5Compare Remark V1.9.12(a).



148 X Integration theory

Since pry (A) = R and A, = [0, s] for s > 0, we obtain from (6.11) and Theorem 6.11(ii)

['(0) T (w) = /OOO(/O 7 (s — 1) dt)e " ds

The substitution r = ¢/s in the inner integral and the definition of the beta function give

I(v)T(w) = /OOo (/01 TR (I L dr)s”+w_le_3 ds =B(v,w)(v+w), (6.12)

which completes the proof. m

Example (b) shows that complicated integrals can be simplified by a deft
choice of integration order.

Fubini’s theorem for vector-valued functions®

We now want to show that Fubini’s theorem also holds for E-valued functions,
and offer some applications. A few preliminary remarks will prove helpful.

Suppose A € L(m + n) has finite measure. By Proposition 6.2 and Corol-
lary 6.3, there is a Ap,-null set M such that A, € L£(n) and A\, (A},)) < oo for
z € M°. We fix g € [1,00). Because |xa,,|? = xa,,, we have

/ IXAp, ()| dy = / XA () dy = A (Apz)) < oo
R’!L R’!L

If, as agreed to in Section 4, we identify X, with the equivalence class of all
functions that coincide A,-a.e. with y — x4, (y), we obtain the map

M — F:=Ly([R"), x xa,

Because F' is a Banach space, we can study its measurability and integrability
properties.

6.14 Lemma Suppose A € L(m + n) has finite measure. Then the F-valued map
T XA, which is defined \,,-everywhere, is \,,-measurable.

Proof We denote by 14 : R™ — F the trivial extension of x — XAp)-

(i) Suppose A is a Ay 4p-null set. By Remark 6.1(h), there is a Ap,-null set M
such that A, is a A,-null set for x € M. Therefore 1) 4(x) = 0 in F for x € M*.
The claim follows.
(ii) Now suppose A is an interval of the form [a,b) with a,b € R™"". Set
Ji =111 [a;,b)) and Jo = H;nzt;l+1[aj,bj). Because A = J; x Jo, we have
XAp = X (@) xs, forzeR™,

and we see that in this case 14 belongs to S(R™, F).

6This section may be skipped on first reading.
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(iii) Suppose A C R™™ is open and (I;) is a disjoint sequence of intervals of
the form [a,b) with A = (J, I; (see Proposition IX.5.6). We set

k

fr ::waj for k e N .

j=0
By (ii) and Remark 1.2(a), (f) is a sequence in S(R™, F'). Also, there is a set M
of Lebesgue measure zero such that

k

a@) = et = [ [eas) = (3 xays @0)]
§=0

:An( [j (Ij)[x]) = i A (1) 21)

j=k+1 Jj=k+1

for x € M¢. In addition, A, has finite measure by Corollary 6.3, and A, (A[;)) =
Z;io An((1j)[z)) for z € M¢. Therefore (fi) converges A\,-a.e. to ¥4 in F, and
we see that 14 belongs to Lo(R™, F).

(iv) Suppose A is a Gs-set. The proof of Corollary IX.5.5 shows that there
is a sequence (O;) of open sets such that A\, 4,(0;) < 0o and A =(1O;. Set

k
fei=tar_ o, s  Rii=[)O;\A forkeN.

=0

Then (fx) is a sequence in Lo(R™, F') by (iii), and (Ry) is a descending sequence
with My~ Rk = 0 and A0 (Ro) < 00. Also, we have

I£2e) = 0a@lE = | iy 0,00 = Xa 0" & = M((R))

for \jp-almost every x € R™. The continuity of A\, from above therefore implies
that (fx) converges A,-a.e. to 4. From Theorem 1.14, it now follows that 14
belongs to Lo(R™, F).

(v) To conclude, consider A € L(m + n) such that A\p4,(A) is finite. By
Corollary IX.5.5, there is a Gs-set G containing A and having the same measure
as A. By Proposition IX.2.3(ii), N := G\ 4 is a Ay4p-null set with ¥4 = g — YN
Am-a.e. Now the claim follows from (i) and (iv). m

6.15 Corollary Let p,q € [1,00), and suppose ¢ € S(R™", E) has compact

support. Then the L,(R", E)-valued function x — [p(z,-)] is defined A\p,-a.e. and
is Ly-integrable, that is,

L1 o gy < o0

If p = q, this holds for every ¢ € S(R™" E).
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Proof By Minkowski’s inequality, it suffices to prove this for ¢ := ex 4 withe € F
and A € L(m+n), where A has finite measure if p = ¢, and A is bounded if p # q.

By Lemma 6.14, there is a A,,-null set M such that the function
M — Ly(R") , @+ xa,

is \n-measurable. Because ¢(z,-) = exa,,, (z— ¢(z,-)) € Lo(M®, Ly(R", E)).
From

1/q 1
(@, M enm = ( /R el xan W dy) = lel P (A)]* fora e Me

we obtain

/R @, I, @,y dz = lel” | An(Apg )P/ d

In the case p = ¢, Proposition 6.2 implies

/ )\n(A[x]) dxr = )\m+n(A) < 00 .

Suppose therefore p # ¢q. Because ¢ has compact support, there are compact
subsets X' C R™ and L C R" such that A C K x L. Thus A, C L, which implies
An(Afz)) < An(L) for App-almost every x € R™. From this we deduce

A (Ap )P/ dx = / An (AP dz < Ap(L)P I A (K) < oo . m
R™ K

These preparations are more general than necessary for our current purpose,
but will prove useful for further applications. We are ready to prove Fubini’s
theorem in the FE-valued case.

6.16 Theorem (Fubini) For f € £;(R™"", E),
(i) f(z,-) € Li(R", E) for A\,,-almost every x € R™;
f(-,y) € L1(R™, E) for A,-almost every y € R";
(ii) = — [gu f(z,y)dy is Ap-integrable;
Y — fgm f(z,y) dx is A,-integrable;
(i) Sgmen £ A@Y) = fgm [ fon [, y) dy] dz = [ou [ fom f2,y) da] dy.

Proof (a) Let f € £1(R™"", E). Then there is an £;-Cauchy sequence (f;) in
SR™" E) and a A\y,4,-null set L such that fi(z,y) — f(z,y) for (z,y) € L.
By Remark 6.1(h), there is a set M; of measure zero such that

f](xv) - f(xa) )\n‘a~e~ 5 (613)

for x € Mf. We set F := L;(R",E) and denote by ¢; the trivial extension of
x +— fj(x,-). According to Corollary 6.15, (¢;) is a sequence in £4(R™, F) for
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which
los =il = [ les@) = pn@lrde = [ [ 1) = fien)ldydo

Further, Lemma 6.4 shows

[ 5~ slavar = [ 1l =155 - s

and we see that (¢;) is a Cauchy sequence in £4(R™,F). By Theorems 2.10
and 2.18, there is thus a g € £1(R™, F'), a A,,-null set Ms, and a subsequence of
(¢;), which, for simplicity, we also denote by (¢;), such that

lim ¢;(z) =g(z) forx e My (6.14)
j—oo

in Fand ¢; — gin £;(R™, F'). For z € M§, let g(z) € £1(R", E) be a representa-
tive of g(z). Then there is a set N(z) of Lebesgue measure zero and a subsequence
of (p;(x)), which we also write as (¢;(z)), such that, in E,

Jim filz,y) = Jim, pj(@)(y) = g(z)(y) for z € My andy € (N(x))° .

Hence (6.13) implies that for every x € My N M5 the maps f(z,-), g(z): R" —
E are equal \,-a.e. Lemma 2.15 now shows that f(z,-) belongs to £1(R", E)
and that
g(x)(y)dy = fz,y)dy for x € My N M . (6.15)
R" R™
Furthermore, it follows from (6.13), (6.14), and Theorem 2.18(ii) that

/fj@c,y)czy: / oi@) W) dy — | g@w)dy= [ fay)dy  (6.16)
R™ R"

R™ R™
for x € My N Ms.

(b) For p € F = Li(R",E), let Ap := [, ¢dy. By Theorem 2.11(i), A
belongs to L(F, E). Theorem 2.11(iii) implies that g; := Ap; defines a sequence
in £1(R™, E).

Because

wio) = [ i@y = [ fm)ds. (617)

RTL
we know from Theorem 2.11(i) that

|gj($) - gk($)| = ‘/]R" (f](xvy) - fk($7y)) dy‘ < /]R" |fj(xay) - fk(xay” dy .
Therefore Theorem 2.11(ii) gives

[ =adde< [ [ 15w~ o) dyds =155~ il

where the last equality follows from Tonelli’s theorem. Therefore (g;) is a Cauchy
sequence in £1(R™, F), and by completeness there is some h € £1(R™, E) such
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that g; — hin £1(R™, E). Hence we can find a A,,-null set M3 and a subsequence
of (g;), which we also denote by (g;), such that g;(z) — h(z) for £ € Mg and
j — oo. In view of (6.17), it follows from (6.16) that

h(z) = flz,y)dy for x € My N MsN My, (6.18)
R"L

which proves the first statement of (ii).

(c) Since g; — h in £1(R™, E) and because of (6.17) and (6.18), Theorem
2.18(ii) implies

/ fj(x,y)dydxﬂ/ flz,y)dyde .
m Jgn m Jgn

Finally, it follows from Lemma 6.4 that

/ fj<x,y>dydx=/ f;d(a,y) |
m JR" R'77L+'7L

and with [5.. fd(z,y) =lm; [ fjd(z,y), we have

/ L ) dy s = /R L FdGey).

We have proved the first part of each of the statements (i) and (ii), and the first
equality in (iii). The remaining claims follow by exchanging the roles of z and y. m

6.17 Remark The analogues of the Fubini—Tonelli theorem and Corollary 6.10
clearly also hold in the E-valued case. m

Minkowski’s inequality for integrals

As an application we now prove a continuous version of Minkowski’s inequality.

Fix p,q € [l,00). For f € Lo(R™"" E), Theorem 1.7(i) shows that |f|?
belongs to Lo(R™1" RT). Hence Tonelli’s theorem implies that |f(z,-)|? lies in
Lo(R",RT) for \,,-almost every = € R™ and that the R*-valued function

v |f(z,y)|?dy ,

which is defined A,,-a.e., is A\,,-measurable. Therefore

1l pa) = (/Rm {/]R" |f(z,y)|? dy]p/q dm)l/p

is defined in R*. We easily check that
Lipq) R™E) := { f € LoR™ ™, E) 5 || fll(pg) < 00}
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is a vector subspace of EO(Rern’E) and that ||.H(p7q) defines a seminorm on
Lpq)(R™", E). Finally, we set

S.(R™" E) = {f € SR™™ E) ; supp(f) is compact} )

6.18 Lemma S.(R™"™ E) is a dense vector subspace of Lp.q) (R™™ E).

Proof (i) Take f € L, 4 (R™"", E) and let (g) be a sequence in S(R™", E)
such that gx — f a.e. Set Ay := [|gr] < 2|f]]NAB™*" and fi := xa,gr. Then
(fx) is a sequence in S.(R™*" F), and there is a Ay 4n,-null set L such that

fe(z,y) — flz,y) for (z,y) € L. (6.19)

Moreover
Ife = fI < |ful +fI <3|f] forkeN. (6.20)

(ii) By (6.20), it follows from Tonelli’s theorem and Theorem 3.9 that there
is a Ap-null set My such that

|f(z,-) = fr(z, )|, |flx,-)]? € L1(R™) for xz € M§ and k € N . (6.21)

Remark 6.1(h) says there is a \,,-null set M) such that L, is a A,-null set for every
x € M{. Set M := My U M; and choose x € M¢. From (6.19), we read off that
fe(x,y) — flx,y) for y € (Liy))¢. By (6.20) and (6.21), we can apply Lebesgue’s
dominated convergence theorem to the sequence (|f(z,-) — fi(z, - )|p)k€N, and we
find

lim |f(2,y) — fe(z,y)|"dy =0 forx e M*.

k—oo Jrn

Now define
p/ay\ ~
IS (a:»—>(/n |f(a:,y)—fk(x,y)|qdy) ) forkeN.

Then the sequence () converges Ap,-a.e. to 0.

(iii) Finally, set

P = (x = 3”(/” If(x,y)lqdy)p/q)N :

Because f € L, ) (R™"™ E), we know ¢ belongs to £1(R™), and (6.20) implies
0 < ¢ < ¢ Ap-ae. for kK € N. Hence we can apply dominated convergence
theorem to (@) to see that ([pm ¢k )ren is a null sequence in R*. The claim now
follows because

[ o= [ ] 156 = sl an] " o = 15 = il - m
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One easily checks that N := {f € Lo(R™™ E); f=0 a.e.} is a vector
subspace of L, (R™"" E) and that f belongs to A" if and only if || f||(.) = 0.
Therefore

Lp.q) (Rmﬂl, E):= L(p,q) (Rmﬂl, E)/N

is a well defined vector space, and the assignment [f] — || f||(,,q) defines a norm on
Lp.o(R™™ E), which we again denote by ||||(,.). In what follows, we always
provide the space L, ,(R™"™, E) with the topology induced by ||-||(

We set

P,q)*

S{(R™ ) = { [f] € LoR™", E) ; [f]n S(B™" E) 0} .

6.19 Remarks (a) S.(R™*", E) is a dense vector subspace of L, ,(R™", E).

Proof This follows from Lemma 6.18. m

(b) Let f € Lo(R™™, E). If f(x,-) belongs to L,(R", E) for almost every » € R™
and

o ([ Wewiras) ™) e Ly

then [f] belongs to L, o (R™*", E).

(©) Ly (Rm+n’ E) = Lp(Rm+na E).
Proof This follows from Remark 4.9(b) and the Fubini-Tonelli theorem. m

(d) Sc(R™, E) is a dense vector subspace of L,(R", E).

Proof This is a consequence of (a) and (c). m

Consider g € S.(R™"", E). By Corollary 6.15, Tog := (z — [g(z,-)])”
belongs to L, (R™, Le(R™, E)). Denoting by [Tog] the equivalence class of Tyg with
respect to the vector subspace of all elements of Lo(R™, L,(R", E)) that vanish
Am-a.e., we have [Tog] € L,(R™, L,(R", E)). Further, it follows from Corollary 6.8
that [Tog] = [Toh] if g,h € S.(R™"™, E) coincide A\, 1n-a.e. Thus

T: S.(R™",E) = Ly(R™, L(R", E)) , [g] — [Togl
is a well defined linear map.
6.20 Lemma There is a unique extension

T € L(L((R™ ™ E), L,(R™, Ly(R", E)))

of T, and T is an isometry with a dense image.
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Proof (i) For f € S.(R™™™ E), let g € f NS.(R™*" E). Then

p/q
/R TSIy e = / | / g(@y)ltdy) dz =gl = I£1,, -

Therefore T € E(SC(]R”””, E),L, (]Rm, L,[R", E))) is an isometry. Now it follows
from Theorem VI.2.6 and Remark 6.19(a) that there is a uniquely determined
isometric extension 7" of T

(ii) We set F := L,(R", E) and choose w € L,(R™, F) and € > 0. It follows
from Remark 6.19(d) that there is a ¢ € S.(R™, F)) such that [[w — ||, <¢e/2.
Let Z;:o X4, f; be the normal form of . Then U;:o A; is bounded in R™, and
o= Z;ZO Am(A4;) is finite. In the case o = 0, we have

wllp = [lw=TOl, <e/2.

In the case o > 0, we choose for every j € {0,...,r} a representative f; of fj and
a1; € &(R"™, E) such that

Iy = fillg < a”VP(r+1)" Ve

Also let )
)= ZXAJ (2);(y) for (z,y) € R™H" .

With ¢; = Zz:() XB,, ek, for j € {0,...,7}, we then have

T8 TS
h=" "3 XA XBy €k = D D XA;xBy, €k,

3=0 k;=0 §=0k;=0

and we see that h belongs to S.(R™", E). Finally, let g be the equivalence class
of hin Lo(R™™ E). Then g belongs to S.(R™"" E), and Tg = Z;ZO [xa, 5]
From Hélder’s inequality (for sums) and the equality x% = xa, it follows that

/R 1Tg -l :/ / ‘ZXA — fily ))‘ r’/qu
(r+1p/q / /,LZXA 2) 5 (y '(y)lqdyr/qu
(r+1p/q/ [ZXA )l — fj||%i|p

7“+1”/(’Z>\ DNy = £ill -
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Therefore,
ITg = ellp < a7 (r+ 1)V/* max |y = filr < /2,

and consequently ||7'g — wl|, < e. Because this holds for every choice of w and ¢,
we see that the image of T', and a fortiori that of T, is dense. m

As usual, we lighten the notation by writing T for T. In addition, as stated
in Section 4, our notation for elements of Lebesgue spaces does not distinguish
between cosets and their representatives. This means that for f € L, o) (R™*" E)
we may write T f(z) as f(x,-). With these conventions, Lemma 6.20 says that

T: L (R™", E) — Ly(R™, Ly(R™, E)) , f = (z = f(a,-)) (6.22)

is a linear isometry whose image is dense.

Now it is easy to prove our continuous Minkowski’s inequality.

6.21 Proposition (Minkowski’s inequality for integrals) For 1 < ¢ < oo, we have:

o ([ [ 1retad's)” < [ [ 1] e

for f € Lo(R™™ E).
w ([ ][ renala)" < [ ][ rwpra) <o
for f € L o(R™™, E).
Proof In case (i), we can assume without loss of generality that
/m [/l |f(x,y)|qdy}1/qu <00 .

Then |f| belongs to L1 4 (R™*™ R), and the claim is a special case of (ii), with
f replaced by |f| and £ by R. Suppose therefore that f € L 4 R™™ E). Tt
follows from Lemma 6.20 and Theorem 2.11(i) (with E replaced by L,(R"™, E))
that

R™

/ Tfdx = f(z,-)dx € Ly(R", E)
m R™

and

(L.

q 1/q
teoya ag) " = | [ wrasl| < [T o
m ¢(R™,E) R™

[ ([ ey s

R™

This completes the proof. m
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A characterization of L,(R™"", E)

As another consequence of Lemma 6.20, we obtain an often useful generalization
and sharpening of Fubini’s theorem.

6.22 Theorem For1l < p < oo,

LP(Rm+n7E) _)Lp(RmaLp(Rn7E)) ) f’_> (%'—)f(x,))
is an isometric isomorphism.
Proof Suppose v € L,(R™, L,(R", E)). By Lemma 6.20, there is a sequence (f;)
in L,(R™*" E) such that lim; T'f; = v in L,(R™, L,(R", E)). Because T is a
linear isometry, it follows easily that (f;) is a Cauchy sequence in L,(R™*" E).

Denoting by f its limit in L,(R”"", E), we have T'f = v. Therefore T is surjective.
This proves the claim. m

By means of this isometric isomorphism, we can identify the Banach spaces
L,(R™*" E) and L,(R™, L,(R", E)):

L,(R"™", E) = L,(R"™, L,(R", E)) .

6.23 Remarks (a) The statement of Theorem 6.22 is false for p = oo, that is
Loo(R™" E) # Lo (R™, Loo(R", E)) .

Proof Take A := { (z,y) € R?; 0<y<z< 1} and f:= xa. Because A is Lebesgue
measurable, f belongs to Loo(R?). If we set

. N\ _ ) X ifo<z<1,
9(z) = f(z,) = { 0 othorsise .

then g(z) belongs to Loo(R), and ||g(z)||cc < 1 for z € R. But g nevertheless does not
belong to Lo (]R, Lo (R)), because the map g: R — Lo (R) is not Ai-measurable. To
see this, it suffices by Theorem 1.4 to show that g is not Ai-almost separable-valued. To
check this, note that

lg(z) —g(r)lleew =1 for r € R\{z} (6.23)

for z € (0,1]. Were g Ai-almost separable valued, there would be a Aj-null set N C R
and a sequence (r;) in R such that

inf [lg(z) — g(rg)lloe < 1/2 forz € N°. (6.24)
J

Because A1((0,1]\N) = 1, the set (0, 1]\ N is uncountable. Hence it follows from (6.23)
that (6.24) cannot hold, and g is not A\i;-measurable. m

(b) Generalizing Theorem 6.22, one can show that for any p,q € [1, 00), the map
L(p,Q)(Rm+naE) - LP(Rvaq(RnaE)) , (e f(l‘, )

is an isometric isomorphism. Therefore L, g (R™*" E) is complete. m
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A trace theorem

From Example IX.5.2 and the invariance of the Lebesgue measure under isometries,
it follows that every hyperplane I" in R" is a A,,-null set. Hence for u € L,(R"),
the restriction u | T, or trace of w on T, is not defined, because u can be “arbitrarily
changed” on I'. As another application of Fubini—Tonelli, we now show that one
can nevertheless define such a trace on I for elements of certain vector subspaces
of L,(R™). Of course, this is trivially the case for the vector subspace C}(R™).
The significance of what follows is that this space is given not the supremum norm,
but rather the L, norm, with derivatives thrown into the mix. In the next section,
we will understand better the significance of these subspaces of L,(R™).

Consider the coordinate hyperplane T' := R™ ™! x {0}, which we identify with
R™™!. For u € C(R™), we let yu := u|T be the trace of u on I':

(yu)(z) := u(z,0) for z € R" " .

Then v: CHR™) — C.(R™™'), u s yu is a well defined linear map.
Now take 1 < p < oo, and give C}(R") the norm

1/p

n
el = (s + > I95ull})
j=1

Further, set N
Hy(R") := (Co(R™), |- |l1.p) -

Since C.(R"!) is a vector subspace of L,(R™™1),
v ﬁ;(R”) — LR, usyu

is a well defined linear map, the trace operator with respect to I' = R*~!. The
following trace theorem shows that ~ is continuous.

6.24 Proposition ~ € E(I/{f; (R™), L,(R"™ 1)) for 1 < p < .

Proof Define h € C1(R) by h(t) := [t|P~1t. For v € C}(R"), it follows from the
chain rule that 9, h(v) = h'(v)0,v. Since v has compact support, the fundamental
theorem of calculus then implies that

“h(o.0) = [0y = [ W@ dy for s R
Because h/(t) = p [t|P~!, we find
(.00 = [h(u(a. )| < [ W (w90 o) dy

—) / o, 1) [P~ |80z, y)| dy -
0
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—1 1
Also, Young’s inequality gives P71y < p—fp +—nP for &n € 0,00), so
p p

oo

(a0 < (- 1) [ " o, )P dy + | onteray.

With ¢, := max{p—1, 1}, it now follows from Fubini-Tonelli that

/}RW1 |v(x, 0)|P dx
<o [ lewnPiens [ | joe@lday).

Rr—1xR

(6.25)

Therefore N
0l oy < elloll gy for v e HAE)

where ¢ := 011)/ P This proves the theorem. m

6.25 Remark Denote by H" the upper half-space of R™:
H" :=R""" x (0,00) = {(z,y) eR" ' xR; y>0}.
Then T' = R"™! x {0} = OH". If we set
Hy @) = ({ulH"; we CLRD } - lh)

then ﬁ; (H") is a vector subspace of L,(H"), and from a statement analogous to
(6.25), it follows that
v € L(Hy(H"), Ly(R" ™)) .

In this case, yu for u € ITII} (R™) is the trace of w on the boundary 0H". m

Exercises
1 Suppose B € L(n) and a € R""*. Denote by
Za(B):={(2,0) +ta e R"" ; 2 € B, t€[0,1] }
the cylinder with base B and edge a, and let
Ko(B) = {(1—t)(z,0)+ta e R"""" ; z € B, t€[0,1] }
be the cone with base B and tip a. Prove:

(8) A1 (Za(B)) = lans1| An(B);
(b) Anst (Ka(B)) = [ans1| An(B)/(n + 1),
If one interprets |an+1]| as the height of the cylinder Z,(B) or the cone K,(B), then (b)

says the volume of an n-dimensional cone is equal to the total volume of n cylinders with
the same base and height.
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2 For 0 < r < a, let V,, be the region in R® enclosed by the 2-torus Tg,,«. Show that
Var = or2ar?.

3 Suppose J C R is an interval with endpoints a := inf J and b := supJ. Also let
f € Lo(J,RT), and denote by
Ry ::{(x,t) ER" x J; |z| < f(t) }

the solid of revolution arising by rotation of the graph of f around the t-axis. Prove that

b

Anir(Ry) = wn / (F@)™ dt |

where wy, is the volume of B™. Interpret this formula geometrically in the case n = 2.

4 Suppose K is compact in R” and px := [, p(z)dx > 0 for p € £1(K,R*"). Then

S(K,p) = L/ zp(z)dr € R"
PK JK

is the centroid of K with respect to the density p. We set S(K) := S(K,1). Now suppose
J :=[a,b] is a perfect, compact interval in R, and let f € Lo(J,R"). Also put

Ap={(z,y) eR*; 0<y< f(z), zc ]},

and denote by R the solid of revolution in R® generated by f (by rotating about the
x-axis). Prove:

(a) For f € L1(J,RT),
1 1

S(Af) = (Sl(Af)NSQ(Af)) = ||f||1 (/lbxf(x)dx7§/lb(f(x))2dx> .

(b) For f € Lo(J,RT), \
S(Ry) = (ﬁ/ £(£())? dt,0,0) .

(c) For f € £1(J,R"), we have Guldin’s first rule

b
Ns(Ry) =7 / (f(@))?dz = 2153 (Ap)Aa(Ay) .

a

In words, the volume of a solid of revolution is equal to the area of a meridional slice”
times the circumference of the circle drawn by the centroid of that slice during a full
revolution.®

5 (a) For a € [0,7/2), let a := (cos,0,sina). Determine the centroid of the cylinder
Zo(B2) and the cone K, (B2) with respect to the density 1.

(b) Let Ax == {(z,y) €eR*; 0<y<e ™, x>0} for A > 0. Show that S(A,) € Ax.
(c) Give an example where S(Ay) ¢ Aj.

"That is, the intersection with a plane containing the rotation axis.
8Guldin’s first rule also holds for solids of revolution not arising from the rotation of a graph;
see Exercise XII.1.11.



X.6 Fubini’s theorem 161

6 Let K C R™ be convex and compact. Check that S(K,p) € K for p € £1(K,R™).

7 Denote by A, := {z € R" ; z; >0, 3" ,x; < 1} the standard simplex in R".
Prove:

(a) An(An) =1/nl.
(b) S(An) = (1/(n+1),1/(n+1),...,1/(n +1)).

8 Given f € L1(R™,K), g € L1(R"™, E), define F(z,y) := f(z)g(y) for (z,y) € R™ xR".
Show that F belongs to £1(R™"™, E) and that

/ Fay)day) = [ f)de / oy) dy .
RmAn n

]R"m,
9 ForD::{(OU,y) ER?; 2,y >0, z+y < 1},showthat

1
Ty d =——B 1 2) fi N.
[ ey e = g Bln 4 L0 +2) formn e

10 Show that f[0,1]><[0,1] y/Va d(z,y) = 1.
11 Show that [, d;¢dz =0 for ¢ € CH(R™,E) and j € {1,...,n}.
12 For each of the following maps f: (0,1) x (0,1) — R, calculate

/OI/OIf(x,y)dxdy, /OI/OIf(x,y)dydx, /01/01|f(m,y)|dxdy, /01/01|f(x7y)|dydx,

(a) f(z,y) = (x —y)/(a® +y*)*%

(b) f(z,y) :==1/(1 — zy)* for a > 0.

13 Let p,q € [1,00]. Prove:

(a) Lp(R™) & Lq(R™) if p # g.

(b) if X C R™ is open and bounded, then L,(X) C Lq(X) if p > q.

z,Y
z,y



7 The convolution

In this section we use the translation invariance of the Lebesgue measure to in-
troduce a new product on L;(R"), the convolution, which rests on the Lebesgue
integral. We show that this operation is defined not only on L;(R") but also on
other function spaces, and that it has important smoothing properties. Among
its applications are certain approximation theorems which we prove here for their
great usefulness in later constructions.

We will consider mainly spaces of K-valued functions defined on all of R"™.
For such spaces we omit the domain and image from the notation. In other words,
if F(R") = F(R", K) is a vector space of K-valued functions on R", we write simply
§ if there is no risk of confusion. Thus L, stands for L,(R") = L,(R",K), and so
on. Also [ fdz will always mean [, f dz.

Defining the convolution

Let I' be a K-vector space. For f € Funct(R", F'), we define another function
f € Funct(R™, F) by f(z) := f(—=z), where z € R". The map f — f is called
inversion (about the origin).

Recall from IX.5.15 the definition of the translation group ¥ :={7,; a e R" }.
Now we define an action! of this group on Funct(R", F) by

T x Funct(R", F) — Funct(R™", F) , (74, f) — Taf » (7.1)
where
Tof(x) == f(x —a) fora,z € R". (7.2)

Therefore
Taf = foT_o= (Tfa)*f )
where (7_,)* is the pull back defined in Section VIII.3.

7.1 Remarks (a) For f € Funct := Funct(R", K), we have f= (—idgn)*f.

(b) Inversion is an involutive? vector space isomorphism on Funct and on £, for
p € [1,00]U{0}.
)

(¢) Suppose E € { BC*, BUC*,Cy ; k € N}. Then inversion belongs to Laut(E).
(

d) For f € Funct and xz € R", we have

(e /) (y) = 7 f (y) = f& —y) foryeR".

1See Exercise 1.7.6.
2A map f € XX is said to be involutive if fo f = idx.
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(e) Supposen =1anda > 0. Then7,: R — R, z — x+a is the right translation
on R by a. Definition (7.2) means that 7, also translates the graph of f to the
right by a.

Therefore T acts as a right translation on Funct(R, F), which clarifies defining 7, f
as the pull back of the left translation 7_, of R. m

Take f,g € £1 and z € R", and let O be open in K.

(T2 f)71(0) = (f o 7)1 (0) = (£ 1(0)) .

Therefore it follows from Corollary 1.5 and Lemma IX.5.16 that (17—, f)~1(O) is
measurable. Hence, again by Corollary 1.5, 7_, f belongs to £y. Now we deduce
from Remark 1.2(d) and parts (b) and (d) of Remark 7.1 that y — f(z — y)g(y)
belongs to Ly for every x € R™. If this function is integrable, we define the
convolution of f with g at « by

f o) = / f(@ — w)gly) dy -

We say f and g are convolvable if f x g(z) is defined for almost every z € R". In
this case the a.e.-defined function

frg=(z— frg(2))

is called the convolution of f with g. If f and g are convolvable and (f * g)? is
integrable (or f * g is essentially bounded for p = c0), we write fxg € £,, in a
slight abuse of notation.?)

We now show that every pair (f,g) € £, x £1 with p € [1, 00] is convolvable.
The following observation will be helpful.

7.2 Lemma For f € Lo and (x,y) € R" x R" = R*", let

Fi(z,y) == f(x) and Fy(z,y):= f(z—vy) .

Then Iy and F» belong to Lg (RQ").

3We literally mean that the trivial extension of f * g belongs to L.
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Proof (i) Suppose O is open in K and A := f~}(0). Then A belongs to £(n).
Therefore Remark 6.1(b) and Proposition 6.2 show that F;'(O) = A x R is
Aon-measurable. Now the claim for F; follows from Corollary 1.5.

(i) Set p(z,y) := (x—y,y) for (z,y) € R™ x R™. Then ¢ € Laut(R?") and
Fy = Fy o ¢. The claim then follows from (i) and Theorem IX.5.12. m

7.3 Theorem Suppose p € [1,00] and (f,g) € L, x L;.
(i) f and g are convolvable.
(ii) (Young’s inequality) fx*g € L, and ||f *g|lp, < | fllp llgll1-

Proof (a) Suppose first that p € [1,00). By Lemma 7.2 and Remark 1.2(d),
the map (z,%) — f(z — 3)g(y) belongs to Lo(R*"). Using Holder’s inequality, we
deduce that

/Ifx— Idy—/lf:r— )l lg@)IV? la(y >|1/p dy

1/1)
/Ifx— P latu) | dy) /|g )"

From this and Tonelli’s theorem, we get

[ ([ 116 - watay)” ae <9’ [ [ 1t =)l o] dy iz

Il [ [ £~ ) dolg(wldy

+
= [lgll; ™" 1 £I12 <

Y

where in the last step we once more used the translation invariance of the Lebesgue
integral. Thus we find*

([ 116 - gt as] ") < sl ol < ox (73)

Now from Remark 3.11(c), we conclude that [ |f(z — y)g(y)|dy < oo for almost
every z € R"; by Remark 3.11(a), this suffices to show that f and g are convolvable.
Part (ii) of the theorem now follows from (7.3).

(b) In the case p = oo, we have

/|f z—9)g(W)|dy < ||flls llglls < oo for almost every z € R™ |

which immediately implies (i) and (ii). =

4Those readers who worked through the last part of the previous section will recognize that
this bound can also be easily derived from Minkowski’s inequality for integrals.
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7.4 Corollary Let ([f],[g]) € Ly x Ly with p € [1,00]. Then
f>s<g:f>s<gk a.e. in R"

for (f,4) € (If], l9])-

Proof By Theorem 7.3, f x g, f* d, and f x ¢ are defined a.e. and belong to L,,.
Because

frg—Frd=fx(g-9) +(F-f)*d,

we obtain from Young’s inequality that

£ g = Fxdll, <11, Mo =gl + 11 = 7ll, 13

=0,
from which the claim follows. m

We can now define the convolution for elements of L, x L; with p € [1, 00]:
indeed, Corollary 7.4 guarantees that the map

*3LpXL1_)Lpa ([f]a[g])’_)[f*g]

is well defined. We call this the % the convolution product on L, x L;, and
[f] * [g] :== [f * g] convolution of [f] with [g]. It is clear that the convolution can
also be defined on L; x L, and we use the symbol = for this as well.

The translation group

To be able to better explore further properties of the convolution, we first gather
some important definitions and facts about the representation of the translation
group (R™,4) on function spaces.

Let F be a K-vector space and let V' be a vector subspace of Funct(R", F')
that is invariant under the action (7.1) of the translation group ¥ of R, meaning
that 7,(V) C V for all a € R". By restriction, (7.1) induces an action

ITXV oV, (T4,0) = T

of the translation group ¥ on V. For every a € R", the map T, := (v — 7,v) is a
linear map from V into itself. Because

TaThV = Ta4pv and Tov =0 ,
T, is a vector space automorphism of V' and (7, a)*l =T_,. Hence®

R™,4+) = Auwt(V), ar—1T,

5See Remarks 1.12.2(d) and 1.7.6(e).
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is a group homomorphism, a linear representation of the group (R™,+) on V. In
particular,
Ty ={T, € Awt(V); a €eR" }

is a subgroup of Aut(V), called the group of translations on V. Instead of Ty,
we tend to use the same symbol 7, if there is no fear of misunderstanding. The
invariance of V' under (7.1) is also expressed by saying that (R",+) is linearly
representable on V.

If V is a (semi)normed vector space, the group ¥y is said to be strongly
continuous if lim,_,g 7,v = v for every v € V.

7.5 Remarks (a) (R",+) is linearly representable on Funct and on B := B(R").
(b) (R™,+) is linearly representable on Lo, and ||74.f||cc = || flloo for f € Loo.

Proof Take f € L. Forevery a > || f]|oo there is a set IV of Lebesgue measure zero such
that |f(z)| < « for z € N°. By translation invariance (Theorem IX.5.17), N, := 74 (V)
also has measure zero and

[Taf(x)| = |f(x —a)] <a forxze N;.
Therefore 74 f is essentially bounded, and ||7a f||cc < || f]loo- The claim follows since
[flloe = IT=a(Taf)lloc < I7aflloc - ™
(c) The translation groups Tp and T,_ are not strongly continuous.
Proof |Taxsr — XB7||leo =1 for a € R™\{0}. m
(d) If Ty is strongly continuous, then

(a—T1of) €CR™, V) for feV.

Proof This follows from 7of — 7o f = Ta—b(7of) — 7o f for f € V and a,b € R". m

7.6 Theorem Suppose V = L, withp € [1,00) or V = BUC* with k € N. Then
(R™, +) is linearly representable on V', and the translation group Ty is strongly
continuous. Also || 1o f|lv = ||f|lv fora € R™ and f € V.

Proof (i) We consider first the case V = BUCF. Take f € BUC*, a € R", and
e > 0. Then there is 6 > 0 such that |f(z) — f(y)| < € for all z,y € R" satisfying
|z —y| < 0. It follows that

[Taf (@) = Taf W) = |f(x—a) = fly—a)| <e (7.4)
for z,y € R™ such that |z — y| < §. Therefore 7, f belongs to BUC, and because
0o f =7,0%f fora e N" and |o| <k, (7.5)

we obtain 7, f € BUC*. Consequently (R",+) is linearly representable on BUC*.
From Remark 7.5(b) and (7.5), we find ||7of|lgcx = || fllBc*-
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Now take z € R". If |a| < 0, we can set y = x + a in (7.4), and we get
|7of(z) — f(z)] <e forxzeR"™,

that is, ||7af — flleo < € for a € dB". Analogously, we can show with (7.5) that
there is a 01 > 0 such that ||7.f — f|lgcr < € for a € 6;B". Therefore Tgycr is
strongly continuous.

(ii) Let p € [1,00) and f € L,. The equality ||7of||, = || f||, follow from the
translation invariance of the Lebesgue integral.

Now take € > 0. By Theorem 4.14, thereisa g € C. such that || f — g||, < ¢e/3.
Because ¢ has compact support, there is a compact subset K of R™ such that
supp(7ag9) C K for |a] < 1. Also, since g is uniformly continuous, there exists
0 € (0,1] such that

709 — glloo < 6/3>\n(K)1/p for a € 6B™ .
Suppose a € 6B". Because supp(7,g9 — g) C K, Theorem 5.1(iv) implies that
709 — gllp < €/3 for a € 6B" .

Since
ITaf = fllp < 17 f — Tagllp + [|7ag — gllp + g — fllp

and || 7af — 7agllpy = 17a(f — 9lp = I.f — gllp, we get ||7af — fl|, < & for a € 6B",
and we are done. m

We now define an action of ¥ on L, for p € [1,00]. By Remark 7.5(b) and
Theorem 7.6, 7, is an isometry of £, for every a € R". Therefore the map

Ly— Ly, [f]H[Taf]
is well defined for every a € R". We denote it by 7, also, that is, we set
To[f] :=[raf] for f €L, and a € R™.

Then
I7alf1llp = N7 flllp = lI7afllp = 1fllo = I 15 - (7.6)

Clearly
EX Ly — Ly, (Tas ) = Taf

is an action of the translation group ¥ of R™ on L,. By Remark 7.5(b) and
Theorem 7.6, T, := (f — 7of) is a linear isometry on L, for every a € R". Again
writing T, as 7., we conclude that

(R",+) — Laut(L,) , a1,

is a representation of the additive group of R™ by linear isometries on L,. In
particular, the translation group on L, namely

T, = {Ta € Laut(Ly,) ; a € R"} ,

is a subgroup of Laut(L,) consisting of isometries.
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7.7 Corollary The translation group on L, is strongly continuous for 1 < p < oo.

Proof This is an immediate consequence of Theorem 7.6 and (7.6). m

Elementary properties of the convolution

After this digression about the translation group, we return to the convolution
and derive its chief properties.

7.8 Theorem Consider (f,g) € L, x Ly with p € [1, 0.

i) The convolution f * g belongs to L,, and satisfies Young’s inequality
P

1 % glly < £ gl -
(i) frg=gxf.

(iii) If p = oo, the convolution f x g belongs to® BUC.
(iv) For ¢ € BC*, we have p x g € BUC*,

0%(p*xg)=0%=*g foraeN" o<k,

and || * gl por < llellser gl

Proof (i) follows from Theorem 7.3(ii) and Corollary 7.4.

(ii) Take x € R and let f and ¢ be representatives of f and g. Also set
Y(y) == x —y for y € R”. Then ¢ is an involutive isometry of R™. It follows from
Theorem 7.3(i) and Example 6.6(b) that

f*g(x) /fx— dy—/(

Therefore f x g = g x f by Corollary 7.4.

(iii) The motion invariance of the Lebesgue integral yields ||g|l1 = ||g||1. From
part (ii), and because the elements of T, are isometries, we then get

S~y
o
<
~—
—~
—~
Qi
o
<
S~—
)
<
~—
IS

<

frg(x)—fxg /\f gz —2) = gy — 2)) | dz < || flloc I72d — 7911
= [[flloe 17y (T2 —yg = Dl = [[flloo 17249 — gl

for z,y € R". Because g € L4, the strong continuity of Ty, together with part (i)
implies that f * § € BUC. The claim follows.

6See Theorem 4.18.
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(iv) In view of (iii), it suffices to consider the case k > 1. To this end we define
h(z,y) == p(x — y)g(y) for (z,y) € R" x R". Then h satisfies the assumptions of
Theorem 3.18, and it follows that 0;(p * g) = 0;p % g for j € {1,...,n}. By (iii)
and Theorem VII.2.10, we have ¢ x g € BUC'. We now see inductively that ¢ * g
belongs to BUC* and satisfies 0%(p * g) = 0% * g for every a € N with |a| < k.
Finally, by (i), we have

= [0 — (6% < [0
llo*gllor lf(lylfg;lla (o *g)lloo g@ll(a ©)*glloe < (fg@lla ollse) llgllx

= llelles llglly - m

7.9 Corollary
(i) Let p € (1,00) and k € N. The convolution satisfies

’ngm(leLl) ’
ﬁ(LpaLﬁLp) )
L(Lo, Ly; BUC) ,

L(BC*, Li; BUCF) |

* €

and all these maps have norm at most 1.

(ii) (L1,+4+,*) is a commutative Banach algebra without a multiplicative identity.

Proof (i) and the first statement of (ii) follow immediately from Theorem 7.8.
We now assume there is e € Ly such that e x f = f for every f € L;. We choose
a representative é of e and then find by Exercise 2.15 a § > 0 such that

’/ ék(x—y)dy‘:‘/ é(z)dz‘<1 for z € R" .
5B " (2,5)

Furthermore, there is a set N of Lebesgue measure zero such that xsp»(x) =
¢ * xopn () for z € N¢. However, for x € 6B" N N¢, we have

1 = xsBn () = €% xomn () = / é(x —y)xsn (y) dy = / é(x—y)dy <1,

SB™

n

which is not possible. m

7.10 Theorem (additivity of supports) Suppose f,g € Ly are convolvable and f
has compact support. Then

supp(f * g) C supp(f) + supp(g) -

Proof (i) We can assume f * g # 0. For x € [f * g # 0], there is a y € R" such
that f(z —y)g(y) # 0. It follows that y € supp(g) and x € y + supp(f), and thus

x belongs to supp(f) + supp(g). Hence [f * g # 0] C supp(f) + supp(g).
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(ii) We show that supp(f) + supp(g) is closed. Let (xj) be a sequence in
supp(f) + supp(g) such that xy — = for some z € R". Then there are sequences
(ax) in supp(f) and (bx) in supp(g) such that x, = ai + by for & € N. Because
supp(f) is compact, there is a subsequence (ag,)een of (ax) and an a € supp(f)
such that ay, — a as £ — oco. Thus by, = xx, — ax, — * — a as k — oco. Because
supp(g) is closed, we know x—a belongs to supp(g). Hence there exists b € supp(g)
such that © = a+b. This shows that supp(f)+supp(g) is closed. The claim follows
from Corollary I11.2.13. m

Approximations to the identity

We saw in Corollary 7.9 that the convolution algebra L; has no multiplicative
identity. However, the next theorem secures the existence of “approximations to
the identity”, elements ¢ € Ly that satisfy || o * f — f|l1 < € for every f € Ly (for
a given € > 0).

7.11 Theorem (approximation theorem) Given £ € {L,; 1 <p < oo} or
E € {BUC* ; k € N}, set ¢ € L1 and

a:= /godx , we(r) = "p(x/e) forx eR™, €>0.
Then lim._gp:* f =af in FE for f € E.

Proof (i) Fix € > 0. By the substitution rule— Example 6.6(b) — we know that
¢e € Ly and [ ¢. dz = a. Thus Theorem 7.8 shows that p.x f € E for f € E.

(ii) To prove the limit as € — 0, consider first the case E = L,. Take f € £,
and € > 0. By Theorem 7.3(i) and the proof of Theorem 7.8(ii), and using the
transformation y — y/e in Example 6.6(b), we obtain

pex F(z) — af(2) = [ * pe(z) — af(z) = / [F(z—y) — f(2)]oe(y) dy

(7.7)
— [~ =2) - f@]ee) s = [ [retla) = F@)]p(e) o
for almost every z € R". Corollary 7.7 and Remark 7.5(d) imply that
(z (1 — f)) e CR",E) fore>0, (7.8)
and
E11_1}1((1)||7'Ezf—f||E:0 for z € R™ . (7.9)
Now set

9°(2) = (Teof — [)p(z) for z€ R" and e > 0.

Then it follows from (7.8), Theorem 1.17, and Remark 1.2(d) that ¢° belongs to
Lo(R", E) for every ¢ > 0. Because |7, f||e = || f|lg, we also derive from the
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triangle inequality that
lg°(2)le <201 flele(z)] for z € R" and e >0 .

Because ¢ € £1(R"), we therefore conclude that g* € £1(R", E). Then (7.7) and
Theorem 2.11(i) imply the bound”

loex s ~afle =] [ #@ ] < [le@leds.

Now the dominated convergence theorem shows that ¢, * f converges in E to af
as € — 0, because, by (7.9), we have lim._¢ ||¢°(2)||z = 0 for almost every z € R".

(iii) Now suppose f € BUCF. If ¢ = 0 \,-a.e., the claim is obviously true.
So suppose m := [ |p|dx > 0. From Theorem 7.8(ii) and (iv), it follows that

O pex [ —af)=pex0%f —ad*f fora € N" and |o| <k .

Therefore it suffices to consider the case k = 0.

Let » > 0. Then there is a § > 0 such that
[f(z—y) = f(@)] <n/2m forz,yeR", |y[<d,

and we obtain

(0o * £(z) — af (z)] < / @ — ) — F@)] ()| dy

IN

77/ |
1 ()] dy + 2| flloe / e@ldy (7.10
2m Jjy<e) [ly>6) (7.10)

A

<Ze20fle [ lewldy
[ly|=9]

for x € R™. The substitution rule then gives

/ ooy dy = e / o(y/e)| dy = / o(2)|dz
[ly|>6] [ly]>46] [1z]>6/€]

By the dominated convergence theorem, then, there exists £g > 0 such that

n
lee(y) dy < for £ € (0, 0] .
/[yzé] 41 flloo

Now the claim follows from (7.10). m

"This also follows from Minkowski’s inequality for integrals.
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Suppose ¢ € L satisfies [ ¢dr =1 and set
we(x) == "p(x/e) forx e R"ande >0. (7.11)

The family {¢. ; € > 0} is called an approximating kernel or an approximation
to the identity. If

peC*R"R), ¢=¢, ¢>0, supp(p) CB", /cpdw:l,

we call {¢. ; € > 0} a mollifier or smoothing kernel. Every smoothing kernel
obviously satisfies

supp(pe) C eB"  for [[pc[1 =1 and e >0 .
7.12 Examples® (a) The Gaussian kernel is the
family { k. ; € > 0} defined by
k(z) := (4m)"/? eI/ for z e R

It is an approximating kernel.

Proof From Example 6.13(a), we know that

/g<x>dm:1 |

for g(z) = 7 /2 e~171*. Since k(z) = 27"g(z/2) for x € R", it follows from the
substitution rule that [k(z)dz=1.m

(b) Let

(2) = cel/(I=1=1) if || <1,
= 0 iflo > 1,

v

A

where ¢ := (5. el/(el’=1) dat:)_1 is chosen
so that ¢ integrates to 1. Then the family
{®e ; € >0} is a smoothing kernel.

»
»

Proof Because x + |z|> — 1 is smooth on R™, Example TV.1.17 shows that ¢ belongs
to C*°(R™,R) (see Exercise VII.5.16). The claim follows easily. m

Test functions

Let X be a metric space, and let A and B be subsets of X. We say A is compactly
contained in B (in symbols: A CC B) if A is compact and is contained in the
interior of B.

8In both examples, the area under the graphs is always 1, so smaller values of & give corre-
spondingly higher maxima.
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If X is open in R™ and F is a normed vector space, we call
D(X,E) := {ga € C*(X,E) ; supp(p) CC X}

the space of (E-valued) test functions on X. When E = K, we write D(X) :=
D(X,K), as usual. Clearly D(X, E) is a vector subspace of C*°(X, F) and of
Co(X,E), and D(X,E) = C*(X,E) N C.(X, E). Because the map

j:CC(X,E)HCC(Rn,E), g—9,

is linear and injective, we can identify C.(X, F) with a vector subspace of C.(R", F)
and regard (as needed) each element of the former as an element of the latter.
Likewise, we identify D(X, E) with a vector subspace of D(R", E). With these
notations, we have the following inclusions of vector subspaces for every p € [1, o0]:

D(X,E) c D(R", E) C C.(R", E) C L,(R", E) .

7.13 Theorem Suppose X is open in R" and p € [1,00). Then D(X) is a dense
vector subspace of L,(X) and of Cy(X).

Proof (i) Take g € C.(X) and n > 0. Also let {¢. ; € > 0} be a smooth-
ing kernel. By Theorem 7.8, ¢. * g belongs to BUC* and therefore to BUC™
for every k € N. Because g has compact support, there is g > 0 such that®
dist (supp(g), XC) > g9. From Theorem 7.10, it follows that

supp(pe * g) C supp(p:) + supp(g) C supp(g) + eB" fore >0 .

Then ¢, * g belongs to D(X) for € € (0,&0). Finally by Theorem 7.11 we can find
for every ¢ € [1, 00] some €1 € (0, &) such that ||¢., * g — gllq < n/2.

(if) Now suppose f € L,(X). By Theorem 5.1, we can find g € C.(X) such
that || f — gl|l, < n/2. By (i), there is h € D(X) such that ||f — hl|, < n.

(iii) For f € Cy(X), let K be a compact subset of X such that |f(z)| < n/2 for
x € X\ K. By Proposition 4.13, we can choose a ¢ € C.(X) such that 0 < ¢ <1
and | K = 1. We set g := ¢f. Because f(x) = g(x) for x € K, it follows that

[f(@) = g(x)] = [f(2)|[1 = e(z)]| <n/2 forzeX.

Therefore ||f — gllco < 1/2. The claim then follows from (i). m

Smooth partitions of unity

In Section 4, we proved the existence of continuous Urysohn functions in general
metric spaces. This result can be distinctly improved in the special case of R",
where we can use mollifiers to actually construct smooth cutoff functions.

9dist (supp(g), 0) := oo.
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7.14 Proposition (smooth cutoff functions) Suppose K C R™ is compact, and set
K,:={zeR"; dist(z,K)<p} forp>0.

Then for every o € N and every p > 0 there exist a positive constant c(«) and a
map ¢ € D(K,) such that 0 < ¢ <1, ¢|K =1, and |0%¢||ec < c(a)p~ll.

Proof Set {¢.; € > 0} be a smoothing
kernel. Let § := p/3 and ¢ = 95 * Xk,-
Then ¢ belongs to BUC®, and it follows
from Theorem 7.10 that

K, = Kss

supp(y) C supp(vs) + K5 C 6B™ + K,
CKy CKys=K,.

Therefore ¢ belongs to D(K,). Moreover

p(z) = /1/)6(33—21)XK5(:U) dy < /wm—y) dy =1

for x € R™, and hence 0 < ¢ < 1. If x lies in K, then
plr) = /%(y)xm(x —y)dy = /wa(y) dy=1,

and therefore ¢ | K = 1. Finally, since 0%s = 6~1%1(0%1);5 for a € N, we have
from Theorem 7.8(iv) that

0% = 0% (5 * XKs) = 05 % XKy = 611 (0% )5 * XKy -

Now c(a) := 31! ||0%¢y||; is independent of § > 0, and so it follows from Young’s
inequality that [|0%¢|/e < c(a)p~?l. m

Let K C R" be compact and denote by { X; ; 0 < j < m} a finite open
cover of K. If for every j € {0,...,m}, there is a p; € C*°(R") such that
() 0<p; <1,
(i) supp(¢;) C Xj, and
(i) Y7ty pj(x) =1 for z € K,
then {p; ; 0 < j <m} is called a smooth partition of unity on K subordinate to
the cover { X;; 0<j<m}.
If Xy is open in R™ and K C Xj, then dist(K, X§) > 0, and Proposition 7.14
(with p := dist(K, X§)) secures the existence of a smooth partition of unity on K

subordinate to the one-element cover {Xo} of K. To treat the general case of a
finite cover, we need a technical result:
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7.15 Lemma (shrinking lemma) Let {X;; 0 <j <m} be a finite open cover of
a compact subset K of R". Then there is an open cover {U; ; 0 < j<m} of K
such that U; CC X for j € {0,...,m}.

Proof Givenzx € K, choose j € {0, ...,m} such that € X; and r, > 0 such that
Ve := B"(x, 1) is compact and contained in X;. Then {V, ; € K } is an open
cover of K, and there exist k € N and {zo,..., 2} C K with K C Uf:o Vz,. With
Uj = Va,; Vo, C X, }for j €{0,...,m}, we have a family {U; ; 0 <j<m}
having the desired properties. m

7.16 Theorem (smooth partitions of unity) If K is a compact subset of R", every
finite open cover of K has a smooth partition of unity subordinate to it.

Proof Suppose { X;; 0 <j <m} is a finite open cover of K. By Lemma 7.15,
there is an open cover {U; ; 0 < j < m } such that U; CC X for j € {0,...,m}.
We define K := Uj. Then Kj; is compact, and dist(Kj,Xj‘?) is positive for every
j € {0,...,m}. Proposition 7.14 now shows there is a ¢; € D(X;) such that
0 <1; <1and,|K; =1. Defining

k—1

po =10 and @ =t [JA—v;) for1<k<m,

j=0
it is easy to check by induction that Z;":O pj=1-— H;”ZO(l — ;). The claim now
follows because K C -, K.

We next present some simple applications of Theorem 7.16. Additional, more
complicated situations will be described in succeeding chapters.

7.17 Applications (a) Suppose X is open in R". Then for f € Ly(X) the following
statements are equivalent:

(1) f 6Ll,loc()();
(i) ¢f € L1(X) for every ¢ € D(X);
(iii) f[K € Ly(X) for every K = K cC X.

Proof Let (Uj);en be an ascending sequence of relatively compact open subsets of X
with X = (J; U; (see Remarks 1.16(d) and (e)). Then (see Exercise 4.3)

Lijoe(X) ={f€Lo(X); xv;f € L1(X),j N} .
“(i)=-(i1)” Let ¢ € D(X). Since K := supp() is compact and (U;),en is ascending,

there is a k € N such that K C Ug. By virtue of Proposition 7.14, we find a ¢ € D(Uy)
such that 0 <+ <1 and ¢| K = 1. Then

[ teside= [ lovside < el [ 10f1dn < ol ol < o0
X X X

Therefore ¢ f belongs to L1 (X).
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“(ii)=(iii)” Take K = K cC X and ¢ € D(X) with ¢ | K = 1. Then

/K|f|:/K|90f|§||90f||1<oo,

and therefore j?|\l/{ € Li(X).
“(iii)=>(i)” This implication is clear because every U; is compact. m
(b) Suppose X is open in R". Then C(X) C L1 10c(X).

Proof Take f € C(X) and ¢ € D(X). Then ¢f belongs to C.(X). By Theorem 5.1,
we have pf € Li1(X), and the claim follows from (a). m

(c) The linear representation of the group (R",+) in BUC* is injective, hence a
group isomorphism onto its image € gk -

Proof For a € R", suppose 7, = idgycr. We choose r > |a| and a cutoff function
€ D(R") for rB™. Then f; := ¢ pr; belongs to BUC*, and we find

—a; = Tafj(O) = fJ(O) =0 forje {1, . ,’I‘L} .
Therefore a = 0. This implies the injectivity of the representation a — 7,. m

(d) Suppose X is open in R™ and bounded. Also let { X; ; 0 < j < m} be a
finite open cover of X, and let {¢; ; 0 < j < m} be a smooth partition of unity
subordinate to it. Finally let kK € N and

m
lullper =) lpsullpor  for u € BCH(X) .
§=0

Then ||| || gor is an equivalent norm on BC*(X).
Proof Take u € BC*(X). Obviously

m
lullor = || esu
3=0

m

o < 2 llgsullpor = llullpen -
j=0

From Leibniz’s rule (see Exercise VII.5.21), we obtain

lellce =3 ma 9% (@l = 3 max\\z() %, 0" | _
3=0 "=

\a|<k

m

<> ellillsen lullser < C llullpex

where we have set ¢ 1= max|a|<k . g<,(5) and C:= e X7 [l@illpcn- ®
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Convolutions of E-valued functions

A look back at preceding proofs shows that the convolution f * g can also be
defined when one of the two functions takes values in a Banach space F' and
the other is scalar-valued. All proofs carry through without change!® so long
as the substitution rule for isometries still holds for F-valued functions. This
is indeed the case, as we shall show in the next section. In particular, the key
approximation result in Theorem 7.11 remains true for the spaces L,(R", F) and
BUC*(R™, F) with 1 < p < oo and k € N. One consequence of this is an analogue
of Theorem 7.13 to the effect that D(X, F) is a dense vector subspace of Cy(X, F')
and of L,(X, F) for 1 < p < cc.

Distributions'!

Suppose X is a nonempty open subset of R™. A scalar function on X, as is well
known, is a rule for assigning a real or complex number to every point in X. But
this definition is just an abstraction, since the individual points of X cannot in
practice be discerned. If, for example, we want to determine the temperature
distribution of some medium that occupies the set X — we must rely on an exper-
imental probe. However, such a probe, being of nonzero size, can only determine
values of f in an extended region; whatever value it assigns to f(x() represents not
the actual value at z( (if indeed such a thing is physically meaningful) but rather
some kind of average around xo: mathematically, an integral [ ¢ f dx, where ¢ is
a “test function” that depends on the probe. Of course, the measurement will bet-
ter approximate the exact value f(xg) the more the test function ¢ is concentrated
about xg, that is, the less the probe smears the data.

To claim complete knowledge of f(x(), one might imagine bringing to bear all
conceivable probes, or in other words, determining the averages [ « ¢f dx over all
possible test functions . In mathematical terms, we’d be replacing the pointwise
function f: X — K by a functional defined on the space of all test functions,
namely, the map

Ty : DX)—-K, @H/}(@fdl’. (7.12)

Our choice of D(X) as the space of test functions is to a large extent arbitrary.
For conceptual simplicity, we might want to consider C.(X) instead of D(X). At
the same time, we would like to avoid performing more “measurements” than
necessary; this warrants choosing a test space that is small in some sense. But the
space must be large enough that the averages | + ¢f dx do determine f. That is,
we want the equality of [ < ¢fdr and /  pgdz for all test functions ¢ to imply
=y

10Naturally, the commutativity formula f * g = g * f must be interpreted correctly.
1 The rest of this section is meant to provide glimpses of applications and more advanced
theories; it can be skipped over on first reading.
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The next theorem shows that this is indeed the case if we choose D(X) as
the test space and work with “functions” in Lj 1oc(X). (By Application 7.17(a),
Li 10c(X) is the largest vector subspace E of Lo(X) such that fX of dx is well
defined for all f € F and all ¢ € D(X).)

7.18 Theorem Suppose f € Ly 10c(X). If

/ pfder =0 forpeDX), (7.13)
b's
then f = 0.

Proof Suppose f # 0, and let f € L110c(X) be a representative of*f. By
regularity, there is a compact subset K of X of positive measure such that flx)#0
forx € K. Taken € D(X) withn| K = 1, and let g := nf. By Application 7.17(a),
g belongs to £;. Also g(z) # 0 for x € K. Let {¢. ; € > 0} be a smoothing
kernel. Then lim._.g@.* g = g in £1. By Corollary 4.7, there is a null sequence

(¢j) and a set N of Lebesgue measure zero such that

lim ¢c, % g(x) = g(x) for x € N°. (7.14)
j—oo "

Given 29 € K N N, set ¢ := N1y, € D(X) for j € N. Since ¢. = ¢. by
Remark 7.1(d), equality (7.13) gives

Pe; * g(x0) = / 9(y) we, (x0 —y) dy = /X (nf) (W) e, (w0 —y) dy
— [ vy =o.
X

However, because of (7.14) this contradicts g(zo) # 0. The claim follows because
the representative f of f was chosen arbitrarily. m

Clearly the map T is a linear functional on D(X). For the interpretation
of Tro = [y ¢f dx as a measurement value to be meaningful, Ty¢ must “depend
continuously” on the measuring device; that is, small perturbations in the probe,
hence in the test function ¢, should cause only small changes in the measured
value. Mathematically speaking, this means that Ty must be a continuous linear
functional on D(X). So we must introduce a topology on D(X).

Since our treatment here is introductory, we will limit ourselves to stating
what it means for a sequence to converge in D(X). This convergence should be
compatible with the vector structure on D(X), so it suffices to consider the case
where the limit is 0.

We say that a sequence (¢;) converges to 0 (or is a null sequence) in D (X))
if the following conditions are satisfied:

(D1) There exists K CC X such that supp(¢;) C K for j € N.
(D2) ¢j — 0 in BC¥(X) for every k € N.
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Obviously (D3) is equivalent to:
The sequence (0%¢;) en converges uniformly to 0 for every @ € N".  (7.15)

So for ¢; to converge in D(X) to 0, not only must (7.15) hold, but the supports
of the functions ¢; must all be contained in a fixed compact subset of X.

A linear functional T': D(X) — K is continuous if Tw; — 0 for every null
sequence (¢;) in D(X). A continuous linear functional on D(X) is also called a
Schwartz distribution, or simply distribution, on X. The set of distributions on
X is denoted by D’'(X); it is clearly a vector subspace of Hom(D(X),K).

(In functional analysis— more precisely, in the theory of topological vector
spaces— one shows that there is exactly one Hausdorff topology on D(X) that is
locally convex,'? compatible with the vector structure, and such that sequences
converge to 0 in the sense above if and only if they converge to 0 in the topology.
With respect to this topology, D’(X) is the dual of D(X), that is, the space of all
continuous linear functionals on D(X). See, for example, [Sch66] or [Yos65].)

7.19 Examples (a) For every f € Li1oc(X), the linear functional Ty defined by
(7.12) is a distribution on X.

Proof Let (¢;) be a sequence in D(X) such that ¢; — 0 in D(X). Then there is a
compact subset K of X such that supp(y;) C X for 5 € N. It follows that

Ty =| [ st da] < [ lesl1f1de < Ul s o

for j € N. Because ||f||1,(x) < 0o, we find that Typ; — 0 in K, because (D2) implies
that [|@jllec — 0. m

(b) Let p be a Radon measure on X. Then

D(X)—K, QDH/QOd/U,
X

defines a distribution on X.

Proof Suppose (¢;) is a sequence in D(X) such that ¢; — 0 in D(X). Also suppose
K = K CC X contains supp(;) for all j € N. Then

[ esdu] < [ Tosldn < u) sl torsEN.
X K

As in the proof of (a), this implies that ¢ is a distribution on X. m

(c) Let d be the Dirac measure on R" with support at 0. Then

o (6.0) ::/chd5:¢(0) for p € DR") |

12This means the origin has an open neighborhood basis of convex sets.
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is a distribution on R", the Dirac distribution
§: DR") =K, ¢—¢0).
There is no u € L1 1oc(R"™) such that T, = 6.

Proof The first statement is a special case of (b).
Suppose now that u € L1 10c(R™) with T, = 0, that is,

/ pudxr = p(0) for ¢ € D(R™) . (7.16)

Choosing only such ¢ € D(R™) that supp(¢) CC X := R™"\{0}, we have ¢(0) = 0, and
from Theorem 7.18, it follows that u|X = 0 in L1 10c(X). But X and R™ differ only on
a set of measure zero (a single point!), so u = 0 in L1 10c(R™), contradicting (7.16). m

(d) Let o € N™. Then
Se: DR") =K, ¢ 0%(0)

defines a distribution. There is no u € Ly 1oc(R™) such that T, = S,.

Proof Let (¢;) be a sequence in D(R™) such that ¢; — 0 in D(R™), and suppose
K = K CC R" with supp(p;) C K for j € N. We can assume that 0 lies in K. Then we
have the estimate

10%¢;(0)] < max|0%p; ()] < lleillperar for j €N
Thus (D2) implies that 9%¢;(0) — 0 in K, which shows that S, is a distribution. The
second statement is proved as in (c). m

The following key result is now a simple consequence of Theorem 7.18.

7.20 Theorem The map
Ll,loc(X) - DI(X) ’ f = Tf
is linear and injective.

Proof Example 7.19(a) shows the map is well defined. It is linear because inte-
gration is. It is injective by Theorem 7.18. m

By Theorem 7.20, we can identify Lj joc(X) with its image in D’(X). In other
words, we can regard Lj j0c(X) as a vector subspace of the space of all Schwartz
distributions, by identifying a function f € L1 1oc(X) with the distribution

Ty = (@H/}(gpfdx) eD'(X).

In this sense, every f € L1 10c(X) is a distribution. The elements of Ly 1oc(X) are
called regular distributions. All other distributions are singular. Examples 7.19(c)
and (d) illustrate singular distributions.
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The theory of distributions plays an important role in higher analysis, espe-
cially in the study of partial differential equations, and in theoretical physics. We
cannot elaborate here, but see for example [Sch65], [RS72].

Linear differential operators

Let X be open in R". Given functions a, € C*°(X), for each o € N" such that
la] <m e N, we set

A(Q)u := Z ao0%u  for u € D(X) .

la|<m

Obviously, A(9) is a linear map of D(X) onto itself; we say it is a linear differential
operator on X of order < m (with smooth coefficients). It has order m if

Z aalloc # 0,
|a]=m

that is, if at least one coefficient aq of the leading part } -, _,, aa0* of A(0) does
not vanish identically. We denote by Diffop(X) the set of all linear differential
operators on X; those of order < m are denoted by Diffop,, (X).

A linear map T: D(X) — D(X) is said to be continuous'?® if Tp; — 0
in D(X) for every sequence (¢;) in D(X) such that ¢; — 0 in D(X). The set of
all continuous endomorphisms of D(X) is a vector subspace of End(D(X)), which
we denote by £(D(X)).!3

7.21 Proposition Diffop(X) is a vector subspace of L(D(X)), and Diffop,),(X) is
a vector subspace of Diffop(X).

Proof Let m € N, and take A(9) := Zla\ém aq0% € Diffop,,(X). Let (p;) be

a null sequence in D(X), and let K = K CC X contain supp(p;) for all j € N.
Then supp (A(@)(pj) C K for j € N. For 8 € N", the Leibniz rule gives

0% en)leun = [, ., (7)raad 4|

< Y B—v+a, .
< c(a, B) max [07aallc(x) 110 @jlloo

From this we derive for k € N the inequality

LA(9) il Bor(x) < c(k) Z laallBor k) ll0jll Berim(xy for j € N,

la|<m

131t is shown in functional analysis that these definitions are consistent with our previous
definitions for continuity and L£(E).



182 X Integration theory

where the constant c(k) is independent of j. Now A(9)p; — 0 in BC*(X) follows
from (Ds). Because this is true for every k € N, we see that A(9)p; — 0 in D(X).
This proves that Diffop,,(X) C £(DP(X)). The other statements are clear. m

Let (-]-) denote the inner product in Lo(X), and suppose A(Q) belongs to
Diffop(X). If there is a differential operator A*(9) € Diffop(X) such that

(AO)u | v) = (u | Aﬁ(a)v) for u,v € D(X)

we say Af(0) is the formal adjoint of A(J). Because

(u | AF(@)0) :/XuAﬁ( Yo da

and A#(9)v € D(X) C Ly 10¢(X) for v € D(X), it follows easily from Theorem 7.18
that A(9) has at most one formal adjoint. If A(9) has a formal adjoint A*(9) that
coincides with A(9), then A(9) is formally self-adjoint.

We will now show that every .A(9) € Diffop(X) has a differential operator
formally adjoint to it, and we derive an explicit form for .A%(9). First we need this:

7.22 Proposition (integration by parts) For f € C*(X) and g € C}(X),

/((%f)gdx:—/fajgdx for j e {1,...,n} .
X X

Proof We need only consider the case j = 1; the general case will follow by
permutation of coordinates, in view of Corollary 6.10. So write © = (x1,2') €
R xR"™!. Since fg has compact support, it follows from integrating by parts that

/OO [01f(z1,2")]g(21,2") doy = / f(x1,2")01g(21, 2") day

—00

for every 2/ € R"™'. From Fubini’s theorem, we now get

| @ngar= [ @ gz

/ / o f(zy,2")g(x1, )dxl) dx’
Rn—1
= _/RW1 (/700 f(x1,2")01g(x1, ) dxl) dx’

:_/ f&lgdx:—/ forgdr . m
n X
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7.23 Corollary Suppose f € C*(X) and g € C¥(X). Then

[ @ nigde= 1) [ gorgas
b'e b'e
for o € N such that |a| < k.
Integration by parts is also the core of the proof of the next result.

7.24 Proposition FEvery differential operator
A(0) = > an0* € Diffop(X)
ler|<m
has a unique formal adjoint, which is explicitly given by
A0 = > (=1)*0%(@av) forv e D(X) . (7.17)
lo] <m
If A(9) has order m, then A¥(9) is also an m-th order differential operator.

Proof We already know that there is at most one formal adjoint, so we need only
prove existence and the validity of (7.17).

Take u,v € D(X). Integrating by parts, we find

(A((’?)u|v):/x( ﬁx—Z/aaauvdx

la|<m

= Z (— )‘04/ ud*(agv dx—/ Z Do (@) da

lo|<m lee|<m

Therefore
(A@)u |v) = (u A (9)v)  for u,v € D(X)

if A*(0)v is as in (7.17). By Leibniz’s rule, there exist b, € C°°(X) for a € N"
with |a| < m — 1, such that

ANO) = ()™ D @0+ D bad™ .

Jaj=m laj<m—1

Therefore A*(9) belongs to Diffop(X). The claim is now clear. m

For differential operators that describe the time evolution of systems, it is
usual to treat time as a distinguished variable. We recall, for instance, the wave
operator 97 — A, and the heat operator 9; — A, in the variables (t,r) € RxR" (see
Exercise VIL.5.10). Another example is the Schrédinger operator (1/:)0; — A,.
All three operators are second order differential operators.
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7.25 Examples (a) The wave operator and the Schrédinger operator are formally
self-adjoint.'?

(b) The heat operator has (9; — A,)* = -9, — A, as its adjoint. It is therefore
not formally self-adjoint.

(c) For A(9) := 9, — > 7, 9, we have A9) = —A(9).

(d) Suppose ajx,aj,a € C°(X,R) with

n
Z ||ajk.||oo7é0, Ajk = Qk; fOI“j,kE{l,...,’rL}.
J,k=1

Also define A(9) € Diffopy(X) by

AQ)u = Z 0;(a;r0ku) + Z a;0ju~+ apu for u e D(X) .
jk=1 j=1

Then we say A(9) is a divergence form operator.' In this case, we have

n

Af (0w = Z 0;(a;p0v) — Zaj8jv + (ao — Zﬁjaj)v for v e D(X) .
j=1 j=1

J k=1
Therefore the formal adjoint is also of divergence form, and .A(9) is formally self-
adjoint if and only if a; =0 for j =1,...,n.
Proof This follows easily from Proposition 7.22. m
(e) The Laplace operator A is a formally self-adjoint second-order differential
operator of divergence form.
Proof This follows from (d) by taking a,r = 0, (the Kronecker delta). m

Weak derivatives

We now explain briefly how the concept of derivative can be generalized so func-
tions that are not differentiable in the classical sense can be assigned a generalized
derivative.

Suppose X is open in R". We say u € Lj 10c(X) is weakly differentiable if
there exists u; € L1 10c(X) such that

/ (Ojp)ude = —/ pujder for p e D(X)and1<j<n. (7.18)
b's e

15These facts are of particular importance in mathematical physics.
16 The reason for this language will be clarified in Section XI.6.
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More generally, if m > 2 is an integer, we say u € L1 10c(X) is m-times weakly
differentiable on X if there exists uq € L1 10c(X) such that

/ (0%p)udx = (—1)l / puq dr  for ¢ € D(X) , (7.19)
p's p's

for all @ € N with |a| < m. If this is the case, then it immediately follows from
Theorem 7.18 that ua € L1,10c(X) is uniquely determined by v (and «). We call
U the a-th weak partial derivative and set 0%u := u,. In the case m = 1, we set
0ju := u;. These notations are justified by the first of the following remarks.

7.26 Remarks (a) Suppose m € N*. Then every u € C™(X) is m-times weakly
differentiable, and the weak derivatives agree with the classical, or usual, partial
derivative.

Proof This follows from Corollary 7.23. m

(b) Let Wi _(X) be the set of all m-times weakly differentiable functions on X.

1,loc

Then W, .(X) is a vector subspace of Li10c(X), and for every a € N" with

loc
|a] < m, the map

W (X) = W lol(x) | ue 0%

1,loc

is well defined and linear.

Proof We leave the simple proof to the reader as an exercise. m

(c) Foru € W7, .(X) and o, 8 € N" with |a|+[8] < m, we have 0%0%u = 9P 0.
Proof This follows immediately from the defining equations (7.19) and the properties
of smooth functions. m

(d) Suppose u € L1 10c(R) is defined by u(z) := |z| for € R. Then u is weakly
differentiable, and Ju = sign.

Proof First, the absolute value function |-| is smooth on R*, and its derivative is
sign | R* there. Now suppose ¢ € D(R). Integration by parts gives

oo 0
/go/udm:/ ap'uder/ Yudx
R 0 —o0

= otwely — [ o dn— gl + [ o)

__ /R () sign(z) d . h

The claim follows since sign belongs to L1 1oc(R). m

(e) The function sign belongs to L 10c(R) and is smooth on R*. Nevertheless it
is not weakly differentiable. Thus the absolute value function of item (d) is not
twice weakly differentiable.
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Proof For ¢ € D(R), we have

/Rap' sign dx = /000 ¢ (z) dx — /0 ¢ (z)dz = —2¢(0) . (7.20)

— 00

Were sign weakly differentiable, then there would be a v € L1 10c(R) such that
/ pvdz = 2p(0) for ¢ € D(R) ,
R
which is false: see Example 7.19(c). m

In terms of the Dirac distribution 4, (7.20) assumes the form

/ @' sign de = —26(p) for p € D(X) .
R
Denoting the duality pairing as usual by

(,): D'(X)xDX) - K,

so (T, ¢) is the value of the continuous linear functional 7" on the element ¢, we
have

(sign, ¢’y = —=2(0,¢) for ¢ € D(R) , (7.21)

where we have identified sign € L 1oc(R) with the regular distribution Tyign €
D'(X), as discussed right after the proof of Theorem 7.20. A comparison of (7.19)
and (7.21) suggests the following definition: Let S, T € D'(X) and o € N". Then
S is called the a-th distributional derivative of T if

(T,0%) = (=1)!*I(S, ) for o € D(X) .
In this case, S is clearly defined by T' (and «), so we can set 9°T := S. We see
easily that every distribution has distributional derivatives of every order and that
for every a € N" the distributional derivative
0“:D'(X)—->D(X), T~ 0T
is a linear map.'” In particular, (7.21) shows that, in the sense of distributions,

J(sign) = 24 .

We cannot go any further here into the theory of distributions, but we want
to briefly introduce Sobolev spaces. Suppose m € N and 1 < p < oco. Because

17See Exercise 13.
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L,(X) C Li10c(X), every u € L,(X) has distributional derivatives of all orders.
We set!8
WH(X) :={ue Ly(X); 0%ue Ly(X), la| <m},

where 0% denotes the a-th distributional derivative. Also let

1/p
(Y 1oulp) ™ 1=p<oo,
le|lm,p == lo]<m (7.22)

max || 0% , p=00.
la]<m

We verify easily that

Wy (X) o= (W (X), || m.p)
is a normed vector space, called the Sobolev space of order m. In particular,
WI?(X) = Ly(X).

7.27 Theorem

(i) W;r(X) is continuously embedded in L,(X), and u € Ly(X) belongs to
W (X) if and only if u is m-times weakly differentiable and all weak deriva-
tives of order < m belong to L,(X).

(ii) Wy*(X) is a Banach space.

Proof (i) This is obvious.

(ii) Let (uj) be a Cauchy sequence in W*(X). It follows immediately from
(7.22) that (0%u;)jen is a Cauchy sequence in L,(X) for every a € N" such that
|a| < m. Because L,(X) is complete, there exists a unique uo € L,(X) such that
0%uj — uq in Ly(X) for j — oo and |a| < m. We set u := up. Then it follows
from (7.19) that, for all j € N,

/X(Bo‘ga)uj de = (=1)lel /X p0%ujdx for ¢ € D(X) and |a| <m .  (7.23)
From Holder’s inequality, we deduce
‘/ (0%p)u, dm—/ (0%9) udm / 0%p(u; —w)dz| < 0%y luj —ullp ,
which shows that
/X(aw)uj dx — /X(aacp)u dx for p € D(X) .

Analogously, we find that

/cpaaujdxﬁ/ puqgdx  for p € D(X) .
X b's

18If X is an interval in R, then one can show that Wi (X) coincides with the space introduced
in Exercise 5.6.
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Thus it follows from (7.23) that

/ (0%p)udr = (_1)|a\/ puq dx  for ¢ € D(X) .
p's X

This shows that u, is the a-th weak derivative of u, and we see that u is m-times
weakly differentiable. Because u, € L,(X) for |a] < m, we also have u € W (X),
and it is clear that u; — u in W*(X). Therefore W"(X) is complete. m

7.28 Corollary WJ"(X) is a Hilbert space with the inner product

(w|v)m == Z (0% | 0%)  for u,v € W3*(X) .

laf<m

We will conclude this section by proving the so-called trace theorem for
Sobolev spaces. For m € N and 1 < p < oo, set

A7 (X) = ({ul X s we CPR™) Y, - lng) -

p

Clearly ﬁm(X) is a vector subspace of W"(X). If the boundary 90X of X is

sufﬁmently nice (for example, if X C R" is an n-dimensional submanifold with
boundary,'?) one can show that Hm(X) is dense in W)*(X). In particular, this is
the case for X :=R" or X := H".

7.29 Theorem (trace theorem) Let1 < p < oo and X =R" or X = H". Then
there is a unique trace operator y € L(W, ( ), L,,(R"il)) such that yu = u|R"™*
for u € D(R™) (more precisely, for u € HI}(X ). Here R"™ ' is identified with
R™"™ x {0} C R™.

Proof Since ﬁ;(X ) is dense in W} (X), the claim follows from Proposition 6.24,
Remark 6.25, and Theorem VI.2.6. m

This theorem says in particular that every element u € W} (H") has boundary
values yu € L,(OH™). Because u is generally not continuous on H", yu cannot be
simply determined by restriction.

The existence of a trace is the foundation for the treatment of boundary value
problems in partial differential equations by the methods of functional analysis.

Exercises
1 For a > 0, calculate X[—q,a)* X[—a,a] @30 X[—a,a]* X[—a,a] * X[—a,a]-
2 Let p,p’ € (1,00) satisfy 1/p+ 1/p’ = 1. Prove:

19Gee Section XI.1.
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(a) f g belongs to Co for (f,g) € Lp X Ly, and [[f * glloo < [[fll5 llgllp-

(b) The convolution is a well defined, bilinear, continuous map from L, X L, into Cp.
3 Letp,q,r € [l,00] with 1/p+1/qg =1+ 1/r. Verify that

#: Ly X Lg— L, (fr9) = fryg
is well defined, bilinear, and continuous. Also verify the generalized Young inequality

I gll- < fllollglla for (f,9) € Lp x Lq .

(Hint: The cases 7 = 1 and r = oo are covered by Theorem 7.3 and Exercise 2, respec-
tively. For r € (1,00), consider

@ = 9)a@) = £ =" (1f@ =9 la@))) " g~
and apply Holder’s inequality.)
4 Show that f * g belongs to C* for (f,g) € C*¥ x L1 1oc.

5 Suppose f € L1,10c satisfies 0% f € L1 10c for a given a € N™. Verify that

O (fxp)=(0"f)xo=fx0% for p € BC™ .

6 Exhibit a vector subspace of Funct in which (R, +) is not linearly representable.

7 Given p € [1,00), suppose K C L, is compact. Prove that for every £ > 0 there is a
0 > 0 such that ||7af — f|lp < € for all f € K and all a« € R" with |a| < §. (Hint: Recall
Theorem II1.3.10 and Theorem 5.1(iv).)

8 Show that every nontrivial ideal of (L1, *) is dense in L.

9 Let p € [1,00], and denote by k the Gaussian kernel of Example 7.12(a). Prove:
(a) 0% € L, for a € N™.
(b) kxu € BUC™ for u € Ly.

10 Let f € L1, and suppose 0% f € L; for some « € N". Show that

/(ao‘f)godm = (fl)ml/faaapdx for p € BC™ .

11 Let V € {Funct,B,L,; 1 <p < oco}. Show that the linear representation of (R", +)
on V by translations is a group isomorphism.

12 For f,g,h € Lo, suppose f is convolvable with g and g with h. If f*g is convolvable
with h and f with g« h, show that (f*g)+*h = f=*(g+h). Thus convolution is associative
on L.

13 Show that the distributional derivative
0%: D' (X)—-D(X), T 0T

is a well defined linear map for every a € N".
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14 Show that (f — fu) € L(BC™(X), W, (X)) for u € W,"(X) with 1 < p < oo and
m € N.
15 Suppose (T}) is a sequence in D'(X) and that T € D'(X). We say (T}) converges in
D'(X) to T if
Hm(Ty, ) = (T, ) for ¢ € D(X) .
J

Let {¢e ; € > 0} be an approximation to the identity, and let (¢;) be a null sequence.
Show that (¢e;) converges in D'(R™) to 4.



8 The substitution rule

In our treatment of the Cauchy—Riemann integral, we encountered the substitution
rule of Theorem VI.5.1 as an essential tool for calculating integrals. Introducing
new variables, that is, choosing appropriate coordinates, is a prominent technique
also in higher dimensional integration. Unsurprisingly, the proof of the substitution
rule in this case is more difficult. However, we have already laid a foundation in the
form of the substitution rule for linear maps, which we derived in Theorem 1X.5.25.

Besides proving the general substitution rule for n-dimensional Lebesgue in-
tegrals, this section will illustrate its significance by means of some important
examples. The same theorem is also the cornerstone of the theory of integration
on manifolds, the subject of our last chapter.

In the following, suppose

e X and Y are open subsets of R™;
FE is a Banach space.

Pulling back the Lebesgue measure

Let (X,.A) be a measurable space and (Y, B,v) a measure space. If f: X — Y
is a bijective map that satisfies f(A) C B, that is, one whose inverse map is
B-A-measurable, one easily verifies that

ffvi:A—=1[0,00, A~ l/(f(A))

defines a measure on 4, the pull back (or the inverse image) of the measure v
by f. In the special case (X, A) = (R",E(n)) and (Y, B,v) = (R”,E(n),)\n), the
particular case of the substitution rule covered in Theorem IX.5.25 describes the
pull back of A\, by automorphisms of R":

O\, = |det ®| A, for @ € Laut(R") .

Using this result, we will now determine the pull back of the Lebesgue measure by
arbitrary C!-diffeomorphisms. A technical result is essential to that end:

8.1 Lemma Suppose ® € Diffl(X7 Y). Then
A (1) §/|det8<1>|dx
J

for every interval J CC X of the form [a,b), where a,b € Q".

Proof (i) First consider a cube J = [zg— (r/2)1, 20+ (r/2)1) with center zg € X
and edge length 7 > 0. Next set RY := (R",|-|) and

K = max [|0®(z)|| rr,) -
xeJ
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It follows from the mean value theorem that
|P(x) — P(z0)]oo < K |& —xp|oe forz e J.
Therefore ®(.J) is contained in B (®(z¢), Kr/2), and we find

Ma(®(J)) < (K7)" = K" Au(]) .

(8.1)

(ii) Suppose J CC X is of the form [a,b), with a,b € Q". Take ¢ > 0 and
let M := max, 5 [[[0®(2)] || z(zn ). Since & is uniformly continuous on .J, there

exists > 0 such that

[00(z) — 02(Y)l c(rn) < /M

(8.2)

for all z,y € J such that |z — y| < 6. Because a,b € Q", we can decompose J (by
edge subdivision) into N disjoint cubes Jj, of the form [a, 5)"” with 0 < f—a < 4.

Now choose xj, € Jj such that

|det 0P ()| = min |det 0D (y)|
yeJg

and set T}, := 0®(zx) and @y := T}, ' o ®. Because
0Pi(y) = T, 0@ (y) = 1, + [0@(a)] " [0 (y) — 0P ()]
it follows from (8.2) and the definition of M that

max |09k (y)| o) <1+e forke{l,...,N}.
yEJk

(8.3)

By the special case of the substitution rule treated in Theorem 1X.5.25, we have

A (@(Jk)) = M (T T @(Jx)) = |det Ti| A (s (Ji)) -
Thus (8.1) and (8.3) imply
M (@(Jg)) < (1 +4¢)" |det Ty| An(Jx) for ke {1,...,N}.

Taking into account the bijectivity of ® and the choice of xy, we find

N N
(@) = A (U @01)) = 3o (@)
k=1 k=1

N N
<(A+e)" > |det Tu| An(Jk) < (1 +2)" > ’ |det OB da:
k=1 k=1 k

_ +e)"/ \det 90| dz .
J

The claim follows upon taking the limit ¢ — 0. m
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8.2 Proposition Suppose ® € Diff' (X, Y). Then

B*An(A) = A (B(4)) = /A \det 90| dz  for A € L(n)| X

Proof (i) From the monotone convergence theorem, it follows easily that
e L(n)] X — [0,00], A»—>/ |det 0P| dx
A

is a complete measure (see Exercise 2.11).

(ii) Suppose U is open and compactly contained in X. By Proposition IX.5.6,
there is a sequence (Ji) of disjoint intervals of the form [a,b), with a,b € Q", such
that U = J,, Jx. From (i) and Lemma 8.1, it follows that

A (@(U)) = A (Uk <I>(Jk)) =3 (@) < Zk/J \det 9P| d
=3 ma(i) = pa((J, ) = wa(0) = /U \det 9D| dz .

(iii) Let U be open in X. By Remarks 1.16(d) and (e), there is a sequence
(Uk) of open subsets of X such that Uy, CC Up41 and U = |J,, Uy. From (ii) and
the continuity from below of the measures A, and ug, it follows that

A(@(U)) = lim Ay (B(U)) < lim 1o (Ug) = u@(U):/U|det8<I>|da:.

(iv) Let A € L(n)| X be bounded. Using Corollary IX.5.5, we find a sequence
(Ug) of bounded open subsets of X such that G := [, Ux D Aand A, (G) = A\, (A).
From (iii) and the continuity from above of the measures \,, and pge, we have

An(®(G)) =T A (@ (mU)) <tna (1 05)

= us(G) = / |det 0P| dx .
el
Noting that A C G and A, (A) = A, (G), we obtain

An(<I>(A))<)\n(<I>(G))§/G|det8®|dx:[4|det8@|dx.

(v) Take any A € L(n)| X, and set Ay, := ANEB" for k € N. From (iv) and
the continuity of the measures from below, we obtain

An(®(4)) = lim An(®(41)) gliinp(p(Ak):Mq)(A):/A|det8<I>|dx.
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(vi) Let f € S(Y,R") have normal form f = Z?:o ajxa,- By (v),
k
[ 1= ety -
% =

k
S;}%L)

(vii) Suppose X is bounded. Given f € Lo(Y,R"), let (fx) be a sequence in
S(Y,R") such that fi T f (see Theorem 1.12). Then f; o ® belongs to S(X,R™).
Because the sequence (fr o ®); converges increasingly to f o ®, we know that
(f o ®)|det d®| belongs to Lo(X,RT). Now (vi) and the monotone convergence
theorem imply

/fdy:lim/ fkdyglim/(fkoq))|det8‘1>|dx=/(foq))|det8<1>|dx.
Y k- Jy ko Jx b'e

M=

> ah (@07 (4)))

j=0

|det 0®| dx = / (f o @) |det 0P| dx .
H(4) X

(viii) Let X be arbitrary and take f € Lo(Y,RT). In view of Remarks 1.16(d)
and (e), we can find an ascending sequence of relatively compact open subsets X},
of X such that X = |J;—, Xx. According to (vii), gi := xx, f |det ®| belongs to
Lo(X,RT), and we have gy 1 g := f|det ®|. Therefore g € Lo(X,R"). Setting
Y) := ®(X%), we obtain from (vii) that

fdy < / (f o @) |det 9P| dx .
Yy Xk
Now Y = U;O:o Y. and the monotone convergence theorem yield

/fdyg/ f o ®)|det 9P| da . (8.4)
Y

(
X
(ix) Suppose A € L(n) | X. We swap the roles of X and Y in (viii) and apply
(8.4) to the C''-diffeomorphism @1 : ¥ — X and the function (Xo(a)0P) |[det 0P|,

which belongs to Lo(X,R"). Then
/ (X®(a) © P) |[det 0P| dx < / {((X@(A) o @) |det HP|) o @—1} |det 0® 1| dy
X %

:/ X |det[(0P o ~1)9d1]| dy |
Y
Further noting that
1, =0(idy) =0(®o® ') = (0@ o & 1)od~! (8.5)
and xq(4) © P = xa, we obtain

[ 1aecoalds < [ o du=a(a4)

Because of (v), the claim follows. m
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8.3 Example Define X := { (r,¢) € R x (0,27) ; 0 <1 < /27 } and
d: X -R?, (r,¢)— (rcosg,rsing) .
Then Y := ®(X) is open in R?, and ® € Diff**(X,Y’) satisfies

| cosp —rsingp
[02(r.¢)] = sin ¢ rcoscp} ‘

27 1

D

v

xlel
p/2m 1

Therefore det 9®(r, ) = r. Also pry(X) = (0,27), and X¥! = (0,¢/27) for
¢ € (0,27). By Proposition 8.2 and Tonelli’s theorem, then,

21 pp/27
)\Q(Y):/er(r,ga):/o /0 rdrdp=m/3.

The substitution rule: general case

» T

After these preliminaries, it is no longer difficult to prove the substitution rule
for diffeomorphisms. First we consider the scalar case, whose proof is accessible
even to readers who skipped over the proof of Fubini’s theorem for vector-valued
functions. We treat the general case at the end of the section.

8.4 Theorem (substitution rule) Suppose ® € Diff'(X,Y).
(i) For f € Lo(Y,RT),

/fdy:/(fo@) \det 00| da: . (8.6)

Y b

(ii) A function f:Y — K is integrable if and only if (f o @) |det 9®| belongs to
L1(X). In this case, (8.6) holds.

Proof (i) Theorem IX.5.12 implies that ®(Lx) C Ly . Hence fo® is measurable,
by Corollary 1.5. Since |det 9P| is continuous, hence measurable, Remark 1.2(d)
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implies that g := (f o @) |det 0P| is measurable also. From (8.5) we obtain f =
(go ®~1)|det 99~ 1|. Now (8.4), with (Y, ®~1, g) in the role of (X, ®, f), gives

/(focp)|detac1>|dx§/fdy.
X Y

Because of (8.4), this implies (8.6). Now (ii) follows from (i), parts (ii) and (iii) of
Corollary 2.12, and Theorem 3.14. m

In terms of the pull back of functions defined in Section VIII.3, the substitu-
tion rule (8.6) takes on the easily remembered form

/de/\nszl(y)(@*f)d(@*/\n).

This follows from Proposition 8.2 and Exercise 2.12.

For many applications, the assumption that ® is a diffeomorphism is too
restrictive. We weaken it somewhat in this simple yet important generalization of
Theorem 8.4:!

8.5 Corollary Let M be a measurable subset of X such that M\M has Lebesgue
measure zero. Suppose ® € CY(X,R"™) is such that ® | M is a diffeomorphism from
M onto ®(M).

(i) For every f € Lo(M,R™),
/ fdy:/ (f o @) |det 0P| dx . (8.7)
(M) M

(ii) A function f: ®(M) — K belongs to L£1(®(M)) if and only if (fo®) |det 0P|
belongs to L1 (M). In this case, (8.7) holds.

Proof Because \,(M\M) = 0, the set ®(M)\®(M) c ®(M\M) also has mea-
sure zero, by Corollary 1X.5.10. The claims then follow from Lemma 2.15 and
Theorem 8.4. m

It is clear that this corollary gives a (partial) generalization of the substitution
rule of Theorem VI.5.1, though limited to diffeomorphisms. There is one obvious
difference from the one-dimensional case considered before: now the derivative
term (that is, the functional determinant) appears as an absolute value. The
reason is that the prior result used the oriented integral.

1See Exercise 7 for a further generalization.
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Plane polar coordinates

A special case of special importance in applications consists of diffeomorphisms
induced by polar coordinates, which we now introduce. We begin with the two-
dimensional case.
Let
f2: RZ = R? . (r,9) = (2,y) == (rcos g, rsing)

be the (plane) polar coordinate map?, and let V5 := (0, 00) x (0, 27).

A RO BN
- : f2 ,'/ "\\ (’I‘, ‘P)
v (1) - \ >
...................... .:.' \\\\ R2\/'(R+X{0})

Then f> is smooth, and det d f2 (r,p) = r, as was shown in Example 8.3. Clearly
V2 \ V2 has measure zero; moreover

L(Va)=R?,  fo(Va) =R*\ (RT x {0}) (8-8)

and
f2| Va € Dift>(Va, f2(V2)) (8.9)

Therefore Corollary 8.5 applies with M := V:

8.6 Proposition (integration in polar coordinates)
(i) For g € Lo(R?,R™), we have

21 poo
/2 g(x,y)d(z,y) = / / g(r cos @, 7 sin p)r dr dy
® 0 0 (8.10)

o] 2
:/ 7“/ g(rcosq,rsiny)dpdr .
0 0

(ii) The function g: R? — K is integrable if and only if the map
(0,00) x (0,2m) = K, (r,¢) — g(rcos @, rsinep)r
is integrable. Then (8.10) holds.

Proof This follows from Corollary 8.5 together with (8.8), (8.9), and the Fubini-
Tonelli theorem. m

2See Conclusion 111.6.21(d).
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These integrals simplify when f depends only on |z|, that is, on r. To illus-
trate, we present an elegant calculation of the Gaussian error integral, for which

knowledge of the I'-function is not required (compare Application VI.9.7).

8.7 Example [~ e~ do = /.

Proof Tonelli’s theorem implies

([ = [ [ eanm [([ i) o

:/ ef(z2+y2)d(m,y).
R2

Therefore Proposition 8.6(i) shows that

</_ e dx / / —r? drdp = 27T/Ooo d%' [76—#/2] dr —

and the claim follows. m

Polar coordinates in higher dimensions
For n > 1, we define h,, : R™ — R""! recursively through

hi(z) := (cosz,sinz) for z € R

and

hnt1(2) i= (hn(2) sin 241, cO8 2p41)  for 2 = (2, 2p41) ER" xR .

Obviously h,, is smooth, and by induction, we verify that
|hn(2z)]=1 for ze R™.
Now we define f,, : R™ — R" for n > 2 by
fn(y) == y1hn_1(2) fory=(y1,2) ERxR"" .
Then f, is also smooth, and we have
hn-1(2) = fu(1,2) , [fa(y)| = |yl -
We will usually follow convention by renaming the y-coordinates as
(ry 0,01, ooy On—2) = (Y1, Y2, Y35 - - - Yn,) -
By induction, one checks easily that

fn : R" — R" ) (T7<)05’l91)"'7’l9n—2) — (xth;xBa"'axn)

(8.11)

(8.12)

(8.13)

(8.14)

(8.15)

(8.16)
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is given by
1 =rcospsind;sindy---sintd,_o ,
To = rsinpsind;sinds---sind,_o ,
T3 = rcosdy sinds - - -sint,_o ,
(8.17)
Tp1 = rcost¥,_3sint,_o ,
T, = rcost,_o .

Thus f> coincides with the plane polar coordinate map, and f3 is the spherical co-
ordinate map of Example VI1.9.11(a). In the general case, f, is the n-dimensional
polar coordinate map. From (8.12) and (8.14), the recursive relation

fa@) = (fa—1(y/) siny,, y1cosyn)  fory = (y',yn) € R xR (8.18)
follows for n > 3. For n > 2, we set
Wy_1:= (0,27) x (0,7)" "2, V, :=(0,00) x Wy,_1 , (8.19)

and
Vo(r) :=(0,7) x Wy_q forr>0. (8.20)

If we denote the closed (n—1)-dimensional half-space by

H, 1 :=R" x {0} xR" 2 CR", (8.21)
we find
Ba(Wo1) = S N\Hy1, fu(Va(r) = rB"\ H,_, (8.22)
and
het(Wio1) = S™70 0 fo(Va(r)) = rB™ . (8.23)
Also
fa(Va) =R"\Hooy,  fo(V,) =R". (8.24)

In addition, the maps h,,—1 | W,,—1 and f, | V,, are bijective onto their images.

‘A/ T']Bn

Rn72
A Va(r)

Wn—l Z

These statements follow easily by induction.
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8.8 Lemma Forn > 3 andr > 0, the map f,, is a C* diffeomorphism from V,,(r)
onto rB"\ H,_1 and from V,, onto R"\ H,,_1. Moreover

det Ofp(r, o, 01, ..., On_2) = (—1)"7“"_1 sindy sin? Yy - - - sin" "2 9,,_o

for (r,p,91,...,0,_2) € V.

Proof In view of the foregoing, we need only calculate the value of the functional
determinant det Jf,,(y). We do this recursively. From (8.12) and (8.14), we have

hn—1(2")sin 2, [raz (hn,1 (') sin zn)]
OfeesWl =1
COS Zn, 0 0 —rsinz,
r *
_ [0fn(y) sin zn]
* )
L * * —rsin z,

where y = (r,2) = (v/, z,) and z = (2/, z,) € R". Expanding in the last row, we
find

det Ofni1(y) = (—1)" cos z, det S — rsin™*! 2, det D fn (v') , (8.25)
where S := [raz (hn,l(z') sin zn)} We can assume that sin z,, # 0; otherwise the
claim is trivial. In the last column of S we have rh,_1(z’) cosz,. This vector
differs only by the factor r cot 2, from the first column vector, h,,_1(2’) sin 2, of
the matrix T := [0 fn(y’) sin z,,]. The first n — 1 columns of S also agree with the
last n — 1 columns of T, in the same order. Therefore

det S = (—1)""rcot z, det T = (—1)" "7 cos 2, sin" ' 2, det O, f () .
Thus it follows from (8.25) that
det Ofny1(y) = —rsin™ 2, det dfn(y) .
The claim now follows because det dfa(r, ) =r. m

For short, let’s set

wp(9) 1= sindy sin? 9y - -sin" 2 ,_o, = (P1,...,9n—2) €0, 77]"_2 .
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8.9 Proposition (integration in polar coordinates) Suppose n > 3.
(i) For g € Lo(R™,RT), we have

/n gdx = /v (g o fn)(r, 0, 9)r" L, (9) d(r, ¢, 9) . (8.26)

(ii) The map g: R" — K is integrable if and only if
Vi =K, (r,9,9) = (g0 fo)(r,0,0)r" tw, (9)
is integrable. Then (8.26) holds.

Proof Because )\, (‘_/n\Vn) = 0, the claim follows from (8.24), Corollary 8.5, and
Lemma 8.8. m

8.10 Examples (a) For g € £o(R*,R"), we have

[ a2 dey.2)

oo 2T p (827)

:/ / / g(r cos psin¥, rsin @ sind, r cos ¥)r? sin ¥ did dp dr .
o Jo Jo

The integrals on the right side can be performed in any order.

Proof This follows from Proposition 8.9(i) and Tonelli’s theorem. m
(b) A map g: R® — K is integrable if and only if
Vs =K, (r,¢,9) — g(rcospsind, rsin psind, r cos¥) r* sin ¥

is integrable. Such a map satisfies (8.27), and the integrals there can be performed
in any order.

Proof This is a consequence of Proposition 8.9(ii) and the Fubini-Tonelli theorem. m

(c) For n > 3, we have
27r/ wy, (V) d¥ = nw, ,
(0,7l =2

where w, = /2 /T'(1 4+ n/2) is the volume of B".
Proof From (8.22), (8.23), Proposition 8.9, and Tonelli’s theorem, it follows that

wn:/ dx:/ ldx:/ (Lo f)(r, 0, 0) 1" w, (9) d(r, @, 9)
Bn n Vn (1)

1 27
:/ r"*dr/ dgo/ wn(9) 9 = 2—”/ wn(8) Y |
0 0 [0,7]7—2 n [0,7]n—2

and we are done. m
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Integration of rotationally symmetric functions

Suppose 0 < 19 < r; < oo and set R(rg,r1) == {x € R" ; 1o < |2] <71 }. We
say that a function g: R(rg,r1) — E is rotationally symmetric if there is a map

g: (ro,m1) — E such that
g(z) = g(Jz]) for z € R(rg,71) .

This is the case if and only if ¢ is constant on every sphere S~ ! with ro < r < ry.
For such a function, ¢ is uniquely determined by g (and vice versa).

As we saw in Example 8.7, integration problems simplify considerably for
rotationally symmetric functions.

8.11 Theorem Suppose 0 <1rg < r; < oo.
(i) Ifg € ,Co(R(?“o, 1), R+) is rotationally symmetric, then

1
/ gdr = nwn/ gryr"tdr, (8.28)
R(’r’o,’l”l) T0
where w, = A, (B") = 7"/2/T(1 +n/2).
(ii) A rotationally symmetric function g : R(rg,r1) — K is integrable if and only if
(T07T1)_>Ka T’_).é(r)rn_l
is integrable. In this case (8.28) holds.

Proof The case n = 1 is clear (see Exercise 5.12). For n > 2, it follows from
(8.15) and the rotational symmetry of g that

go falr,p,9) =g(r) forrg<r < and (p,9) € W,_1 .

Now the claim arises from Propositions 8.6 and 8.9 (applied to the trivial extension
of g) and Example 8.10(c). m

8.12 Examples (a) Suppose f: R" — K is measurable and there are ¢ > 0, p > 0,
and € > 0 such that

clz|=mte  ifo<|z|<p,
|f(2)] < Cnee
clz if x| > p .
Then f is integrable.
Proof Set
g(x) = c(|z|"** Xpin (%) 4 127" X (panye(x))  for € R"\{0} = R(0, 00) .

Then ¢ is rotationally symmetric, and |f(z)| < g(x) for z € R(0,00). By Examples
VIL.8.4(a) and (b), r — g(r)r" "' belongs to £1(RT). Hence Theorem 8.11 implies that g
also belongs to £1(R(0,00)) = £1(R"). Now the claim follows from Theorem 3.14. m
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(b) Let p € Loo(R™) have compact support. Also define

1 1
Z:R™ {0 Rt .
SRV R e

Then (1/7r)® * p exists for a < n, and

(E)Q*M(x)—/w&dy for x € R™ .

r x —yl*

Proof Take z € R™ and define K := supp(p) and g2(y) := ||plloo |y| ™ Xa—x& (y) for
y # 0. Then g, belongs to Lo(R™), and

(@ —y)llyl™ < ga(y) fory#0.

Because a < n, part (a) shows that g, is integrable. The claim now follows from Theo-
rem 7.8(ii). m

For n > 3, the function u,, := (1/7)"~2?xpu, in the notation of (b), is called the
Newtonian or Coulomb potential associated with the density p. From Exercise 3.6

we know that w,, is smooth and harmonic in K¢, and (b) shows that u, is defined
on all of R"™.

The substitution rule for vector-valued functions

We now prove the substitution formula of Theorem 8.4 for vector-valued functions.

8.13 Lemma Let f € S.(Y, E) and ® € Diff'(X,Y). Then (fo®)|det 9®| belongs
to £1(X, E), and
/ fdy:/ fo®)|det0®|dzx .
Y

(
X

Proof Because supp(f o ®) = q)_l(supp(f)), the support of f o ® is compact.
In particular, f o ® belongs to S.(X, E). It easily follows that (f o ®)|det 0P| is
integrable. Also Theorem 2.11(iii) shows that, for e € E and g € £1(X,K), the
function eg belongs to £1(X, F) and e [ gdz = [y egdz. Letting 37" ejxa, be
the normal form of f, we see from Proposition 8.2 that

/ fdy= ZejAn(Aj) = Z@j/ |det 0P| dx
Y j=0 j=o0 /2

(A5

:Z/ ej|det8<1>|dx=/(fo<I>)|det8<I>|dx. .
j=07®71(4)) X
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8.14 Theorem (substitution rule) Let ® € Diff'(X,Y) and f € EY. Then f
belongs to £1(Y, E) if and only if (f o ®)|det 0P| belongs to L£1(X, E). In this

case, we have

/fdy:/(fo(l))|det8‘1)|dx.
Y X

Proof (i) Let f € L1(Y,FE), and take a sequence (f;) in S(Y,E) converging
a.e. in L1(Y, E) to f and satisfying lim [, f; = [, f (see Lemma 6.18, Remarks
6.19(a) and (c), and Theorem 2.18). Set g; := (f; o ®) |det 9P| for j € N. Thanks
to Lemma 8.13, we know that (g;) is a Cauchy sequence in £1(X, E) and that
Iy fidy = [y gjde. Because L1(X, E) is complete, there exists g € £1(X, E)
such that g; — g in £1(X, E). Also, it follows from Theorem 2.18 that [ g; dx
converges to fngx and that some subsequence (g;, )xen of (g;) converges a.e.
in X to g. Hence g and (f o ®) |det 9P| coincide a.e. in X. By Lemma 2.15,
(fo®)|det 0P| belongs to L1(X, E), and [, g = [ (fo®)|det 9®|. It follows that

/fdy:lim/ fjdy:lim/ gjdx:/gdm:/(fo(l))|det8‘1>|dx.
Y J Y J X X X

(ii) For the converse, suppose (f o ®)|det d®| belongs to £1(X, E). From
(8.5) we have
f=((fo®)|detd®|) o ® " |det I(@ )|,

so part (i) shows that f belongs to £1(Y,E). m
It is clear that Corollary 8.5 is also true for E-valued maps. From this it

follows that Propositions 8.6(ii) and 8.9(ii) and Theorem 8.11(ii) also hold for
E-valued functions.

Exercises

1 Let G € R™™™ be symmetric and positive definite. Prove that
/ e (G212 gg = W"/Q/\/detG .

(Hint: principal axis transformation.)

2 Show that for p € C with Rep > n/2, we have
[ @lal) " do =720 n/2) /D)

(Hint: Look at Example 6.13(b).)

3 Suppose D := { (z,y) ER?; 2,y >0, x+y < 1} and p,q € (0,00). Show that for
f:(0,1) = R, the function

D—R, (z,y)—2" 'y f(z+y)
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is integrable if and only if s — s?T97! f(s) belongs to £1((0,1)). In this case, we have

1
/ 2’y (x4 y) d(z,y) = B(th)/ sPHIT () ds
D 0

(Hint: Consider (s,t) — (s(1—t), st).)

4 Let 0 < a< f<2m and suppose f: [a, 8] — (0,00) is measurable. Show that

S(e, B, f) = {2z € C; argy(2) € [, 8], |2] < f(argy(2)) }
is Lebesgue measurable and that

1

A 2
X (S(.8.0) =5 [ [F0)] de

5 Suppose g € L2,,(R™) is positive definite. Calculate the volume of the solid ellipsoid
g~ ([0, 1]) enclosed by the surface g~*(1) (see Remark VII.10.18).

6 (Sard’s lemma) Suppose ® € C'(X,R"), and let C := {z € X ; 0®(z) ¢ Laut(R") }
be the set of critical points of ®. Show that ®(C) has measure zero. (Hint: Because C
is o-compact, it suffices to check that ®(C' N J) is has measure zero for every compact
n-dimensional cube J. Take zo € C' and 7 > 0 such that Jo := [zo — (r/2)1,z0 + (r/2)1]
is compactly contained in X, and set

p(r) == max/o |0® (z0 + t(z — z0))|| dt .

xzeJg

Show that there is a ¢, > 0 such that A\, (®(Jo)) < enr™p(r). Because lim,_q p(r) = 0,
the claim follows by subdividing the edges of Jy.)

7 Suppose ® € C'(X,R") and C = {2z € X ; 0®(z) ¢ Laut(R")}. Also suppose
@ | (X\C) is injective. Prove:
(i) For f € Lo(X,RY),
Fdy = / (f o ®) |det D] dz . (8.29)
) p's

(X
(ii) The function f: ®(X) — E belongs to £1(®(X), E) if and only if (f o ®) |det 9|
lies in £1(X, E). In this case, (8.29) holds.



9 The Fourier transform

To conclude this chapter, we introduce the most important integral transformation,
called the Fourier transform.! The study of its fundamental properties is as it
were a recapitulation of Lebesgue integration theory: we will encounter at every
turn such cornerstones as the completeness of Lebesgue spaces, the dominated
convergence theorem, and the Fubini—Tonelli theorem.

Particularly appealing is the interaction of the Fourier transform with the
convolution and with the Hilbert space structure of Ly. We illustrate the former
through Fourier multiplication operators and the second via Plancherel’s theorem
and applications of the position and momentum operators of quantum mechanics.

In this section, we exclusively consider spaces of complex-valued functions
defined on all of R™. For this reason, as in Section 7, we omit (R",C) from our
notation and write, for example, £1 for £1(R",C). In addition, [ fdx always
means f]R" f dz, and we canonically identify R™ with its dual space, so that (-, -)
coincides formally with the Euclidean inner product.

Definition and elementary properties

Let f € £1. The map R” — C, z+ e~ *{® f(x) belongs to L; for every £ € R™.
The map f: R™ — C defined by

Fl6) = (27r)_"/2/ e @8 f(x)dr for £ e R" (9.1)

n

is called the Fourier transform of f. The map F := ( f— f) is also called the
Fourier transform (or, if necessary to avoid confusion, the Fourier transformation).

Different conventions intervene in the definition just given; instead of (9.1),
one often sees the Fourier transform being defined as?

f»—>/e—"<x’5>f(x) dr or fl—>/e‘2”“”’5>f(q;) de .

Obviously, these differences in normalization are immaterial to the underlying
theory; however, they do cause powers of 2w to appear in some of the following
expressions. One should be mindful of this when reading the literature. The
normalization chosen here has the advantage that such factors appear only in a
few places and that Plancherel’s theorem takes on a particularly simple form.

9.1 Remarks (a) For f € Ly, set Ff := fo= ff, where f is an arbitrary
representative of f. Then Ff is well defined, and F € L(L1, BC).

IThe contents of this section will not be used in the rest of this book.
2See Section VIIL6.
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Proof The first statement is obvious. Because

IF©)] < @) ||fll, for € € R™,

the second follows easily from Theorem 3.17 (on the continuity of parameterized integrals)
and Theorem VI.2.5. m

(b) For f € L1, we have f: ]T The function defined by

~
~

R" - C, &~ f(6)= (2#)_"/2/6””’@]”(3:) dz

is called the inverse Fourier transform of f, for reasons soon to become clear; and
the map

F=(/=1)
is the inverse Fourier transform(ation). Because inversion (f — }/) is a continuous

automorphism on £y, Li, and BC, the inverse Fourier transform has the same
continuity properties as the Fourier transform.

Proof This follows immediately from the substitution rule. m
(c) For A > 0, we denote by oy : R" — R", z — Az the dilation by the factor A.
We define an action of the group ((0, 00), ) on Funct := Funct(R", C),

((0,00),-) x Funct — Funct , (A, f) — oaf , (9.2)
by setting

oxfi=fooiyx="(o1)"f.

If V is a vector subspace of Funct that is invariant under this action (meaning
that o5 (V) C V for A > 0), the map

ox: V=V, v—oyw

is linear and satisfies ox0, = oy, and o1 = idy for A, p > 0. Therefore o is a
vector space automorphism of V', with (o))~ = o1y for A > 0. This shows that

((0,00),+) = Aut(V), Aoy

is a linear representation of the multiplicative group ((O, 00), - ) on V. In particular,
{ox; A >0} is a subgroup of Aut(V'), the group of dilations on V. Accordingly
o)v is the dilation of v by the factor A. As with the translation group, we say that
((0,00),-) is linearly representable in V if V is invariant under (9.2).

Suppose 1 < p < oo. Then ((0, 00), ) is linearly representable on L, and

lloxflls = AP (1 £l -

Proof This follows from the substitution rule. m
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(d) Fox = A"y /3 F for A > 0.
Proof Suppose f € £1 and A > 0. Then

Forf(&) = (zw)*"”/e*“zv@f(m/x) dr = A"(Qw)*"”/e*<z/M€>f(x/A)x" dz

~

for £ € R™. But the substitution rule shows that the last expression is equal to A" f(A\). m

(e) Suppose a € R". Then (ei<a">f)A = TaffOI‘ felm

The space of rapidly decreasing functions

We now introduce a vector subspace of £; where the Fourier transform is especially
manageable. Using density arguments, we will then be able to broaden the results
to larger function spaces.

We say f € O is rapidly decreasing if for every (k,m) € N?, there is a
Ck,m > 0 such that

(1 +zP)* 0% f(z)| < chm forz € R™, ac€N", and |of<m .

In other words, f € C* is rapidly decreasing if, as |x| — oo, every derivative 0° f
goes to zero faster than any power of 1/|z]|.

We now set

Grm (f) = max sup (1+ |z[>)¥/210%f(z)| for f e C® and k,m e N .
la|<m zern

The space
S:={feC™; qum(f) <oofork,meN}

is called Schwartz space or the space of rapidly decreasing functions.

9.2 Remarks (a) S is a vector subspace of BUC™. Every gj m, is a norm on S.

Proof Let m € N. Then S is a vector subspace of BC™, since ¢o,m is the norm on
BC™. Let a € N" with |a] < m. Then it follows easily from the mean values theorem
that 0% f is uniformly continuous. The proves the first statement. The second is clear. m

(b) For (f,g9) € S xS, let

 N" g (ktm) _Gm(f—9)
d(f,g) = %2:02 ! L+ qrm(f —9)

Then (S, d) is a metric space.

Proof (i) Clearly the double series 3" 27" ™ g, .. () /(1+ gr,m(f)) converges for every
f€S. Thusd: S xS — R is well defined. Also d is symmetric and vanishes identically
on the diagonal of S x S.



X.9 The Fourier transform 209

(i) Because t +— t/(1+4t) is increasing on R", we have, for r,s,t € RY with r < s+t,
o~ s+t s t < 8 t

Tor S Thsti Ttsti @ Tgsté-1+4s 1+t
Now it follows easily that d satisfies the triangle inequality. m

(c) For f € S and a sequence (f;) in S, there is equivalence between:

(i) lim f; = f in (S, d);

(i) Tin(f — f;) = 0 in (S, d);
(iil) limj gg,m(f — f;) =0 for k,m € N.
Thus a sequence (f;) converges in S to f if and only if (f; — f) converges to zero
with respect to every seminorm gy, .
Proof “(i)=-(ii)” This implication is clear.

“(ii)=-(iil)” Take ¢ € (0,1] and k,m € N. There exists an N € N such that the

inequality d(f, f;) < &/28+™*+1 is satisfied for j > N. Thus

2 (k+m) m(f = f4) < €

1+qk,m(f i) 2k4mtt 7

80 q,m (f — fj) < e for j > N.
“(iii)=-(i)” Take € > 0. There is an N € N such that

ktm=N-+1 1+ka(f ff SN hE

By assumption, there is M € N such that qg,m (f — f;) <e/d for j > M and k+m < N.
Therefore

X g (o) e
d(f7 f]) < k,mZ:O 1+ qk,m(f f]) - 5

<eg forj>M. m

(d) D is a dense vector subspace of S. The function R" — R, z — e~lel? belongs
to S but not to D.

Proof It is clear that D is a vector subspace of S. Suppose f € S. We choose ¢ € D
such that ¢ |B" =1 and set

fi(x) = f(x)o(x/j) forzeR™, jeN*.
Then f; belongs to D, and
f(@) = fi(x) = f(x)(1 = @(z/j)) forzeR™.

Therefore 9%(f — f;)(z) = 0 for x € jB™ and o € N”. Now Leibniz’s rule shows that
there is a ¢ = ¢(p, m) > 0 such that

0°(f — fi)(e |—]Z( )07 £@)a* (1 = @)/ )i | < emax|0” ()

< cquarm(f)(1+ [zf?)" D72
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forzx e R", j € N*| k€N, and |a| < m. Setting C := cqi+1,m(f), we find

@i (f = 1) = max sup (14 [2) 10°(] = f5) (@)

< eqrir,m(f) sup 1+ <0/,
z|>j

and, as j — oo, the first claim follows from (c). The second one is clear. m

(e) For m € N, we have § — BUC™.
Proof This follows from (a) and (c). m

(f) S is a dense vector subspace of Cj.

Proof Suppose f € S. Then it follows from (a) and because |f(z)| < qi,0(f)(1 +
|z|?)Y/2 for & € R™ that f belongs to Co. Therefore S is a vector subspace of Cp.
Theorem 7.13 shows D is a dense vector subspace of Cp, and therefore the claim follows
from the inclusions D C S C Cp. m

(g) For k,m € N, there are positive constants ¢ and C' such that

¢ max sup‘aa 2P f(x) ‘<qkm(f)<C max sup [¢P9%f(z)] for f€S .
le|<m gern al<m peRrn
1BI<k Iﬁ\Sk

Proof This follows easily from the Leibniz rule. m

(h) Let f € S and a, 8 € N". Then z — 2°9” f () belongs to S.

Proof This is a consequence of (g). m

(i) The inversion f — f is a continuous automorphism of S.

Proof This is obvious. m

9.3 Theorem Let p € [1,00). Then S is a dense vector subspace of L, and there
is a ¢ = ¢(n,p) > 0 such that

Ifllp < cqnyr0(f) for feS. (9.3)
Proof For f € S, we have
J1sds = [ 1@ (1 ) 0rr2 (1 o) rr2 g
< (gunnlD))” [+ P2 o

Further, by Theorem 8.11(i) and because (n + 1)p > n, we have

/ ||~ (TP 4 = nw, /oo pm((HDP=HD) g < oo
[lz]>1] 1

(9.4)

Therefore [(1 + |z|?)~(*VP/2 4z is also finite, and (9.3) follows from (9.4). In
particular, f belongs to L,, and we see that S is a vector subspace of L,. By
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Theorem 7.13, D is a dense vector subspace of L,, and by Remark 9.2(d), it is
contained in §. The claim follows. =

The convolution algebra S

By Remark 9.2(a) and Theorem 9.3, S x S is contained in BUC™ x L;. Therefore
the convolution is defined on § x &, and by Corollary 7.9, we have

x: S xS — BUC™ . (9.5)

The next result shows that f * g is actually rapidly decreasing for (f,g) € S x S.

9.4 Proposition The convolution S X S is a continuous and bilinear map into S.

Proof (i) We verify next that the convolution & x & maps into §. So suppose
(f.g) € Sx S and k,m € N. By (9.5), it suffices to check that i, (f * g) is finite.
Because

k
k S
ol < Gz =yl + D =35 )le =l 7 for g € R
j=0
there is a ¢ > 0 such that
LIy , ,
ol If s a@l < [ S (5) o=t 1@ = 7 o)l dy
j=0

< auanolf) [+ WP o)l dy
Noting that ¢, := [(1 + |y[?)~("+1)/2dy is finite, we find

2" [ £+ g(2)] < ern qro(f)ahtnt1,0(9) -
Thus by Remark 9.2(g), there is a ¢ = ¢(k,n) > 1 such that

Qr,0(f *9) < cqro(f)ak+n+1,0(9) - (9.6)

Finally by Theorem 7.8(iv), we have

Qem (f *g) = ‘ gﬁ%,o(aa(f xg)) =

al

‘algﬁQk,O((aaf) x9) ,

and (9.6) implies

Qem(frg) <c max Qk,0(0% f)Qrn+1,0(9) = €@, (f)@rrnr1,0(9) - (9.7)

(ii) It is clear that the convolution is bilinear. Suppose (f,g) € § x S and
((fj,95))jen is a sequence in S x S such that (f;,g;) — (f,g9) in S x S as j — cc.
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Also let
o= c(qk,m(f) + Qrtnt1,0(9) + 1)

where ¢ is the constant from (9.7). Let € € (0,1]. By Remark 9.2(c), there is an
N € N such that

Qk,m(f_fj)<€/a ) Qk+n+1,0(g_gj)<€/a fOI‘jZN
Because
frg=tixgi=(—fi)xg+(fi = f)x(g—9i)+ f*(g—9;)
it follows from (9.7) that
Qe (F 9 — fi%95) < c(@om(f = [1)@otn+1,0(9) + Geom (f — fi)@rtn+1,0(9 — 95)
+ @i (f)@rant10(9 — g5)) < e
for j > N. Thus we are done. m
9.5 Corollary (S, +,*) is a subalgebra of the commutative algebra (Lq,+, *).

Proof This follows from Proposition 9.4 and Theorem 9.3. m

Calculations with the Fourier transform

We now derive some rules for the Fourier transformation of derivatives and the
derivatives of Fourier transforms. It will simplify the presentation of these formulas
to set A(z) := (1 + |z[?)'/2 for € R™ and

Dj:=—-i0;, je{1,...,n} for D*:=Dy.---Di», aeN",

where ¢ is the imaginary unit. As usual, the polynomial function induced by the
polynomial p € C[X7, ..., X,] will also be denoted by p.

9.6 Proposition Suppose f € L.
(i) For a € N", suppose D*f exists and belongs to £1. Then Xaf: Eo‘\f
(ii) For m € N, suppose A™ f belongs to £1. Then j? belongs to BC™, and

Daf: (—1)|a‘)@ fora e N" | |af <m .

Proof (i) Suppose { ¢. ; € > 0} is a smoothing kernel. By integration by parts
(see Exercise 7.10), it follows that

/f“ ) (f 4 0, (@) dar = ( '“‘/D“ ) (f x ) () i

(9.8)
_ /e—m& (D f) * 0.) (x) d .
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Theorem 7.11 and Theorem 2.18(ii) imply that

lim (2) /2 / 210 (f % p.)(2) da = € F(€)

e—0

and
iy (2m) /% [0 (D 1) ) &) dn = D)

e—0

for £ € R™. Using (9.8), this proves the claim.

(ii) We set h(x, &) := e~ f(x) for (x,&) € R" x R™. Then h(-,£) belongs
to Ly for every £ € R", and h(z,-) belongs to C* for every x € R™. Further, we
have

Dgh(z,€) = (—1)*z%h(z,€) for (z,6) eR*™, aeN",

and thus
IDgh(x, &) < (14 [2[*)*72 |h(z, ) = A (2) | f(2)] - (9.9)

It then follows from the theorem on the differentiation of parametrized integrals
that f belongs to C™ and that

D f(¢) = (277)‘”/2/Dgh(x,g) dr = (2m)""/2(— |a\/
= (-1)lIXeF ()
for € € R" and a € N" with |a| < m. Finally (9.9) shows

IDF(6)| < (2m) "2 / D&z, &)] dz < (2m) /2 AP f||, < 0o for € € R™ .

Thus fbelongs to BC™. m

9.7 Proposition The Fourier transformation maps S continuously and linearly
into itself.

Proof (i) Suppose f € S and m € N. Then
/Am(fﬂ) |f(2)| do = /(1 + 22D £ ()] (1 [af?) "D de
< gm+n+1,0(f) /(1 + [a?) T2 de < oo
We find using Proposition 9.6(ii) that fbelongs to BC™ and thus to BC*°.

(ii) Suppose k,m € N and «,3 € N" with |a] < m and |8 < k. Also
suppose f € S. Then it follows from Remark 9.2(h) and Theorem 9.3 that A™ f
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and D?(X*f) belong to £1. Therefore Proposition 9.6 implies

ADf(€) = (~1)IEPXaf(€) = (~1)lN(DF(X )7 (€) for € R™ . (9.10)

Remark 9.2(g) shows there is a ¢ > 0 such that

€D F(9)] < (2w)_n/2/|D5(X“f)(x)l (14 |22 (1 4 J2f?) = HD/2 de
S C(Jm+n+1,k(f)

for |a| <m and |3| < k. Hence there is a C' > 0 such that

Qk,m(}l\) < CQm+n+1,k(f) . (9.11)

Therefore fbelongs to S. The continuity of the Fourier transformation now follows
easily from (9.11) and Remark 9.2(c). Thus we are done. m

9.8 Corollary For f € S and « € N", we have

@ = X“f and @ = (—1)‘O‘|D(’f.

Proof These are special cases of (9.10). m

Proposition 9.6 and Corollary 9.8 show that the Fourier transformation maps
differentiation into multiplication by functions, and conversely. This fact underlies
much of its great utility.

It is now easy to improve the statement of Remark 9.1(a) to one saying that
the image of L; under F already lies in Cj.

3

9.9 Proposition® (Riemann-Lebesgue) F € L£(L1,Cy).

Proof Proposition 9.7 and § C Cy imply F(S) C Cy. From Theorem 9.3, we
know that S is a dense vector subspace of L1, and Remark 9.1(a) guarantees that
F maps the space L continuously into BC. The claim now follows because Cjy is
a closed vector subspace of BC. m

9.10 Examples (a) For g:=¢,: R" - R, =z — e"””‘2/2, we have g = g.
Proof (i) A property of the exponential implies

gn(z) = g1(z1) - -+ - g1(xn) forxz = (z1,...,2,) ER" .

3 Also known as the Riemann-Lebesgue lemma.
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For clarity, we denote by F,, the Fourier transformation on R™. Then it follows from the
Fubini-Tonelli theorem that

n
e @ =le?/2 g (27r)_"/2 / e "% e/ gy

R™ -1

s — —ixifs —ax2 =
= ||(27r) 1/2/6 i J/Qdifj: ||~7:1(91)(§j)~
i=1 "

j=1

Falgn)(€) = (2m) "/ /

R”

This shows that it suffices to treat the one-dimensional case.

(ii) Suppose therefore n = 1. For f :=g, we have from Example 8.7 that
50 =30) = —= [~ e ar =
g Vor J '

Because ze~*"/2 = 78(6_12/2), that is, because Xg = —0g = —i Dg, Corollary 9.8 gives
Af =0§=iDj=—iXg=-Dg=—-Xg=—Xf.

Therefore f solves the linear initial value problem y’(t) = —ty(t) with y(0) = 1 on R; its
unique solution is g. m

(b) With the notation of (a) and (7.11), we have

—

g )(€) =g.(&) for£eR™, £>0.

Proof Because g(e-) = 01,9, this follows from (a) and Remark 9.1(d). m

(c¢) Suppose
o(z) == (2m) /2l

and let € > 0. Then ¢(e - ) = ke, where k; = k, is the Gaussian kernel.

for x € R™ |

Proof From ¢ = (277)*"/201/\/§g and Remark 9.1(c), it follows that

p(e-) = 0100 = (2m) 20y, 5. 9= (2m) " ?g(V2e-) .

Thus we get from (b) that

—

oe (@) = (2r) g 5. (x) = e " (Am) 2T k()

forr e R". m

The Fourier integral theorem

To prepare for more in-depth study of the Fourier transformation on L1, we provide
the following results.
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9.11 Proposition Suppose f,g € Li. Then ]?g and fg belong to Ly, and
/fgdx:/f’g\dx.

Proof From Proposition 9.9, it follows easily that fg and fg belong to L;. Let
f and ¢ be representatives of f and g, respectively. Then Lemma 7.2 shows that

h:R™ —C, (z,y) = e 9 f(2)d(y) (9.12)

is measurable. Because

[ [ ew)ldzdy =151 gl (9.13)

we can apply the Fubini—Tonelli theorem to h, and we find

[ ity = [emy 2 [eiten fa) de gy dy
= [en e [ereng)dy o = [ G oo

Then claim now follows after noting f: f and g = a? [

We now prove theorems about the inverse of the Fourier transformation for
various assumptions on the function and its transform.

9.12 Theorem For f € L, these statements are true:
(i) i (27) /2 / Qe de = f in Ly .

(ii) (Fourier integral theorem for L) Iff belongs to Ly, then f = .7?(]?), where
F is the Fourier cotransformation.

Proof (i) We use the notation of Example 9.10 and set

(€ ) = e W p(eg) = (2m) /et W8l €

for £,y € R" and € > 0. We let 3/05( -,y) be the Fourier transform of £ — ¢©°(€,y)
for y € R". From Example 9.10(c) and Remark 9.1(e), it follows that

Fla,y) =k(y—2) fora,yeR".

Therefore Proposition 9.11 implies

(2m) "/ / Fl&)et e el ge = / F(&)¢ (€, y) de
- [1@F @ do = hex 1)

for y € R". The claim now follows from Theorem 7.11 and Example 7.12(a).
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(ii) If fbelongs to L1, the dominated convergence theorem shows that

-~ A~~~

lim [ &' @9 f(e)e " dg = / ¢ WO J(&) de = (2m)"F (F) ()

e—0

for y € R™. Thus (i), Remark 9.1(b), and Theorem 2.18(i) finish the proof. m

9.13 Corollary
(i) (Fourier integral theorem for &) The Fourier transformation is a continuous

automorphism of §. Its inverse is the Fourier cotransformation.

(ii) The Fourier transformation maps L continuously and injectively into Cyy and
has a dense image.

(iii) For f € Ly N BUC, the equality®

o~

o) = lim(2m) 2 [ 109 Fye=" 1 dg

e—0
holds uniformly with respect to x € R".
(iv) For f € Ly N BUC, suppose f belongs to Li. Then

o~

flx) = (27r)*"/2/ei<w’f>f(g) d¢ forz e R".

Proof (i) As in the case of normed vector spaces, we denote by £(S) the vector
space of all continuous endomorphisms of S; similarly, we let Laut(S) be the
automorphisms of S. Then it follows from Remark 9.2(i) and Proposition 9.7
that F and F belong to £(S). Because S C Lj, Theorem 9.12(ii) therefore
shows that F is a left inverse of F in £(S). It then follows from % = u that
FFf =F(Ff) = FFf =FFf = f for f € S. Therefore F is also a right
inverse of F in L(S), which proves F € Laut(S).

(ii) If f: 0 for f € Ly, then f =0 follows from Theorem 9.12(ii). Therefore
F is injective on L1, and from the Riemann-Lebesgue lemma, we know that F
belongs to L£(L1,Cy). Because (i) and S C Ly, we have § = F(S) € F(Ly). It
then follows from Remark 9.2(f) that F(L;) is dense in Cj.

(iii) follows from the proof of Theorem 9.12(i) and Theorem 7.11.

(iv) is now clear. m

9.14 Remarks (a) For f € S, we have f: f

(b) One can show that Ly does not have a closed image in Cy under the Fourier
transformation (see [Rud83]). Hence F € L(L1, Cy) is not surjective. m

40ne can show that (iii) and (iv) remain true for f € L1 N C.
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Convolutions and the Fourier transform

We now study what happens to convolutions under the Fourier transformations.
So we first introduce another space of smooth functions; these will turn out to be
particularly significant in the next subsection.

Suppose @ € C*. If to every a € N”, there are constants ¢, > 0 and k, € N
such that

|0%p(x)] < ca(l+ |z*)ke  for z € R™,

then we say ¢ is slowly increasing. We denote by Oy, the set of all functions with
this property, the space of slowly increasing functions.

9.15 Remarks (a) In the sense of vector subspaces, we have the inclusions & C
Op C C*® and C[Xq,...,X,] C O

(b) (Onr,+,-) is a commutative algebra with unity.

(c) Suppose (¢, f) € Op x S. Then ¢f belongs to S, and to every m € N, there
are ¢ = c(p,m) > 0 and k' = k' (p,m) € N such that ¢xm(pf) < c@oir m(f)
for k € N.
Proof Suppose m € N. Then there are ¢ = c(p,m) > 0 and ¥ = k'(p, m) € N such
that

10%p(x)] < c(1+|z)¥/? forzeR®, aeN", |af<m.

Now it follows from the Leibniz rule that

— . 2\k/2 AN 56 =0
Gem(pf) = max sup (1+ Jaf?) B}@j( §) 8 e@)0"  f (@)
< e max sup (14 [2) /2 10° f(2)] = ¢ s ()
al<m gzecrn

for feSand ke N. m

(d) Suppose ¢ € Op. Then f — @f is a linear and continuous map of S into
itself.

Proof This follows from (c) and Remark 9.2(c). m

(e) For every s € R, A® belongs to Op;. m
We can now prove another important property of the Fourier transformation.

9.16 Theorem (convolution theorem)

(i) (f*9)" = (2m)"/2fG for (f.g) € L1 x Lu.

(ii) o* f = (277)”/2&} for (o, f) € S x L;.
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Proof (i) By (9.12) and (9.13), we see that the Fubini-Tonelli theorem can be
applied. It then follows from Corollary 7.9 that

(f +9)(€) = (2m) /> / e () / f(@ —y)g(y) dy do
— (2m) "2 / 9(v) / ) f(a — y) dady

Because
/67i<z,£>f(x _y)dp = =i /67i<z,£>f(z) dz = =10 (212 f(g) |

we then get
(f*g) (&) = (2m) ™"/ / @2m)"2f(€)e™ W g(y) dy = (21)"2F(€)G(€) -

(ii) Suppose (¢, f) € S x L1. By Theorem 9.3, we find a sequence (f;) in S

such that f; — fin £;. Propositions 9.4 and 9.7 imply that @*fj belongs to S. By
Remark 9.15(c), ¢ f; also belongs to S, so it follows from (i) and Remark 9.14(a)
that

(P J3)" = (@m)"25]; = (2m)"2(pf;)” for jEN.
By Theorem 9.12(ii), we then get

P * f] = (277)”/2@ forjeN. (9.14)

Because f; — fin L4, it follows from Remark 9.1(a) that f; — ]?in BC'. Therefore
Corollary 7.9 implies because € S C L, that the sequence (@ * f;) converges
in BC to ¢ * f Because (pfj — @f clearly holds in L1, we deduce from Proposi-

tion 9.9 that the sequence (gofj ) converges in BC' to cpf Then the claim follows
from Remark 9.1(a). m

As an application of the convolution theorem, we prove a lemma, which forms
the basis for the Lo-theory of the Fourier transformation.

9.17 Lemma For f € £, N L, f belongs to Co N Ly, and £z = 117 Il2-

Proof Suppose f € £1NLy. Because fbelongs to Cp by the Riemann-Lebesgue

lemma, it suffices to verify || f||2 = ||f||2 So we set g := fx f. By Theorem 7.3(ii)
and Exercise 7.2, we know g belongs to £, N Cy, and

0= [ f@F0-wdy= [ 171115 .
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From Corollary 9.13(iii), it follows that

1715 = 5(0) = tim(2m) /2 [ o) 9 ds (9.15)

Now we note

~
=

f= (2ﬂ)7”/2/67i<x’5>f(—x) dr = (27‘1’)7”/2/6_“_%5).}0(—%) dr =

)|

)

which follows from the Euclidean invariance of integrals. Then Theorem 9.16(i)
shows

N = < A= ~2

g=(f=f)" =@m"2ff=@n)"?|F|".
In particular g, is not negative. Therefore (9.15) and monotone convergence the-
orem imply ||fllz2 = [|f||2- =

Fourier multiplication operators

To illustrate the significance of the mapping properties of the Fourier transfor-
mation, we now consider linear differential operators with constant coefficients
and show that they are represented “in the Fourier domain” by multiplication
operators.

For m € N, we denote by C,,,[X7, ..., X,] the vector subspace C[ X1, ..., X,]
consisting of all polynomials of degree < m. For

p= Y aaX®€CulX1,.... X,],
laj<m

we let

p(D) = Z aaD,

lo|<m
which is a linear differential operator of order < m with constant coefficients. Here
p is called the symbol of p(D). In the following, we set

Diffop? := {p(D); peClXy,....,Xun] },

and Diﬂ?op?n is the subset of all constant-coefficient, linear differential operators
of order not higher than m.

9.18 Remarks (a) p(D) € Diffop” is a linear and continuous map of S into itself,
that is, p(D) € L(S).
Proof This follows from Remarks 9.2(c) and (h). m
(b) The map
ClXy, ..., Xn] = L(S), pr—p(D) (9.16)

is linear and injective.
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Proof The linearity is obvious. Suppose p = Z\cqgm aa X € C[X1,...,Xn] and that
p(D)f =0 for all f €S. We choose a ¢ € D such that ¢ |B" = 1. For 8 € N", it follows
from the Leibniz rule that

D (pX”) = oD X" + 3" (O‘)Da—wD”XB .

<o

Because ¢(z) =1 for |z| < 1, we then derive

el ifa=0,

DQ(SOXB)(O) = DQXB(O) = { 0 otherwise

for a € N". Because pX” € D C S, we thus find 0 = p(D)(pX”?) = Blag for 3 € N"
with |8| < m; therefore p = 0. This proves the claimed injectivity. m

(c) p(D) is formally self-adjoint if and only if p has real coefficients.
Proof Letting

A0) ==p(D) = > aa(—i)* 0

[a|<m

it follows from Proposition 7.24 that

A@) = Y (—)aa(=llo* = 3 (=)@, 0,

Ja]<m |a|<m

which finishes the proof. m

By Remark 9.18(b), we can identify Diffop” [or Diffop’,] with the image of
C[X1,...,X,)] [or Cpy[X1,...,X,]] under the map (9.16). In other words, in the
sense of vector subspaces, we have

Diffop?, C Diffop? ¢ £(S) form e N .

For a € Opr and f € S, it follows from Corollary 9.13(i) and Remark 9.15(d)
that (f — af) € £(S). Then it follows again from Corollary 9.13(i) that

a(D):=F 'aF:8—-S, f »—>.7:_1(aj?)

is a well defined element of £(S), a Fourier multiplication operator with symbol a.
We set

Op = {a(D) €L(S); acE (’)M} .
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9.19 Proposition Op is a commutative algebra of £(S) with unity, and the map
ev: (Om,+,-) = Op, ar a(D)
is an algebra isomorphism.

Proof It is clear that Oy := (Onr, +, - ) is a commutative subalgebra with unity

of the algebra C®)| It is also easy to verify that ev maps the vector space Oy
linearly in £L(S).
For a,b € Oy and f € S, we have

(ab)(D)f = F~(abf ) = FL(aFF (b)) = F~(ab(D)f) = a(D) o b(D) .

Therefore ev is a surjective algebra homomorphism.

Finally let a,b € O with a(D) = b(D). Let £ € R", and denote by ¢ € D a
cutoff function for B"(¢,1). Then f := F~ 1 belongs to S with f(¢) = 1, and it
follows from Corollary 9.13(i) that

a(€) = (af)(€) = F(a(D)f)(€) = F(b(D)f)(€) = (bf ) (&) = b(e) .

Because this is true for every £ € R™, we have a = b. Therefore ev is injective. m

9.20 Corollary
(i) For a,b € Op, we have ab(D) = a(D)b(D) = b(D)a(D).
(i) 1(D) = 1.¢s)-
(iii) Diffop® is the image of C[X1,...,X,] under ev. In particular, Diffop® is a
commutative subalgebra of Op with unity.
Proof (i) and (ii) are special cases of Proposition 9.19.
(iii) For p € C[X1,...,X,] € Oy with p = Z\a|§maaXav we get from
Proposition 9.6(i) that

cwp)f = F pFf=F (pf) = Y aaF ' (X°F)

la|<m
Y W TN Y wb
o] <m lal<m

for f € S. Therefore ev(p) = Z\a|§m ao,D®, from which the claim follows. m

This corollary implies that the Fourier transformation can be used to solve
linear differential equations with constant coefficients by reducing them to simple
algebraic equations. This fact is part of the fundamental significance of the Fourier
transformation. The following examples give a first glimpse into these methods.
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9.21 Examples (a) Suppose the polynomial p € C[ X1, ..., X,] has no real zeros.
Then p(D) € £(8S) is an automorphism of S, and [p(D)]~! = (1/p)(D).

Proof We see easily that 1/p belongs to On. Now we deduce from Corollary 9.20 that

les)y =1(D) = (p-1/p)(D) = p(D)(1/p)(D) = (1/p)(D)p(D) .
Because a(D) € L(S) for a € Ou, this proves the claim. m

(b) 1 — A € Laut(S), and (1 — A)~! = A=2(D).
Proof Because 1 — A = A%(D), this follows from (a). m

Example 9.21(b) says that the partial differential equation
—Au+tu=f (9.17)

has a unique solution u € S for every f € § and that v depends continuously on
f in the topology of S. Also we can obtain the solution u € S of (9.17) by first
“Fourier transforming” this equation. This, according to Proposition 9.6, gives
the equation (€2 + 1)u(&) = A2(&)u(€) = f(€) for € € R™. This equation can then

N

be solved for u, giving u = A~2f, and then “reverse Fourier transformed”, giving
u=F"1A2f) = A"%D)f. This “method of Fourier transformation” plays a
prominent role in the theory of partial differential equations. Note that A=2(D)
or, more generally, (1/p)(D), is not a differential operator.

Plancherel’s theorem

To conclude this chapter, we show that the Fourier transformation can also be
defined on Ly, and we explain a few consequences of this fact.

Suppose H is a Hilbert space. We say T': H — H is unitary if T is an
isometric isomorphism.

9.22 Remarks Suppose H is a (real or complex) Hilbert space and T : H — H is
linear.

(a) If T is unitary, then T belongs to Laut(H), and

(Tx|Ty) = (z|y) forz,yec H.

Proof The first statement is clear. Because T is an isometry, we have
ARe(Tz|Ty) = |T(z +y)I” = IT(z = y)II” = & + yl|* = Iz — y|* = 4Re(z | y) ,

and therefore Re(T'z|Ty) = Re(z|y) for z,y € H. Replacing y in this identity by iy,
we get
Im(Tz | Ty) = Re(Tz |Tiy) = Re(z | iy) = Im(z | y) ,

and thus (Tx |Ty) = (z|y) for z,y € H. m
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(b) If H is finite-dimensional, then the following statements are equivalent:
(i) T is unitary.

(ii) (Tz|Ty) = (x|y) for z,y € H.

(iii) T*T =idgy.

Proof “(i)=-(ii)” is a consequence of (a).

“(ii)=(iii)” Let {b1,...,bm} be an orthonormal basis of H. Then every y € H can
be expanded as y = > 7", (y|b;)b; (see Exercise I1.3.12 and Theorem VI.7.14). From
Exercise VIL.1.5 and (ii), it follows that

m m

T*Tx =Y (T*Tx|b;)b; iT:HTb = (z|b)b; ==
Jj=1

j=1 j=1

for every x € H.

“(iii)=>(i)” Because T*T = idm, we know T is injective and is therefore also sur-
jective by the rank formula of linear algebra. For x € H, we also have

|Tz|* = (T2 | Te) = (T"Tz|z) = (z]z) = |«
Therefore T' is an isometry. m

9.23 Theorem (Plancherel) The Fourier transformation has a unique extension
from Ly N Lo to a unitary operator on Ls.

Proof Denote by X5 the vector subspace L1 N Lo of the Hilbert space Lo. Then it
follows from Lemma 9.17 that F belongs to £(X3, L2) and is an isometry. Because
X5 contains the space S, Theorem 9.3 and VI.2.6 imply the existence of a unique
isometric extension § € L£(L2). As an isometry, § has a closed image, which by
Corollary 9.13(i) contains the space §. Therefore Proposition V.4.4 implies that
§ is surjective and therefore unitary. m

As usual, we reuse the symbol F for the unique continuous extension of §
and likewise call it the Fourier transformation.®

The next proposition describes the Fourier transform Ff for an arbitrary
f € La.

9.24 Proposition For f € Lo, we have

Ff = lim F(xpp.f) = lim (277)—”/2/ e @) f(@)de  in Ly .
R=oo R [lz|<R]

— 00

50n Lo, the Fourier transformation will sometimes also be called the Fourier-Plancherel, or
Plancherel, transformation.
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Proof For R > 0, the element fgr := X . f belongs to L1NL3, and the dominated
convergence theorem implies

/|f ~ fal?de :/|f|2 (1= Xpme)?dz — 0 (R— o) .

Therefore limg_,, fr = f in Ly. Then by Plancherel’s theorem, F fr converges
in Ly to Ff. Because

F(fr)(€) = (2m) /2 / 0O {2y dr for £ € R"

[lz|<R]

the claim follows. m

9.25 Example Suppose n =1 and a > 0. Also let f := X[_q,q) € £1(R). Then

iy _L “ —ixé _ -1 —ia __ ia _\/g Sil’l(af)
()= 27r/_ae dx—\/%ig(e e )7 —a -

for £ € R. Because [ |f|? dx = 2a, Plancherel’s theorem gives

oo : 2
/ [sm(iam)} dx:g fora > 0.

axr

Note that  — sin(z)/z does not belong to £1(R). m

Symmetric operators

Suppose E is a Banach space over K. By a linear operator A in E, we mean a
map A: dom(A) C E — E such that dom(A) is a vector subspace of E and such
that A is linear. For linear operators A;: dom(4;) C E — E and A € K*, we
define Ay + \A; by

dom(Agp + AA;1) := dom(Ag) Ndom(Ay) , (Ag+ A1)z := Agz + Nz .
The product AyA; is defined by
dom(ApA;) := {z € dom(4,) ; A1z € dom(Ap) } , (AoA1)x := Ag(Aiz) .
Finally, the operator defined by
dom([AO,Al]) :=dom(ApA4; — A1Ap), [Ao,Ar]x:= (Apd1 — A1Ap)x

is called the commutator of Ay and A;. Obviously Ag+ AA;, AgA;, and [Ag, A4]
are linear operators in F, for which

Ag+ A1 =M1+ Ao, Mo = Ao(\Nidg) , [Ao, A1] = —[41, Ao] -
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Suppose now H is a Hilbert space, and A: dom(4) C H — H is a linear
operator on H. If
(Au|v) = (u| Av) for u,v € dom(A) ,

we say A is symmetric.

9.26 Remarks (a) Suppose H is a complex Hilbert space and A is a linear operator
on H. Then these statements are equivalent:

(i) A is symmetric.

(ii) (Au|u) € R for u € dom(A).
Proof “(i)=-(ii)” Because A is symmetric, it follows that

(Au|u) = (u| Au) = (Au|u) for u € dom(A) ,
and therefore Im(Au | u) = 0.
“(ii)=-(i)” For u,v € dom(A), we have
(A(u+v) | u+v) = (Au|u) + (Av|u) + (Au|v) + (Av|v) . (9.18)
Because of (ii), it follows that Im(Au|v) = — Im(Av|u), and therefore
Im(Au|v) = —Im(Av|u) = —Im (u]| Av) = Im(u| Av) .
Replacing u in (9.18) by iu, we get
Re(Au|v) = Im(A(iu) | v) = Im(iu| Av) = Re(u| Av) .

Therefore (Au|v) = (v| Au). m
(b) Suppose p € C[Xy,...,X,] and P is the linear operator on Ls such that
dom(P) =S and Pu := p(D)u for u € S. Then these statements are equivalent:

(i) P is symmetric.

(ii) p(D) is formally self-adjoint.
(iii) p has real coeflicients.
Proof “(i)=-(ii)” That P is symmetric implies

(p(D)u|v) = (Pulv) = (u| Pv) = (u|p(D)v) foru,veD,
which in turn implies (ii) by the uniqueness of formally adjoint operators.
“(ii)=>(iii)” Remark 9.18(c).

“(ili)=-(1)" Suppose p = 3_, <, @aX*. Then Corollary 9.20(iii) and Plancherel’s
theorem imply -

(Pu|u):(p(D)u|u (pu|u) = Z aa/f &)Pde forueS.
|| <m
Therefore (Pu|u) is real, and the claim follows from (a). m
(¢) With S as their domain, the Laplace, wave, and Schrédinger operators are
symmetric in Ls.
Proof This follows from (b) and Examples 7.25(a) and (e). m
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The Heisenberg uncertainty relation

As another application of Plancherel’s theorem, we close this section by discussing
several important properties of the position and momentum operators of quantum
mechanics. So we fix j € {1,...,n} and set

dOHl(Aj) = {u c Loy ) Xjae LQ} , dOIIl(BJ) = {UE Lo ; Xju S Lg} .

Then we define linear operators in Ly, the momentum operator A; and the position
operator B; (for the j-th coordinate), by

Aju:=F YX;u) and Bjv:=X;v foru € dom(4;), v&dom(B;).

9.27 Remarks (a) We have S C dom(4,), and
Aju=X;(D)u=Dju=—idju forues.
Proof This follows from Proposition 9.7 and Corollary 9.8. m

b) We have F(dom(A;)) = dom(B;) and a commutative diagram:
(b) j b g

Aj
dom(A;) Lo
F F
B
dom(Bj) Lo

In particular,
Aju=F'BjFu, wuécdom(A;) and Bju=FA;F 'u, wuecdom(B;).
Proof These are consequences of Plancherel’s theorem. m

(c) The position and momentum operators of quantum mechanics are symmetric.

Proof Let u € dom(A;). Then (b) and Plancherel’s theorem imply

(Aulu) = (F ByFulw) = (Bra|0) = [ & o) de
Now the claim follows from Remark 9.26(a). m
(d) For u € dom([4;, B;]), we have ([4;, B;jlu | u) = 2i Im(A; Bju | u).
Proof By (b), (c), and Plancherel’s theorem, we get for u € dom([A;, B;]) that
([Aj, Bjlu | u) = (A; Bju — BjAju|u)

= (F'B;FBju— B;F 'B;Fu|u)

= (]—"B]-u | B]]:u) — (iju | ]:Bju)

= 2i Im(FBju | BjFu) = 2i Im(F ' B; FBju | u)

=2iIm(A;Bju|u) . m
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(e) The operator i[A;, B;] is symmetric in L.
Proof This follows from (d). m
(f) We have S C dom([A}, B;]), and [A;, BjJlu= —iuonu € S.

Proof The first statement follows easily from Proposition 9.7 and Remark 9.2(h). Also
(a) shows that

[A4j, Bjlu = Dj(X;u) — X;Dju = (D; X;)u = —iu
forueS. m

(g) (Heisenberg uncertainty relation for §) For j € {1,...,n}, we have

lull < 2[|0jull2 | Xjul2 forues.

Proof Let u € S. By (d) and (f), we have
— ||u||§ =—i(u|u) = ([Aj,Bj]u | u) =2i Im(A;Bju|u) .
The Cauchy—Schwarz inequality therefore gives
[ull3 = 2 [Tm(A; Bju|w)| < 2[(A;Bju|u)| = 2|(Bju| Aju)| < 2[|Ajullz || Bjul: ,

and thus the claim follows because of (a). m

We conclude this section by extending the validity of the Heisenberg uncer-
tainty relation on S to dom(A;) N dom(B;). We first need a lemma.

9.28 Lemma For every u € dom(A;)Ndom(By), there is a sequence (u,) in S such
that
Hm (wpm, Ajtm, Bjum) = (u, Aju, Bju) in L3 .

m— 00

Proof (i) Suppose u € dom(A;)Ndom(B;), and let { k. ; € > 0} be the Gaussian
approximation kernel. We set u® := k. * u. By Exercise 8(iv), u® belongs to S,
and Theorem 7.11 shows lim._,gu® = u in L.

(ii) Because k = k, it follows from Example 9.10(c) that

Be(6) = hal€) = F k() = le€) = (2m)"2e 1€ for £ € R” .

According to Theorem 9.3, we can find a sequence (v,,) in S such that lim,, v, = u
in Ly. The convolution theorem therefore shows

(ke % 0) " (€) = 2m)2 e ()T (€) = ¢ 16T, (6) for € € R™ .

The limit m — oo then gives u° = ¢~ |'I°% (see Corollary 7.9 and Theorem 9.23).
Because

~ — —~ _ 2 2,2
141 — Ajuf]3 = IIXju—XjWII%:/Iij(€)|2(1—€ =) ae

it follows from the dominated convergence theorem that lim._.g A;u® = Aju in Lo.
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(iii) Let @ be a representative of u. We set

de(w,2) = x; (l(x) — i(z —e2)) , ge(x, 2) :=de(z, 2)k(2)

for e > 0 and (z,z) € R" x R". Then it follows, as in (7.7) (or from the Minkowski
inequality for integrals), that

xu=Xp0ls < ([[[loete 2] ) < [la2lberas, ©19)

where for the last inequality we used g. = (ds\/E)\/E and [kdr = 1 together
with the Cauchy—Schwarz inequality. Further noting

de(+,2) = X0 — 7. (X)) — e2j7e. 1

it follows from the strong continuity of the translation group on Lo and the trans-
lation invariance of integrals that

g (2l K() =0 for = € B
and

lde( -, 2)||2 k(2) < 2max{|| X ull2, [lull2} (1 + |z;|)k(z) foree€ (0,2], zeR".
Because z — (1 + |z;j])k(z) belongs to L4, the claim is implied by (9.19) and the

dominated convergence theorem. m

9.29 Corollary (Heisenberg uncertainty relation) For 1 < j < n, we have

||u||§ < 2||Ajull2 ||Bjullz  for u € dom(A;) Ndom(B;) .

Proof This follows from Remarks 9.27(a) and (g) and Lemma 9.28. m

From Remark 9.27(a) and Lemma 9.28 it easily follows, as in the proof of
Theorem 7.27, that the distributional derivative 9;u belongs to Lo for u € dom(A;)
and is therefore a weak Lo-derivative. Also Aju = —i0ju. Consequently, we can
also write the Heisenberg uncertainty relation for © € dom(A4;) N dom(B;) in the

form ) )
§/|u|2daﬁ) §/|8ju|2dx/|Xju|2dx

if we interpret O;u in the weak sense. The significance of this broadened in-
terpretation of the operators A; and Bj is clarified in the theory of unbounded
self-adjoint operators on Hilbert spaces, as developed in functional analysis. Self-
adjoint operators built from the position and momentum operators, in particular
the Schrodinger operators, are used in the mathematical construction of quantum
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mechanics (for example [RS72]). For an interpretation of the Heisenberg uncer-
tainty relation, we refer you to the physics literature.

Exercises

1 Let a > 0. Determine the Fourier transform of
() sin(az)/z , (i) 1/(a® +2%), (i) e /",
(iv) (1= [zl/a)xi-aa (@), (v) (sin(az)/z)*
(Hint: See Section VIIL.6.)
2 Let f(z) := (sin(z)/z)? and g(z) := €***f(z) for x € R*. Then show f*g = 0.
(Hint: Apply Exercise 1 and Theorem 9.16.)
3 Show that if f € £, satisfies either f* f = f or f* f =0, then f =0.
4 Let {p:; € >0} be an approximation to the identity, and let (¢;) be a null sequence.
Show that (F(p.,)) converges in D'(R™) to (2m)~"/?1.,
5 Fora,f €S, showa(D)f =ax*f.

6 For s > 0, define H® := {u € Ly ; At € Lo} and (u|v)us = (A°G|D)r, for
u,v € H®.
Show

(i) H®:= (H*; (-|-)u-) is a Hilbert space with H® = Ly, and
SLm L LD, fors>t>0;

(i) H™ = W3" for m € N.
7 For s > n/2, show
(i) F(H®) C L1 and
(i) H? < (Sobolev embedding theorem).
(Hints: (i) Apply the Cauchy—Schwarz inequality to A® |u| A™°.
(ii) The Riemann-Lebesgue theorem.)
8 Suppose o > 0, and let { ke ; € > 0} be the Gaussian approximating kernel. Prove:
(i) T(t) := [f — k. * f] belongs to L(H?) for every t > 0.
(i) T(t+s)=T(t)T(s), s,t>0.
(iii) lime—oT(t)f = f for f € H®.
(iv) T(t)(L2) C S, t>0.
(v) For f e LanNC,let u(t,x) :=T(t)f(x) for (t,z) € [0,00) x R™. Show that u solves
the initial value problem of the heat equation in R", that is,

Oru—Au=01in (0,00) x R" and u(0,-)= fonR", (9.20)

in the sense that u € C*°((0,00) x R™) N C(R* x R") and that u satisfies (9.20)
pointwise.
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Remark Let T'(0) := idgo. Then {T(t) ; t > 0} is called the Gauss—Weierstrass
semigroup (of H?).

(Hint: (v) To get an initial value problem for an ordinary differential equation, apply to
(9.20) the Fourier transformation with respect to € R™.)

9 Let n=1and py(z) = /2/7y/(a? ) for (z,y) € H?. Also let ¢ > 0. Prove these
statements:
(i) P(y) :=[f > py * f] belongs to L(H?) for every t > 0.
(ii)) P(y + z) = P(y)P(z) for y,z > 0.
(iii) limy—o P(y)f = f for f € H°.
) P(y)(L2) CS.
(v) For fe LaNC, let

(iv

u(z,y) == (P(y)f)(x) for (z,y) € H? .

Then u belongs to C?(H?)NC(H?) and solves the Dirichlet boundary value problem
for the half plane given by

Au=0inH> and u(-,0)=fonR.

Remark With P(0) := iduo, we call { P(y) ;

; ¥y >0} the Poisson semigroup (of H).
(Hints: (ii) Exercise 1. (v) Example 9.21(b).)

10 Suppose X is open in R"™ and (X%) is an ascending sequence of relatively compact
open subsets of X with X = (J, X& (see Remarks 1.16(d) and (e)). Also let

ar(f) = max 10°fllo x, for f€C™(X)and k€N,

and
oo

ZQ_I“ 1—(&1-kq;{ff) ) for f,g € C*(X) .

Show that (C*°(X),d) is a complete metric space. (Hint: To prove the completeness,
apply the diagonal sequence principle (Remark II1.3.11(a)).)

11 Show that D <% C* and S <% . ~
(Hint: Consider ¢(e-) with a cutoff function ¢ for B™).

12 For f € D, let
F(2):= /eii(zlz)‘c"f(m) dz for ze€ C.

Show then that F' belongs to C*(C, C).
(Hint: With Remark V.3.4(c) in mind, apply Corollary 3.19.)

13 Show that f does not belong to D for f € D\{0}. (Hint: Recall Exercise 12 and the
identity theorem for analytic functions (Theorem V.3.13).)



Chapter XI

Manifolds and differential forms

In Chapter VIII, we learned about Pfaff forms and saw that differential forms
of first degree are closely connected with the theory of line integrals. In this
chapter, we will treat the higher-dimensional analogue of line integrals, in which
differential forms of higher degree are integrated over certain submanifolds of R".
So this chapter will deal with the theory of differential forms.

In Section 1, we generalize what we know about manifolds. In particular,
we explore the concept of a submanifold of a given manifold, and we introduce
manifolds with boundary.

In Section 2, we compile the needed results from multilinear algebra. They
form the algebraic foundation for the theory of differential forms: In Section 3, we
treat differential forms on open subsets of R". In Section 4, we make this theory
global and then discuss the orientability of manifolds.

Because we always consider submanifolds of Euclidean spaces, we can natu-
rally endow them with a Riemannian metric. In Section 5, we look more closely at
this additional structure and explain several basic facts of Riemannian geometry.
To accommodate the needs of physics, we also treat semi-Riemannian metrics; in
the examples, we will always confine ourselves to Minkowski space.

Section 6, which concludes this chapter, makes the connection between the
theory of differential forms and classical vector analysis. In particular, we study
the operators gradient, divergence, and curl, and we derive their basic properties.
We give their local coordinate representations and calculate these explicitly in
several important examples.

In Section 2, which otherwise concerns linear algebra, we also introduce the
Hodge star operator, which we will need in later sections to define the codifferential.
Then we will be able unify the various operators of vector analysis into the language
of the Hodge calculus. This material can be skipped on first reading: For this
reason, we wait for the end of each section to discuss any material that uses
Hodge theory.
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In the entire book, we restrict to submanifolds of R". However, apart from
the definition of the tangent space, we structure all proofs so that they remain
true or can be easily modified for abstract manifolds. Thus Chapters XI and XII
give a first introduction to differential topology and differential geometry; though
they sometimes lack the full elegance of the general theory, the many examples we
consider do form a solid foundation for further study of the subject.



1 Submanifolds

In this section,
e M is an m-dimensional manifold and N is an n-dimensional manifold.

More precisely, this means M is an m-dimensional C* submanifold of R™ for
some m > m; a like statement holds for N.

For simplicity and to emphasize the essential, we restrict to the study of
smooth maps. In particular, we always understand a diffeomorphism to be a C'*°
diffeomorphism, and we set

Diff (M, N) := Diff> (M, N) .

However, whenever anything is proved in the following, it will also hold for C* man-
ifolds and C* maps, where, if necessary, & € N* must be restricted appropriately.
We will usually put these adjustments in remarks' and leave their verification to
you.

Definitions and elementary properties

Let 0 < £ < m. A subset L of M is called an (¢-dimensional) submanifold of M
if for every p € L there is a chart (¢,U) of M around p such that?

p(UNL)=pU)N (R x {0}) .

Every such chart is a submanifold chart of M for L. The number m — ¢ is called
the codimension of L in M.

Clearly this definition directly generalizes of the idea of a submanifold of R™.

In the context of submanifolds, immersions play an important role. They
will be introduced in analogy to the definition given Section VII.9.

Let k € N“ U {occ}. Then f € C¥(M,N) is a C* immersion if T,,f : T,M —
TN is injective for every p € M. We call a C* immersion f a C* embedding

Tn small print sections entitled “regularity”.
2To avoid bothersome special cases, we interpret the empty set as a submanifold of dimension ¢
for every £ € {0,...,m} (see Section VIL9).
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of M in N if f is a homeomorphism from M to f(M) (where f(M) is natu-
rally provide with the relative topology of N). Instead of C*° immersion [or C'*
embedding], we say for short immersion [or embedding].

1.1 Remarks (a) If L is an /-dimensional submanifold of M and M is submanifold
of N, then L is an /-dimensional submanifold of V.

Proof Let p € L, and let (¢,U) be a submanifold chart of M for L around p. Also let
(¥, V) be a submanifold chart of N for M around p. We can also assume U = V N M.
Letting X := ¢(U) C R™ and Y := proy(V) C R™, where pr: R™ x R*™™ — R™
denotes the canonical projection, we have

xi=progop e Diff(X,Y) .
Now we define ® € Diff(Y x R"™™, X x R"™™) by
O(y,2) = (x"'(y),z) for (y,z) €Y xR"™™,
and set ¥ := ® o). Then ¥(V) is open in R", and ¥ € Diff (V, ¥(V)) with
T(VNL) = (eUNL)x{0})n (R x {0}) =¥(V)N (R x {0}) C R",
as one can easily check. Therefore (¥, V) is a submanifold chart of N for L around p. m

(b) Because the R™ = R™ x {0} C R" is a submanifold of R” for n > m, it
follows from (a) that M is an m-dimensional submanifold of R" for every n > m.
This shows that the “surrounding space” R™ of M does not play an important
role so long as we are only interested in the “inside properties” of M, that is, in
properties that are described only with the help of charts and tangent spaces of
M and which do not depend on how M is “situated” in the surrounding space.?
However, how M is situated in R™ does matter, for example, when defining the
normal bundle T+M.

(c) Let L be a submanifold of M. For the submanifold chart (¢,U) of M for L,
we set

(o, UL) :==(|UNL,UNL).
Then (pr, UL2 is a chart for L, where ¢(U}) is interpreted as an open subset of
R, that is, R® x {0} € R™ is identified with R’

If A:={(px,Ur); A€ A} isaset of submanifold charts of M for L such
that L is covered by the coordinate patches (charted territories) {Uy ; A € A},
then { (pa,L,UxL) ; A€ A} is an atlas for L, the atlas induced by A.

Proof We leave the simple verifications to you. m

(d) Suppose L and K are respectively ¢- and k-dimensional submanifolds of M
and N. Then L x K is an (¢+k)-dimensional submanifold of the manifold M x N,
which is (m4n)-dimensional.

3In Section 4, it will be clear that tangent spaces also have an “inside” characterization.
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Proof This follows simply from the definitions. We again leave the proof to you.* m

(e) Let L be a submanifold of M. Then
i:L—-M, p—p

is an embedding, the natural embedding of L in M; we write it asi: L — M. We
identify T, L for p € L with its image in T, M under the injection T}, that is, we
regard T}, L as a vector subspace of T,M: T,L C T, M.

Proof Let (p,U) be a submanifold chart of M for L. Then 7 has the local representation
(poiowzl on(Un) = oU), =z~ (x,0).

Now the claim is clear. m

(f) If f: M — N is an immersion, then m < n.

(g) Let L be a submanifold of M of dimension ¢, and suppose f belongs to
Diff (M, N). Then f(L) is an ¢-dimensional submanifold of N.

Proof We leave the simple check to you. m
(h) Every open subset of M is an m-dimensional submanifold of M.

(i) If (¢,U) is a chart of M, then ¢: U — R™ is an embedding, and ¢ is a
diffeomorphism from U to ¢(U).

(j) Suppose L and K are respectively submanifolds of M and N, and iy, : L — M

and ig : K < N are their respective natural embeddings. Let k¥ € NU {oo} and

f € C¥(M, N) with f(L) C K. Then the restriction of f to L satisfies
fIL:=foireCHL,K),

and the diagrams

i Tyir
L ——— M T,L T,M
fIL f T,(fIL) Tpf
iK Ty (pyix
K ——— N Ty K TrpyN

commute. Identifying 7}, L with its image in T, M under T)ir,, that is, regarding
TpL in the canonical way as a vector subspace of T,M, we have in particular
Tp(f1 L) = (Tpf) | TpL.

Proof This follows from obvious changes to the proof of Example VII1.10.10(b), which
is generalized by this statement. m

4See Exercise VIL.9.4.
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(k) (regularity) Analogous definitions and statements hold when M is a C* manifold
for k € N*. In this case L is also a C* manifold, and the natural inclusion i: L — M
belongs to the class C*. m

The next theorem, a generalization of Proposition VII.9.10, shows that we
can generate submanifolds using embeddings.

1.2 Theorem

(i) Suppose f: M — N is an immersion. Then f is locally an embedding,
that is, for every p in M, there is a neighborhood U such that f|U is an
embedding.

(ii) If f: M — N is an embedding, then f(M) is an m-dimensional submanifold
of N, and f is a diffeomorphism from M to f(M).

Proof (i) Let p € M, and suppose (p,Up) and (v, V') are respectively charts of
M around p and of N around f(p) such that f(Uy) C V. Then

fow =00 fop " o(Us) — (V)

is an immersion by Remark 1.1(i). By the immersion theorem (Theorem VII.9.7),
there is an open neighborhood X of ¢(p) in ¢(Uy) such that f, ,(X) is an
m-dimensional submanifold of R". Then ¢ € Diff(V,4(V)) and Remark 1.1(g)
imply that f(U), with U := ¢~!(X), is an m-dimensional submanifold of N.

By appropriately shrinking X, Remark VIIL.9.9(d) shows that f, , is a diffeo-
morphism from X = ¢(U) to f, (X) = o f(U). Therefore f is a diffeomorphism
from U to f(U), where f(U) is provided with the topology induced by N. There-
fore f|U is an embedding.

(ii) Suppose f is an embedding. For ¢ € f(M), suppose (1, V) is a chart of N
around ¢ and (o, U) is a chart of M around p := f~*(q) with f(U) C V. Because
f is topological from M to f(M), we know f(U) is open in f(M). Therefore we
can assume that f(U) = f(M)NV. Now it follows from the proof of (i) that
f(M)NV is an m-dimensional submanifold of N. Because this is true for every
q € f(M), we conclude f(M) is an m-dimensional submanifold of N.

By (i), f is a local diffeomorphism from M to f(M). Because f is topological,
it follows that f € Diff (M, f(M)). m

From Remark VI1.9.9(c), we know that the image of an injective immersion
is generally not a submanifold. The following theorem gives a simple sufficient
condition which tells whether an injective immersion is an embedding.

1.3 Theorem Suppose M is compact and f: M — N is an injective immer-
sion. Then f is an embedding, f(M) is an m-dimensional submanifold of N, and
f € Difi(M, f(M)).
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Proof Because M compact and f(M) is a metric space, the bijective continuous
map f: M — f(M) is topological (see Exercise II11.3.3). Now the claim follows
from Theorem 1.2. m

1.4 Remark (regularity) Let k € N*. Then corresponding versions of Theorems 1.2
and 1.3 remain true when M and N are C* manifolds and f belongs to the class C*. m

1.5 Examples (a) Suppose 1 < ¢ < m,
and let (z,y) denote a general point of
R x R™™¢ = R™L. Then

1—y[2S° x {y}

is an /-dimensional submanifold of the
m-sphere S™ for every y € B¢, It is
diffeomorphic to S*. The tangent space at the point p € L, satisfies

T,L, = T,S™ N (p, R x {0}) C T,R™H" . (1.1)

Proof For y € B™ ¢, the map

F: RS R™ D g (V1=lyl?z,y) (1.2)

is a smooth immersion. Because S* and S™ are respectively submanifolds of R*T! and
R™*! and because F,(S*) C S™, Remark 1.1(j) with i, : S* < R*T! gives

fyi=F,| 8" =F,0i, € C®(S,85™) . (1.3)
Clearly fy is injective, and the chain rule of Remark VII.10.9(b) implies
Tyfy = TpFy o Tpi¢ forpe S .

Therefore T}, f, is injective (see Exercise 1.3.3), that is, f, is an immersion. Because S*
is compact, Theorem 1.3 shows that L, = f,(S*) is an f-dimensional submanifold of $™
and is diffeomorphic to S¢. Then (1.1) is a simple consequence of (1.2) and (1.3). m

(b) (torus-like hypersurfaces of rotation) Let
v: 8t = (0,00) xR, t— (p(t),o(t))

be an injective immersion and therefore by Theorem 1.3 an embedding. Also let
i S™ < R™ and define

Jr8mx ST RMTEXR L (g,) = (p(1)i(a), (1)) -
Then f is an embedding, and
T = f(S™ x S

is a hypersurface in R™ "2, which is diffeomorphic to S x S*.
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In the case m = 0, the set T con- I Y

sists of two copies of the closed, smooth
curve v(S'), which has no points of self- <\/>

»

intersection® and reflects symmetrically
about the y-axis.

(70,
NN

For m = 1, T2 is the surface of rotation in R® generated by rotating the

meridional curve
L= {(p(t),0,0(t) ; te St }

around the z-axis (see Example VIL.9.11(e)).
T? “is a 2-torus”, that is, it is diffeomorphic

to T? := S x S'. In particular, Ti}r, the (& 3\
2-torus from Example VIL9.11(f), is diffeo- -
morphic to T2. “\

In the general case, we call 7" a torus- S
like hypersurface of rotation.
Proof By Example VIL9.5(b), S™ and S* are m- and 1-dimensional manifolds, respec-
tively. Therefore S™ x S is an (m+1)-dimensional manifold.

Suppose (¢ x ¥, U x V) is a product chart® of S™ x S'. Because + is an immersion,
its local representation with respect to 9 (and the trivial chart idgz of R?), that is,
g = (r,8) with r := poep™" and s := o 0™, satisfies

(7(y),5(y) # (0,0) for y € P(V) . (1.4)

Further, the local representation of f with respect to ¢ x 1 has the form

foxuw(z,y) = (r(y)g(x),s(y)) for (z,y) € p(U) x (V) ,

where g := io@ ™! is the parametrization of S™ belonging to ¢. From this is follows that

otostom] =] B R

Because r(y) > 0 and because dg(x) is injective, the first m columns of this matrix are
linearly independent. If 5(y) # 0, then the matrix has rank m + 1. If $(y) = 0, then we
have 7(y) # 0 by (1.4). From |g(z)|]> = (g(x)|g(z)) = 1 for x € (U), it follows that
(9(z)]9j9(z)) =0 for 1 < j <m and = € (U). This shows that the matrix has rank
m + 1 in this case as well. Therefore f is an immersion.

We now consider the equation f(g,t) = (y,s) for some (y,s) € T™%'. From the
relations p(t)i(¢) = y and |i(q)| = 1, it follows that p(t) = |y|. Because « is injective,
there is exactly one ¢ € S* such that (p(t),o(t)) = (|yl,s). Likewise, there is exactly one
g € S™ with i(q) = y/|y|. Therefore the equation (p(t)i(q),c(t)) = (v, s), with (y,s) as
above, has a unique solution (since y = |y| (y/|y|)). Hence f is an injective immersion

5Here and in the following, “curve” means a one-dimensional manifold (see Remark 1.19(a)).
6That is, (¢,U) and (3, V) are respectively charts of S™ and S', and ¢ x 3(q,t) =

(e(a), ().
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of 8™ x St in R™*2. Now all the claims follow from Theorem 1.3 because S™ x St is
compact. m

(c) Suppose L and M are submanifolds of N with L C M. Then L is a submanifold
of M.

Proof Because idy € Diff(IV, N), we know ¢ := idy | L is an immersion of L in N with
t(L) C M. Therefore it follows from Remark 1.1(j) that ¢ is a bijective immersion of
L in M. Because L and M carry the topology induced by N and because M induces
the same topology on L, we know i, as a restriction of a diffeomorphism, is topological.
Therefore i is an embedding, and the claim follows from Theorem 1.2. m

(d) Suppose the assumptions of (b) are satisfied with
m = 1. Then for every (qo,t0) € S* x S!, the images
of

f(-,to): ST - R3

and \
f(QOa'):‘S’l_)RB \

are one-dimensional submanifolds of T2 and are dif-
feomorphic to S* (and therefore “circles”).

Proof Because f(-,to) and f(qo,-) as restrictions of embeddings are themselves em-
beddings, f(S*, to) and f(qo,S*) are submanifolds of R® diffeomorphic to S*, and they
lie in 7. The claim now follows from (c). m

Submersions

Suppose f € C'(M,N). Then we say p € M is a regular point of f if T}, f is
surjective. Otherwise p is a singular point. A point ¢ € N is said to be a regular
value of f if every p € f~1(q) is a regular point. If every point of M is regular, we
say f is a regular map or a submersion.

These definitions generalize concepts introduced in Section VII.8.
1.6 Remarks (a) If p is a regular point of f, then m > n. Every ¢ € N\ f(M) is
a regular value of f.

(b) The point p € M is a regular point of f = (f*,..., f") € CY(M,R") if and
only if the cotangent vectors”

df?(p) :=dpf? = pryoT,f’ € Ty,M for1<j<n
are linearly independent.

(c) A singular point of f € C'(M,R) is also called a critical point. Therefore
p € M is a critical point of f if and only if df (p) = 0.5 m

7See Section VIIL.3.
8See Remark VII.3.14(a).
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The following theorem generalizes the regular value theorem to the case of
maps between manifolds.

1.7 Theorem (regular value) Suppose ¢ € N is a regular value of the map
f € C®(M,N). Then L := f~1(q) is a submanifold of M of codimension n. For
p € L, the kernel of T}, f is T),L.

Proof Let po € f~1(q). Let (p,U) be a chart of M around pg, and let (¢, V) be
a chart of N around ¢ with f(U) C V. Then it follows from the chain rule that for
every p € UN f~1(q), the point (p) is a regular point of the local representation

fow =10 fop™'eC®(pU),R").

In other words, y := ¥(q) is a regular value of f, ;. Therefore Theorem VII.9.3
guarantees that (f, )7 (y) is an (m—n)-dimensional submanifold of R™. Hence
there are open sets X and Y of R™ and a ® € Diff (X,Y") such that

(XN (fo) () =Y N(R™ " x {0}) .

By replacing ¢(U) and X with their intersection, we can assume that p(U) = X.
But then ¢, := ® o ¢ is a chart of M around p with

o1(f M NU)=@op(f oy (y)NU)
= <I>((f¢,¢)71(y) N X) =Yn (Rmfn X {O})

and is therefore a submanifold chart of M for f~1(q). The second claim now
follows from an obvious modification of the proof of Theorem VII.10.7. m

1.8 Remarks (a) Theorem 1.7 has a converse that says that every submanifold
of M can be represented locally as the fiber of a regular map. More precisely, it
says that if L is an ¢-dimensional submanifold of M, then for every p € L there
are a neighborhood U in M and an f € C(U,R™ %) such that f~1(0) =UNL,
and 0 is a regular value of f.

Proof Suppose (p,U) is a submanifold chart of M around p for L. Then the function

defined by f(q) := (¢**(q),...,¢™(q)) for ¢ € U belongs to C°°(U,R™ %) and satisfies
f71(0) =U N L. Because ¢ is a diffeomorphism, 0 is a regular value f. m

(b) (regularity) If g is a regular value of f € C*(M, N) for some k € N*, then f~'(g) is
a C* submanifold of M. In this case it suffices to assume that M is itself a C* manifold. m

1.9 Examples (a) Suppose X is open in R x R™ and ¢ € R" is a regular value of
f € C®(X,R") with M := f~1(q) # 0. Then M is an m-dimensional submanifold
of X. For

mi=pr|M: M —R"

with
pr: R xR" - R™ | (z,y) —x,
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we have 7 € C*°(M,R™). Finally let p € M, and suppose D1 f(p) € L(R™,R") is
surjective.® Then p is regular point of 7 if and only if Do f(p) is bijective.

Proof The regular value theorem guarantees that M is an m-dimensional submanifold
of X with T,M = ker(T,f) for p € M. Because 7 is the restriction of a linear and
therefore smooth map, it follows from Remark 1.1(j) that 7 € C*°(M,R™) and Tpm =
Tppr | TpyM.
It follows from T}, pr = (p,d pr(p)) and dpr(p)(h, k) = h for (h,k) € R™ x R" that
T, is surjective if and only if for every y € R™ there is an (h, k) € R™ x R™ such that
9f(p)(h, k) = D1f(p)h+ D2f(p)k =0

and h = y. This is because D1 f(p) is surjective if and only if for every z € R™ there is a
k € R™ such that D2 f(p)k = z or, equivalently, if and only if D2 f(p) itself is surjective.
Because D3 f(p) € L(R™), this finishes the proof. m

(b) (“cusp catastrophe”) For
fR2xR—R, ((u,v),x) — u+vx + 2

we have

[Dif(w,2)] =[1,2] € R | where w:= (u,v) .

Therefore 0 is a regular value of f, and M := f~1(0) is a surface in R3. Because
Do f(w,z) = v+ 322, we know by (a) that

K::{((u,v),x) eM ; v+3x2:O}

is the set of singular points of the projection
7: M — R2. It satisfies

K =~(R)  with L5) K
v:R—=RY, e (263, =3t%1) . '

In particular, K is a 1-dimensional submanifold
of M, a smoothly embedded curve. Its projec- P
tion B := 7(K) is the image of

oc:R—-R?, t— (263, -3t%),

a Neil parabola.'® Tt is the union of the 0-dimensional manifold P := {(0,0)} € R?,
the “cusp”, and the two one-dimensional manifolds By := o((—00,0)) and By :=
o((0,00)).

Proof The point (u,v,z) € R® belongs to K if and only if it satisfies the equations

u+vr+z°=0 and v+32°=0. (1.6)

9We apply the notations of Section VILS.
108ee Remark VII.9.9(a).
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By eliminating v from the first equation, we see that (1.6) is equivalent to
22° =u and 3z®=—v.
This proves (1.5). For the derivative of the map
g:R*—>R?, (u,u,2)— (u—2z° v+327),

we find )
1 0 —6z
[0g(u,v,x)] = { 0 1 6z } e R¥*3 .

This matrix has rank 2, which shows that 0 is a regular value of g. Therefore by the
regular value theorem, K = g~ '(0) is a l-dimensional submanifold of R®. Because
K C M it follows from Remark 1.5(c) that K is a submanifold of M. The rest is
obvious. m

1.10 Remark (catastrophe theory) We consider now a point particle of mass 1 moving
along the real axis with potential energy U and total energy

-2
T

E(.Z",.Z‘):7+U(SE’) forzeR.

According to Example VII.6.14(a), Newton’s equation of motion is
#=-U'(z) .

From Examples VIL.8.17(b) and (c), we know that the critical points of the energy E
are exactly the points (0, zo) with U’(x¢) = 0. Because the Hessian matrix of E has the
form

{ (1) U"(()wO) }

at (0,0), it is positive definite if and only if U”(zo) > 0. Hence it follows from The-
orem VIL.5.14 that (0,xo) is an isolated minimum of the total energy if and only if zo
is an isolated minimum of the potential energy.'* It is graphically clear that an iso-
lated minimum of the total energy is “stable” in the sense that (i(t), z(t)) stays in “the
neighborhood” of (0,z0) for all + € R™ if this is true as its motion begins, that is, at
t=0.

Intuitively, one can understand how z will
move along the axis R by imagining a small ball
rolling without friction along the graph of U while
experiencing the force of gravity. If it lies on the
“bottom of a potential well”, that is, at a local

minimum, then it will not move because #(t) = \
U'(xzo) = 0. If the ball is released near a local
minimum then ball will roll downhill past the min- "

imum and up the other “slope of the valley” until

1'We consider only the “generic” case in which U” (z0) # 0 is satisfied if U’(zo) = 0.
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it “runs out” of kinetic energy at its original height. Then it will reverse course and roll
until it again comes to instantaneous rest where it was initially released. Thus the ball
will execute a periodic oscillation about .2

Now we assume that U depends continuously on additional “control parameters”
u,v,.... By varying these parameters, we can vary the graph of U continuously. In this
way, it can happen that a local minimum merges first into a saddle point and then ceases
to be a critical point. A ball that had previously been confined to the neighborhood
of the local minimum would then leave this neighborhood and oscillate about another
resting point.

Now consider an observer who can see the ball move but is unaware of the mechanism
underlying the process. She would see that the ball, which had before rested peacefully
at a certain place, would suddenly, “for no apparent reason”, begin to roll and oscillate
periodically about another (fictitious) center. It would seem to be a sudden and drastic
change of the situation, a “catastrophe”.

In order to understand such catastrophes (and avoid them if necessary), one must
understand the mechanism by which they occur. In the situation described above, this
boils down to understanding how the critical points of the potential (and in particular
the relative minima) depend on the control parameters.

To illustrate, we consider the potential
Uuwpy: R=R, z—uz +1)m2/2 +:c4/4

for (u,v) € R*. The critical points of Uy, are just the zeros of the function f from
Example 1.9(b). Therefore the manifold M, the catastrophe manifold, describes all
critical points of the two parameter set { Uuwy 5 (u,v) € R2 } of potentials. Of particular
interest is that subset of M, the catastrophe set K, consisting of all singular points of
the projection 7 from M to the parameter space. In our example, K is a curve smoothly
embedded in M, the fold curve, because the catastrophe manifold is “folded” along K.
The image of K under 7, that is, the projection of the fold curve onto the parameter
plane, is the bifurcation set B. Every point of R?\ B is a regular point of w. The
fiber 771 (u,v) consists of exactly one point for (u,v) € AU P, exactly two points for
(u,v) € By U Bg, and exactly three points for (u,v) € I, where A and I are depicted in
the illustration to Example 1.9(b). The following pictures show the qualitative form of
the potential U, ) when (u,v) belongs to these sets.

12This plausible scenario can be proved using the theory of ordinary differential equations; see
for example [Ama95].
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Now consider a continuous curve C' in the parameter space that begins in A and
ends in I (or the reverse), while staying in Bi1 U Ba. While moving continuously along
this curve, the number of points in the inverse image of 7 will change suddenly from 1
to 3 (or from 3 to 1). As illustrated at right, one such curve C is obtained by projecting
a curve I' on the catastrophe manifold M that “jumps” when crossing the fold curve. In
short, the value of x experiences a “catastrophe”.

These facts have led to many inter-
pretations of “catastrophe theory” which

—mnot least because of its name— have Salh
been leveraged to great popularity and, \‘&

especially in the popularized science lit-
erature, have kindled exaggerated hopes

that the subject will somehow explain or f'\’\

help prevent real-world catastrophes. We Sl
refer to [Arn84] for a critical, nontechnical
introduction to catastrophe theory, and S

we recommend [PS78] for a detailed pre-
sentation and several applications of the
mathematical theory of singularities, of
which catastrophe theory is a part. m

Submanifolds with boundary

We know that the open unit ball B™ and its boundary, the (m—1)-sphere S™~1,
are respectively m- and (m—1)-dimensional submanifolds of R™. However, the
closed ball B™ = B"™ U S™~! is not a manifold, because a point p € OB™ = §™~1
has no neighborhood U in B™ that is mapped topologically onto an open set V of
R™; such a neighborhood U, as the homeomorphic image of an open set V', would
likewise need to be open in R™, which is not true. In the neighborhood of p, that
is, “by viewing it with a very strong microscope”, B™ does not look like R™, but
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rather like a half-space. To capture such situations also, we must generalize the
idea of a manifold by allowing subsets of half-spaces to be parameter sets.

In the following, m € N*, and A
H™ :=R™ ! x (0, 00) H™
int(U)
is the open upper half-space of R™. We @ @
identify its boundary 9H™ = R™ ' x {0} .
with R™! if there is no fear of misun- ~_ > OH
derstanding. If U is an open subset of ou

H” := H” = R™ ' xR*, we call int(U) := UNH™ the interior and oU := UNJH™
the boundary of U. Note that the boundary AU is not the topological boundary!?
of U either in H™ or in R™ (unless U = H™ in the latter case).

Suppose X is open in H™ and E is a Banach space. Then f: X — F is said
to be differentiable at the boundary point xy € 90X if there is a neighborhood U
of g in R™ and a differentiable function fy : U — E that agrees with f in UNX.
Then it follows from Proposition VII.2.5 that

9 fu(wo) = tli%l+(fU(3?0 +te;) — fu(wo)) /t
= tli%l+ (f(l‘o + tej) - f(xo))/t

for 1 < j < m, where (ey,...,e,) is the standard basis of R™. This and Proposi-
tion VII.2.8 show that 0fy(zo) is already determined by f. Therefore the deriva-
tive
df(xo) := 0fu(zo) € LIR™, E)

of f is well defined at x¢, that is, independent of the choice of the local continuation
fu of f.

A map f: X — F is said to be continuously differentiable if f is differentiable
at every point of X and if the map

of : X - LR™E), x+— df(x)

is continuous.4

The higher derivatives of f are defined analogously, and these are also in-
dependent of the particular local continuation. For & € N* U {oo}, the C* maps
of X to E form a vector space, which, as in the case of open subsets of R™, we
denote by C*(X, E).

Suppose Y is open in H™. Then f: X — Y is also called a C* diffeomor-
phism, and we write f € Diffk(X7 Y), if f is bijective and if f and f~! belong to
the class C*. In particular, Diff(X,Y) := Diff**(X,Y) is the set of all smooth,
that is, C*°, diffeomorphisms from X to Y.

13From this point on, we use the symbol OM exclusively for boundaries, and, for clarity, we
write Rd(M) for the topological boundary of a subset M of a topological space, that is, we put
RA(M) := M\ M.

MNaturally, we say f is differentiable at zo € int(X) if f| int(X) is differentiable at .
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1.11 Remarks Suppose X and Y are open in H™ and f: X — Y is a C*
diffeomorphism for some k € N* U {oo}.

(a) If OX is not empty, then JY # ), and f|9X is a CF diffeomorphism from 0X
to Y. Also, f| int(X) belongs to Diff* (int(X), int(Y)).

Proof Supposep € 9X and ¢ := f(p) belongs to int(Y'). Then it follows from the inverse
function theorem, Theorem VII.7.3, (applied to a local extension of f) that 9f~!(q) is
an automorphism of R™. It therefore follows, again from Theorem VIL.7.3, that f~*
maps a suitable neighborhood V of ¢ in int(Y') to an open neighborhood U of p in R™.
But because f~'(V) € X C H™ and p = f~'(q) € 0X, this is not possible. Therefore
f(0X) C 8Y. Analogously we find f~1(9Y) C dX. This shows f(0X) = Y.

Because X and Y in H™ are open, both 9X and 8Y are open in JH™ = R™"!, and
f]0X is a bijection from X to Y. Because f|0X and f~'|dY obviously belongs to
the class C*, we know f |8X is a C* diffeomorphism from dX to Y. The last statement
is now clear. m

(b) For p € X, we have df(p)(0H™) C OH™ and df(p)(+H™) C £H™.

Proof From f(0X) = Y, it follows that f™ |9X = 0 for the m-th coordinate function
f™ of f. From this we get 9; f™(p) =0 for 1 < 7 < m — 1. Therefore the Jacobi matrix
of f has at p the form

87nf1(p)
re) = OU19HENE) amfwi_l(p) . (1.7)

Because f(X) CY c H™, the inequality f™(g) > 0 holds for ¢ € X. Hence we find
m — -1 m _gm — -1 m > .
O f"(p) = lim ¢ (F7 (p + tem) = f7(p) = lim ¢ f7 (p + tem) > 0

Since df(p) € Laut(R™) (see Remark VIIL.7.4(d)) and since Om f™(p) > 0, we have
Om f™(p) > 0. From (1.7), we read off

(0f(p)2)™ = Omf"(p)t for x:= (y,t) ER™ ' xR.

Therefore the sign of the m-th coordinate of df(p)r agrees with sign(¢), and we are
done. m

We can now define the concept of submanifold with boundary. A subset B of
the n-dimensional manifold NV is said to be a b-dimensional submanifold of N with
boundary if for every p € B there is a chart (¢, V) of N around p, a submanifold
chart of N around p for B, such that

Y(VNB)=¢((V)n (H x {0}) CR". (1.8)
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Here we say p is a boundary point of B if (p) lies in OH’ := §H’ x {0}.

v

The set of all boundary points forms the boundary!® 9B of B. The set int(B) :=
B\ OB is called the interior of the submanifold B with boundary. Finally B is a
hypersurface in N with boundary if b =n — 1.

1.12 Remarks

(a) Every submanifold M of N, in the sense given in the beginning of this section,
is a submanifold with boundary, but with an empty boundary. We call such objects
(sub)manifolds without boundary.

(b) The boundary OB and the interior int(B) are well defined, that is, independent
of charts.

Proof Suppose (x, W) is another submanifold chart of N around p for B. Also let f be
the restriction of the transition function x o1~ to (VN W) N (H® x {0}), understood
as an open subset of H’. Then it follows from Remark 1.11(a) that x(p) belongs to OH"
if and only if ¢(p) does. m

(c) Suppose p € int(B). Then (1.8) implies
¥(V Nint(B)) = ¢(V) N (H* x {0}) .
Because H” is diffeomorphic to R”, this shows that int(B) is a b-dimensional sub-
manifold of N without boundary.
(d) In the case p € 9B, it follows from (1.8) that
$(VNoB) =u(V)n (R x {0}) .
Therefore OB is a (b—1)-dimensional submanifold of N without boundary.

(e) Every b-dimensional submanifold of N with boundary is a b-dimensional sub-
manifold of R™ with boundary.

Proof This follows in analogy to the proof of Remark 1.1(a). m

(f) (regularity) Tt is clear how C* submanifolds with boundary are defined for k € N*,
and that the analogues of (a)—(c) remain true. m

15Note that the boundary B and the interior int(B) are generally different from the topolog-
ical boundary Rd(B) and the topological interior B of B. In the context of statements about
manifolds, we will understand “boundary” and “interior” in the sense of the definitions above.
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Local charts

Suppose B is a b-dimensional submanifold of N with boundary. We call the map
¢ a (b-dimensional local) chart of (or for) B around p if
e U :=dom(y) is open in B, where B carries the topology induced by N (and
therefore by R™).
e ¢ is a homeomorphism from U to an open subset X of HP.
® igo 30*1
injection.
Note that except for the fact that ¢(U) is open in H? and R"™ is replaced by N,

this definition agrees literally with the definition of a C*° chart of a submanifold
of R™ (see Section VIL.9).

: X — N is an immersion, where ig: B — N, p — p denotes the

1.13 Remarks (a) If (¢,V) is a submanifold chart of N for B, the intersected
chart (¢,U) := (¢ |V N B,V N B) is a b-dimensional chart for B.

(b) If (¢1,U1) and (p2,Us) are charts of B around p € B, then ¢;(U; N Uz) is
open in H® for j = 1,2, and transition function ¢; o gpfl satisfies

p2 0@ € Diff (p1 (U N U2), 2(Ur NU))

(c) Suppose (¢,U) is a chart for B around p € 9B. Then
(poB,Usp) == (p|UNIB,UNOIB)
is a chart for 9B, a (b—1)-dimensional submanifold of N without boundary.

(d) All concepts and definitions, for example, differentiability of maps and lo-
cal representations, that can be described using charts of manifolds, carry over
straightforwardly to submanifolds with boundary. In particular, ig: B — N,
that is, the natural embedding p — p of B in N, is a smooth map.

(e) If C is a submanifold of M with boundary and f € Diff(B, C), then f(9B) =
OC, and f| 0B is a diffeomorphism from 9B to 9C.

Proof This follows from Remark 1.11(a). m

(f) Suppose B is a b-dimensional submanifold of N with boundary, and f €
C>(B,M) is an embedding, that is, f is a bijective immersion and a homeo-
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morphism from B to f(B). Then f(B) is a b-dimensional submanifold M with
boundary satisfying 0f(B) = f(0B), and f is a diffeomorphism from B to f(B).

Proof The proof of Theorem 1.2(ii) also applies here. m

(g) (regularity) All previous statements transfer literally to C* submanifolds with
boundary. m

Naturally, we again say a family {(gaa, Us) ; a € A} of charts of B with
B =, U, is an atlas of B.

Tangents and normals

Suppose B is a submanifold of N with boundary, and let p € 0B. Also suppose
(¢,U) is a chart of B around p. Then we define the tangent space T,B of B at
the point p by

TpB =Ty (i o™ ) TpmR)

where b := dim(B). Therefore T,B is a (

(“full”) b-dimensional vector subspace of

the tangent space T, N of N at p (and not,

say, a half-space). An obvious modification

of the proof of Remark VII.10.3(a) shows

that T, B is well defined, that is, independent of which chart is used. In this case,
we define the tangent bundle T'B of B by T'B := UpEB T,B.

1.14 Remarks (a) For p € 0B, T,0B is a (b—1)-dimensional vector subspace of
T,B.

Proof This is a simple consequence of Remarks 1.12(d) and 1.13(c). m

(b) Suppose p € 9B and (p,U) is chart of B around p. Letting

TpiB = @(p)(iB © 90_1)(90(27)7 iF]Ib) )

we have T,B = T, BUT, B and T, BN T, B = T,(0B). The vector v is an
inward pointing [or an outward pointing| tangent vector if and only if v belongs
to the set 7,7 B\T,(dB) [or T, B\T,(0B)]. This is the case if and only if the b-th
component of (T,p)v is positive [or negative].

Proof From Remarks 1.11(b) and 1.13(b), it follows easily that T;FB is defined in a
coordinate-independent way. m

(¢) Let C be a submanifold of M with or without boundary. For f € C'(C, N),
the tangential 7,,f of f at p € C is defined as in the case of manifolds without
boundary. Then the analogues of Remarks VII.10.9 remain true. m
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Suppose p € dB. Then T,(0B) is a
(b—1)-dimensional vector subspace of the b-
dimensional vector space T,B. As a vector
subspace of T, N (and therefore of T,R™),
T,B is an inner product space with the in-
ner product (- |- ), induced by the Euclidean
scalar product on R™. Hence there is exactly
one unit vector v(p) in T, B that is orthog-
onal to T,,(0B), and we call it the outward
(unit) normal vector of OB at p. Clearly
—v(p) € T,} B is the unique inward pointing
vector of T}, B that is orthogonal to T,,(0B),
and we call it the inward (unit) normal vec-
tor OB at p.

The regular value theorem

We have already seen that submanifolds without boundary can be represented in
many cases (actually always, locally) as fibers of regular maps. We will now extend
this important and simple criterion to the case of submanifolds with boundary.

1.15 Theorem (regular value) Suppose c is a regular value of f € C*°(N,R).
Then

B:=f((—o00,d)={peN; flp)<c}
is an n-dimensional submanifold of N with boundary with OB = f~!(c) and
int(B) = f~'((—o0,¢)). For p € OB, we have T,(0B) = ker(d,f), and the
outward unit normal v(p) on 0B is given by V,f(p)/|Vpflp-

Proof Because f~!((—o0,c)) is open in N and is therefore an n-dimensional
submanifold of N, it suffices to consider p € f~!(c).

Therefore let p € f~1(c), and let (1, V) be a chart of N around p such that
¥(p) = 0. Then g := ¢ — f o~ ! belongs to C>(»(V),R) and satisfies g(0) = 0
and g(z) > 0 if and only if z lies in ¥(V N B). Also 0 is a regular point of g. By
renaming the coordinates (that is, by composing ¢ with a permutation), we can
assume that 9,¢(0) # 0 and therefore d,g(0) > 0.

Consider the map ¢ € C*°(¢)(V),R") defined by ¢(z) := (a!,..., 2", g(z)).
It satisfies ¢(0) = 0 and
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Therefore dp(0) is an automorphism of R", and Theorem VIL.7.3 (the inverse
function theorem) guarantees the existence of open neighborhoods U and W of 0
in ¥ (V) such that ¢|U is a diffeomorphism from U to W.

Letting Vo := ¢~ 1(U) and x := ¢ o 9| Vo, we see that (x, Vp) is a chart of
N around p with x(p) = 0 and x(B N Vy) = x(Vo) N H". This shows that B is a
submanifold of N with boundary with 9B = f~1(c) and int(B) = f~1((—o0, c)).
Thus we get from Theorem 1.7 that

T,(0B) = ker(T,f) = ker(d,f) forpe dB . (1.9)

Because (dpf,v), = (V,f|v), for v € T,N, it follows from (1.9) that V,f is
orthogonal to T,,(0B).

Finally, let X: (—e,e) — N be a C! path in N with A\(0) = p and A(0) = V,,f
(see Theorem VII.10.6). Then

(foX)(0) = (dpf. Vi f) = [Vpfl; > 0.
Therefore we derive from the Taylor formula of Corollary IV.3.3 that
FO®) = c+t|Vpfl2+o(t) (t—0).

Therefore f(A(t)) > ¢, that is, f(A(t)) ¢ B for sufficiently small positive ¢. This
implies that V, f is an outward pointing tangent vector of B at p. Now the last
claim is also clear. m

1.16 Remarks (a) Because we can locally represent submanifolds as fibers of
regular maps (see Remark 1.8(a)), we can also locally represent submanifolds with
boundary as inverse images of half open intervals. More precisely, suppose B
is an n-dimensional submanifold of N with boundary. Then there is for every
point p € B a neighborhood U in N and a function f € C*°(U,R) such that
BNU = f~1((~o0,1)) if p € int(B) but f(p) =0 and BNU = f~1((—00,0]) if
p € 0B, and for which 0 is a regular value.

Proof Suppose (¢, U) is a submanifold chart of N around p for B with ¢(p) = 0. We can
assume that ¢(U) is contained in BY,. If p is an interior point of B, we set f(q) := ¢"(q)
for ¢ € U. Then f belongs to C*°(U,R), and f~'((—o0,1)) = U. If p belongs to 9B,
we set f(q) := —¢™(q) for ¢ € U. Then f(p) =0, and f~*((—o0,0]) = U N B. Because
o € Diff (U, p(U)), we know f is a submersion. Therefore 0 is a regular value of f. m

(b) (regularity) Suppose ¢ is a regular value of f € C*(N,R) for some k € N*. Then
f1((—o0,(]) is an n-dimensional submanifold in N with boundary. In this case, one
need only assume that N is a C* manifold. m

1.17 Examples (a) For every r > 0, B! := rB" = {z € R" ; |z| < r} is
an n-dimensional submanifold of R” with boundary. Its boundary coincides with
the topological boundary and therefore with the (n—1)-sphere of radius r, that is,
OB" = rS"~1. The outward normal v(p) at p € OB” is given by (p,p/|p|)-
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In the case n = 1, the ball B! is the closed interval [~r,7] in R, and the
0-sphere with radius 7 is given by S? = {—r} U {r}. The outward normal has
v(—r) = (—r,—1) and v(r) = (r,1).

v(—r) B; v(r)

—-r 0 r

v

Proof This follows from Theorem 1.15 with N := R™ and f(z) := |z|* forz € R". m
(b) Suppose A € Rg;ﬁl)x("ﬂ) and ¢ € R*. Also suppose

Vor={zeR""; (Az|z) < c}

is not empty. If A is positive definite and ¢ > 0, then V, is an (n+1)-dimensional
solid whose boundary is the n-dimensional ellipsoid

KC::{:CER”“; (Az|z)=c} .

If A is negative definite and ¢ < 0, then V. is the complement of the interior of V_.,
and the boundary of V__ is the n-dimensional ellipsoid K _.. If A is indefinite but
invertible, then V, is the “interior” or “exterior” of an appropriate n-dimensional
hyperboloid K, that bounds V.. In every case, Az/|Az| is the outward normal of
V. at K.. (Compare this with Remark VII.10.18, and interpret the pictures there
accordingly.)

(c) Suppose A € RHDX(HD) i symmetric and ¢ € R* with K, # 0. Also
suppose v € R"*1\ {0} and «, # € R with o < 3. Then

B:={zeK.; a<(v|z) <3}
is the part of K. that lies between the two parallel hyperplanes
Hy={zeR""; (v|z)=7} forye{ap}.

If H, and Hg are not tangent hyperplanes of K., then B is an n-dimensional
submanifold of K. with boundary with

OB={zeK.; (v|z)e{a,B}}.

Proof Because the map g := (v|-)|K.: K. — R is smooth by Remark 1.1(j), we know
g "((«, B)) is open in K.. Therefore g~*((c, 3)) is an n-dimensional submanifold of K.
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Hence it suffices to show that every p € g7 ({c, 8}) is a boundary point of B. So let V
be an open neighborhood in K, of p € g7*(8) such that g~ (a)NV = (). The assumption
at Hg is not a tangent hyperplane implies that 3 is a regular value of f := g|V (prove
this!). The claim now follows from Theorem 1.15 applied to the manifold V' and the
function f. A similar argument shows that every p € g~ '(«a) is a boundary point of B. m

(d) (cylinder-like rotational hypersurfaces) Suppose
7:[0,1] = (0,00) xR, t— (p(t),0(t))
is a smooth embedding. Also let i: S < R™*! and
[T X0 =R KR, (.8) — (p0)i(0). 0() -
Then f is a smooth embedding, and
Zmth = f(S™ x [0,1))

is a hypersurface in R™ "2 with boundary which is diffeomorphic to the “spherical
cylinder” S™ x [0, 1].

In the case m = 0, Z! consists of two copies of smooth, non-self-intersecting,
compact curves'6 ([0, 1]) that are symmetric about the y-axis.

A

-

v

For m =1, Z? is the surface of rotation in R® obtained by rotating the meridian
curve

T = {(p(t), 0,0()) 5 t € [0,1]}
around the z-axis.

In the general case, we call Z™t! a cylinder-like surface of rotation with
boundary. Its boundary satisfies

8Z™ = f(S5™ x {0}) U f(S™ x {1}) ,

while its interior has
int(Z™H) = f(S™ x (0,1)) .

16That is, one-dimensional manifolds with boundary.
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In particular, int(Z™*+1) is a cylinder-type hypersurface of rotation without bound-
ary. In the case m = 1, it is generated by rotating the meridian curve

int(T) := { (p(¢),0,0(t)) ; 0<t <1}

around the z-axis.

Proof It is casy to see!” that S™ x [0,1] is a submanifold of R™"? with boundary
and that its boundary is (S™ x {0}) U (S™ x {1}). An obvious modification of the
proof of Example 1.5(b) shows that f is an embedding. Now the claims follow from
Remark 1.13(f). m

One-dimensional manifolds

Obviously every perfect interval J in R is a one-dimensional submanifold of R"
with or without boundary, depending on whether J is open or not. Also, we already
know that the 1-sphere S! is a one-dimensional submanifold of R™, provided n > 2.
It is easy to see!® that a nonempty perfect interval is diffeomorphic to (0,1) if it
is open, to [0,1) if it is closed on one side, and to [0, 1] if it is compact. The
following important classification theorem shows that these intervals and S* are,
up to diffeomorphism, the only one-dimensional connected manifolds.

1.18 Theorem Suppose C' is a connected one-dimensional submanifold N with [or
without] boundary. Then C is diffeomorphic to [0,1] or [0,1) [or to (0,1)] or S*.

Proof For a proof, we refer to Section 3.4 of [BG88], which treats manifolds
without boundary. An obvious modifications of the arguments there also covers
the case of manifolds with boundary (see the appendix in [Mil65]). m

1.19 Remarks (a) We understand a (smooth) curve C embedded in N to be
the image of a perfect interval of S! under a (smooth) embedding. In the last
case, we also call C' the 1-sphere embedded in IN. Then Theorem 1.18 says that
every connected one-dimensional submanifold of N with or without boundary is
an embedded curve, and conversely.

(b) (regularity) Theorem 1.18 remains true for C* manifolds. m

Partitions of unity

We conclude this section by proving a technical result which will be particularly
helpful in the transition from local to global (and conversely).

17See Exercise 4.
18See Exercise 7.
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Suppose X is an n-dimensional submanifold of R” with or without boundary
for some i € N*. Also let {U, ; « € A} be an open cover of X. Then we say
that the family {7, ; a € A} is a smooth partition of unity of unity subordinate
to this cover if it satisfies the properties

(i) ma € C*(X,[0,1]) with supp(ma) CC U, for a € A;

(i) the family {7, ; o € A} is locally finite, that is, for every p € X there is an
open neighborhood V' such that supp(m,) NV = @ for all but finitely many
a €A

(iii) > pcaTal(p) =1 for every p € X.

1.20 Proposition FEvery open cover X has a smooth partition of unity subordinate
to it.

Proof (i) Let (,U) be a chart around p € X. Then ((U) is open in H". Hence
there is a compact neighborhood K’ of ¢(p) in H" such that K’ C ¢(U). Because
¢ is topological, K := @ 1(K') is a compact neighborhood of p in X with K C U,
and (¢ |K K ) is a chart around p. In particular, X is locally compact.

Proposition X.7.14 implies the existence of a ¥’ € C* (@(U), [0, 1]) with
X' | K’ =1 and supp(x’) CC o(U). We set x(q) := ¢*x'(¢q) if ¢ € U and x(q) :==0
if ¢ belongs to X\U. Then x lies in C* (X, [0, 1]) and has compact support, which
is contained in U.

(ii) By Corollary I1X.1.9(ii) and Remark X.1.16(e), there exists a countable
cover {V; ; j € N} of X consisting of relatively compact open sets. We set
Ky := Vg. Then there are iy, .. . ,i,, € Nsuch that Ky is covered by {V;,,..., Vi, }.
In addition, we set ji := max{ig,...,%m} + 1 and Ky := JIL, V,. The set K1 is
compact, and Ky CC K7. We then inductively obtain a sequence (K;) of compact
sets with K; CC Kjy1, and Uj2 K = UjZ, Vi = X.

(iii) We first assume that K; # K, for j € N, and we set W; := K;\K;_,
for j € N with K_; := (. Then W, is compact, and W; N Wy, = 0 for |j — k| > 2.
We also have [ J72, W; = X.

Let U := {Uy ; a € A} be an open
cover of X. From (i) and the compactness
of Wj, it follows that for every j € N, there
is a finite cover { [7” eU; 0<i<m((j) }
of W;. We set

Uj’i = [7]‘,1‘ n (ijl U Wj @] VDVjJrl)
and choose functions x;; € C*(Uj;, [0,1]) so that

Supp(Xj,i) CcC Ujﬂ' C Wj_l U Wj U Wj+1 for0<i< m(]) s
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with W_; := 0 and

for j € N. Then {Xj,i ; 0<i<m(j), je N} is a locally finite family. Therefore

is defined, belongs to C*>° (X, [0, 1]), and satisfies x(p) > 0 for p € X. Now we set

T 1= Za Xji/x foraeA,

where ) means the sum over all index pairs (j,) for which Uj; is contained in
Us. Then {7, ; a € A} is a smooth partition of unity subordinate to the cover
{Usp; a €A}l

(iv) If there is a j € N such that K; = K;11, then X = K;. Therefore X is
compact. In this case, the claim follows by a simple modification of (iii) (as only
a single compact set, namely X, must be considered). m

Remark (a), below, shows that Proposition 1.20 is a wide-reaching general-
ization of Theorem X.7.16.

1.21 Remarks (a) Suppose K is a compact subset of the manifold X, and
suppose {U; ; 1 < j < m} is an open cover of K. Then there are functions
m; € C*(X,[0,1]) such that supp(m;) CC U, for 1 < j < m, and Z _ mi(p) =1
for pe K.

Proof Let Up:= X\K. Then {U; ; 0 <j <m} is an open cover of X. Now the claim
follows easily from Proposition 1.20. m

(b) The proof of Proposition 1.20 shows that every submanifold of R™ with or
without boundary is locally compact, has a countable basis, and is o-compact.

(c) (regularity) Suppose k € NX. Replacing 7o € C*°(X,[0,1]) by 7o € C*(X,[0,1]) in
part (i) of the definition above, we obtain a C* partition of unity subordinate to the cover
{Ua ; @ € A}. Then Proposition 1.20 remains true if one replaces “smooth partition”
by “C* partition”. In this case, it suffices to assume that X belongs to the class C*. m

Convention In the rest of this book, we understand every manifold to be a
smooth submanifold with boundary in a suitable “surrounding space” R™.

Exercises

1 Suppose f: M — N is a submersion. Show that f “locally looks like a projection”,
that is, for every p € M, there are charts (p,U) of M around p and (¢, V) of N around
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f(p) with f(U) C V that satisfy

fouwr i R"XR™™ SR, (2,y) >z .

2 Suppose f: M — N is an immersion. Prove that f locally looks like the canonical
injection R™ — R™ x R"™™, z — (z,0).

3 Show that every diffeomorphism from M to N locally looks like the identity in R™.

4 Suppose B is a submanifold of N with boundary. Show that M x B is a submanifold
of M x N with boundary with 9(M x B) = M x 0B.

5 Show that both the cylinder [0, 1] x M with “cross section’ M and the “filled” torus
S x B? are manifolds with boundary. Determine the dimension and boundary of each.

6 Show that the closed r-ball rB™ in R™ is diffeomorphic to the closed unit ball B™.
7 Show that a perfect interval in R is diffeomorphic to (0, 1), [0, 1), or [0, 1].

8 Suppose B is a nonempty k-dimensional submanifold of M (with or without bound-
ary). Show that the Hausdorff dimension of B equals k.
(Hints: Exercises 4-6 of 1X.3 and Remark 1.21(b).)

9 Suppose B is a submanifold of M with boundary and f € C°°(B,N). Show that
graph(f) is a submanifold of M x N with boundary and determine its boundary.

10 Suppose X is an n-dimensional submanifold of R™ with or without boundary, and
let U:={Us,; a € A} and V := {V3 ; 3 € B} denote open covers of X. We call V
a refinement of U if there is a j: B — A such that Vg C Ujgy for 8 € B. Show that
every smooth partition of unity subordinate to V induces a smooth partition of unity
subordinate to U.



2 Multilinear algebra

To construct and understand the calculus of differential forms of higher degree,
we need several results from linear (more precisely, multilinear) algebra, which we
provide in this section.

2.1 Remarks Suppose V is a finite-dimensional vector space.

(a) V can be provided with an inner product (-|-)v, so that (V,(-]-)v) is a
Hilbert space. All norms on V are equivalent.

Proof By Remark 1.12.5, there is a vector space isomorphism T : K™ — V such that
m := dim(V’). Then
(w|w)y == (T v | T 'w) for v,w €V

defines a scalar product on V', where (-|-) denotes the Euclidean inner product in K™.
Thus (V, (-|-)v) is a finite-dimensional inner product space and therefore a Hilbert space,
as we know from Remark VII.1.7(b). The second claim follows from Corollary VIL.1.5. m

(b) As usual (in functional analysis), we denote by V* the space of all (continuous)
conjugate linear maps from V to C, while V' is the space dual to V, the space
of all (continuous) linear forms on V. Then it follows from (a) and the Riesz
representation theorem (Theorem VII.2.14) that the map

VoV ve (v] )y (2.1)
is an isometric isomorphism, whereas
V-V, vi— (-|v)y (2.2)

is conjugate linear. If K = R, then V* = V', and the maps (2.1) and (2.2) are
identical because every real scalar product is symmetric. In the following, we will
exclusively treat the real case, and so, for this and some historical reasons, we will
write V* instead of V’. m

In this section, let

e VV and W be finite-dimensional real vector spaces.

Exterior products

For r € N, we denote by L"(V,R) the vector space of all r-linear maps V" — R.
By Remark 2.1(b) and Theorem VII.4.2(iii), this notation is consistent with that
introduced in Section VII.4. In particular, we have

LOV,R)=R and LYV,R)=V*.
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An r-linear map «: V" — W is said to be alternating if » > 2 and
a(Vo(1)s - -+ Vo(ry) = sign(o) a(v,...,v.) forwvi,...,v. €V
and for every permutation o € S, (see Exercise 1.9.6). We set
ANVei=£%V,R)=R and A'V*:=LY(V,R)=V*
and
NV*:={aeL(V,R); ais alternating } forr > 2.
Here A\"V* is called the r-fold exterior product of V* for r € N, and o € \"V*
is an alternating r-form on V' (or, for short, simply an r-form).
2.2 Remarks (a) A"V* is a vector subspace of L"(V,R), the vector space of
alternating r-forms on V.

(b) Let r > 2 and o € L7(V,R). These four statements are equivalent:
i) ae NV~
(i) afvi,...,v,) =0if v; = vy for any a pair (j, k) with j # k.

(iil) (..., v, ., 0k, ...) = —a(...,Vk,...,0;,...) for j # k, that is, if two entries
in a(vy,...,v,) are exchanged, its sign reverses.
(iv) If vy,...,v, € V are linearly independent, then a(vq,...,v,) = 0.

Proof The implication “(i)=-(iii)=>(ii)” is obvious.

“(ii)=-(iv)” Suppose v1,...,v, € V are linearly independent. This means there are
ke{l,...,r} and A1,..., Ar € R such that Ay =0 and v = 377_, Ajv;. Now it follows
from the linearity of « in its k-th variable and from (ii) that

a(vi, ..., vp) = Z)\ja(vl,...,vj,...,vr) =0.
j=1 (k)

“(iv)=>(iii)” From (iv) and the multilinearity, we get

O=oa(...,v5 + vk, ..., 05 +Uk,...)
=al...,vj,...,05,...)tal...,v5,...,0%,...)
Foalo VeV ) F (e, Vkye o ey Vky e v )
=al.., 05,y Uy ) (e Uy 05,00

and which proves the claim.

“(iii)=>(i)” This follows from the fact that every permutation can be written as a
product of transpositions (see Exercise 1.9.6). m

() AN"V* ={0} for r > dim(V).
Proof This follows from (iv) of (b). m
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For r € N* and ¢',...,¢" € V*, the exterior product’

GLA AT
is defined by
(lv) oo (ehor)
PP A AN (v, ) = det[(7, up)] = det (2.3)
o) o {@h o)
for v1,...,v, € V. It is known from linear algebra that the determinant of an

(r X r)-matrix is an alternating r-form in its column vectors. From this and the
linearity of ¢!, ..., ¢", it follows immediately that ¢! A --- A" belongs to A"V *:
The exterior product @' A--- A ¢" is an alternating r-form on V.

2.3 Proposition

(i) Let m :=dim(V) > 0. If (ey,...,e,) is a basis® of V and (¢!, ...,e™) is the
associated dual basis of V*, then

{enMA-ANel 1< <fa<---<j<m}
is a basis of \"V* for 1 <r < m.
(i) dim(A\"V*) = (") for r € N.
Proof For short, we set
I, =" ={() =01, - dr) EN ; 1<j1 <jo<---<jr<m}.
Also, for an ordered multiindex (j) € J,., let
el .= gl A A

(i) Let « be an alternating r-form. Because every vector v € V' has the basis
representation v = Y -, (e, v)ey, it follows from Remark 2.2(b) that

m m
a(vr,..., o) = Z SRR Z(ekl,vl)- e v alery - er,)

ki1=1 kr=1

— Z a(j) Z Sign(0)<€a(j1),’01> e . <€U(jr)’vr> ,

()€l oESy

where
agy = alej,...,ej5) . (2.4)

1The exterior product is also called the wedge product.
2If {e1,...,em} is an ordered basis, that is, the order of its elements is fixed, we write
(elv"'7em)-
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By Remark VII.1.19(a) and because the determinant of a square matrix does not
change when it is transposed, we can rewrite the inner sum of the last expression
as

det([(sj“,vl,)] 1§uw§r) =W (v1,...,0p) .
Therefore
a(vy,...,v) = Z a(j)s(j)(vl,...,vr) for v1,...,v, €V |
(e,

and hence

a= Z a(j)a(j). (2.5)

(el

This shows that the set {) ; (j) € J, } spans the vector space \"V*.

a= Y bye

()€l

Now suppose

with b(;) € R is another representation of a. Then we have in particular that

aleryy .. ek.) = Z b(j)s(j)(ekl, ..,ex,.) for (k) e, .
(7)€ed,

Because

L it () = (k)

D (erys-oeven,) = det([éi‘:hgu,uﬁ) - { 0 otherwise

it follows that bj) = a;) for (j) € J,.. Therefore the representation (2.5) is unique.

(ii) This statement is now clear because an m element set contains exactly
(™) subsets with 7 elements (see Exercise 1.6.3). m

In the following, let
' A AQI A AT

for 1 < j <r denote the (r—1)-form one gets by omitting the linear form o’ from
al A---Aa”. We use like notation, for example

o' A NN AAE A AQT

when more linear forms are omitted.
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2.4 Examples (a) The one-dimensional vector spaces A\°V* = R and A™V* have
bases 1 and ! A --- A g™, respectively.

(b) {e%,...,e™} is a basis of /\1V* =V,
(c) {51/\"'/\5/3/\"'/\5m ; 1§j§m} isabasisof/\m_lv*.
(d) For the basis representation
m .
aJ:Zaiskev* for1<j<r,
k=1

and '
' A NQT = Z age? e ATV,
(4)€T,
we have a;€ = (at,ex) for 1 <i<rand1<k<m. Also

agy = det([af, Ji<in<r) for (7) = (1, 5r) €T, .
Proof This follows from (2.3) and (2.4). m
(e) For r > 1, we have

NV*=span{ ' A---AQ"; @ eV 1<j<r}.
(f) Forr >2, o' A---Ap" =0if and only if ¢!,..., ¢" are linearly independent.
Proof This follows from (2.3). m

As the next proposition shows, we can define a bilinear map from A"V* x
A°V* to A\"T°V* using the basis representation.

2.5 Proposition Let r,s € N*.
(i) There is exactly one map
AN NVEXNTVE = ANV (0,8) = anB, (2.6)
the exterior product, with the properties that
(a) A is bilinear;
(/B) for(plﬂ"'7<pr7,¢)15"'7ws€V*7
(@A AGYAWI A AYT) =@t A AT AP A AT (227)

(ii) Given the basis representations

o= Z a(j)s(j) and (= Z b(k)E(k), (2.8)

(9l (k)€l,
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we have
alfp= Z a(j)b(k)e(j) Ae®) (29)

(4)€d,
(k)eds

(iii) The exterior product is associative and graded anticommutative, that is,

aNfB=(-1)"BAa forae \"'V* and B \°V*.

Proof If A is some linear map from A"V* x A°V* to \""°V* satisfying (2.7),
it follows immediately from (2.8) that (2.9) is true. Hence we can use (2.9) and
a given basis to uniquely define (that is, by the bilinear continuation of the basis
elements to the entire space) the bilinear map (2.6) with the properties («) and (3).
By (2.3), (2.7), and Example 2.4(e), A is independent of chosen basis. (iii) is now
an immediate consequence of the properties of the determinant. m

2.6 Remarks Suppose Fj for k € N are vector spaces on the same field K.
(a) The direct sum

o0
E:= @Ek =: @Ek
k=0

k>0
is defined as follows:

E is the set of all sequences (zy) in U;’;O Ej with a2, € Ej, for k € N that
satisfy xx = 0 for almost all £ € N. On FE, addition + and multiplication by
scalars are defined by

(xk) + AMyk) = (xg + Ayg) for (zx),(yx) € E and A € K.

Then E is a K-vector space.® In addition, E; will be identified with a vector
subspace by means of the linear map

Ek—>E, ka(O,...,O,xk,O,...),
where xj occupies the k-th entry in the sequence at right. Obviously
E=span{E;; ke N} and E,NE; ={0} fork#j,

which justifies the name “direct sum” (see Example 1.12.3(1)).

(b) Letting E := P, £k, we define a multiplication

ExE—FE, (vwr—vow

3E is the vector space of all maps f: N — |J72; Ex, with compact support, with f(k) € Ej,
and k € N, endowed with the pointwise product of Example 1.12.3(e).
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so that (E,+,®) is an algebra (see Section 1.12). We call E the graded algebra
(over K), and we say the multiplication is graded if

EkQEgCEk+g for k,/ € N .

If the relations
v O v = (—1)“@4 @ug fork,feN

are also satisfied, then both the multiplication and the algebra are said to be
graded anticommutative. m

We set

/\V* — @/\rv*

r>0

and extend the definition of the exterior product by defining
anNBi=BAa:=af forac \NV*=R, BeA\V*. (2.10)
We also let J, := {0}.

2.7 Theorem

(i) There is exactly one bilinear, associative, and graded anticommutative map
AV x AV = AV*
that extends the exterior product (2.6) and/or (2.10) to all of AV* x AV*.
It also will be denoted by A and called the exterior product on AV*.
(ii) dim(AV*) = 2dm(V),
Proof (i) This follows immediately from Proposition 2.5 and definition (2.10) by

the natural bilinear extension.

(ii) Because \"V* = {0} for r > dim(V) and because AV* is a direct sum
of vector subspaces /\"V*, it follows from Proposition 2.3(ii) and the binomial
theorem that

dim(AV*) = i(?) —om

r=0

with m := dim(V). m

This theorem shows that AV*, when provided with the natural vector space
structure and the exterior product, is an associative, graded anticommutative, real
algebra of dimension 29™(V) Tt is called the Grassmann algebra (or the exterior
algebra) of V*.
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2.8 Remark Because V is finite-dimensional, V' can be identified with V** by
means of the canonical isomorphism

RV V= (V)

defined by
<I€(U),U*>V* =@ vy forveV, v eV,

Therefore the Grassmann algebra

AV =NV

r>0
is also well defined on V.
Proof Clearly x: V — V** is linear. Suppose {e1,...,en} is a basis of V, and
suppose {e1,...,&m} is the associated dual basis of V*. For v € ker(k), we have

(ej,v) = (k(v),€5),. =0 forj=1,...,m.
Then v = 377 (7, v)e; implies v = 0, so # is injective. Now dim(V**) = m (see
Theorem VII.2.14) implies & is an isomorphism. m
Pull backs
For A€ L(V,W) and a € \"W*, we define A*«a by
A*a(vy, ..., vr) = a(Avy,..., Av,) forwvy,...,v, €V

if r > 1 and by
A*a:=a forae N\'W*=R

if r = 0. Then we call A*« the pull back of a by A on V.

2.9 Remarks (a) For o € A\"W*, the pull back A*a belongs to A"V*, and the
map A* is linear:

A* € LAWS, AV®)  with ANW*) C A'V* and r € N .

We call A* the pull back transformation (or usually the pull back) by A.

In the case r = 1, A* is the map dual to A (denoted in Section VIII.3 by
AT). Note also that A maps the vector space V to W, while A* maps AW* to
AV* and therefore “in the reverse direction”:

v 2w
AV A AW
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(b) If X is another finite-dimensional real vector space and B € L(W, X), then
(BA)*=A"B* and (idy)* =idpy- .
In other words, the map A — A* is contravariant.

(c) We have
A*(aNp)=A"anNA"B fora,f € A\W™.

Therefore A* is an algebra homomorphism from AW™ to AV*.

Proof These statements follow obviously from the definitions of the pull back and the
exterior product. m

Let m := dim(V) and W := V, and let « € A"™V*. According to Proposi-
tion 2.3(ii), A™V* is one-dimensional, and hence A*a must be proportional to «;
we determine the multiple next.

2.10 Proposition For m := dim(V) and A € L(V),
A*a =det(A)a forae N"V*.

Proof Let {e1,...,e,} be a basis of V, and let [a}] € R™*™ be the matrix of A
in this basis (see Section VII.1). Then

m
Aek:Zaiej for1<k<m.
j=1
From this and the properties of & € A" V*, it follows that
A*aler, ..., em) = a(Aeq, ..., Aey)

m m
— I L g, . .
= E E aj almalej,, ... ej.)

ji=1 Jm=1
= Z sign(o) a‘f(l) ceaZMaer, .. em)
0ESH

= det(A) a(el7 RN em) 9

where in the last step we have used the signature formula of Remark VII.1.19 and
the fact that det(A") = det(A). Now the claim follows from the multilinearity of
. m

The volume element

Suppose Or now is an orientation of V', that is, V := (V, Or) is an oriented vector
space. For short, we a call positively oriented ordered basis of V' (which is therefore
an element of Or) a positive basis (see Remark VIII.2.4). Also let m := dim(V).
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We call every a € A"V*\{0} a volume form on V. Two volume forms «
and ( are equivalent if there is a A > 0 such that a = Ag. We check easily that
this definition induces an equivalence relation ~ on the set of all volume forms
on V. Because dim(/A\"V*) = 1, there are exactly two equivalence classes.

2.11 Remarks (a) Suppose (e1,...,e,) is a positive basis of V and (e!,...,e™)
is the associated dual basis. If (€1,...,€y) is a basis of V and o € A"V*\{0}
with a ~ el A-+-Ae™, then (€1,...,¢y) is positive if and only if a(e1, ..., €,) > 0.

This means that the two equivalence classes of A" V*\{0} can be identified with
the two orientations of V. In other words, the volume form « determines the
orientation Or of V' through the requirement

aler,...,em) >0<= (e1,...,6m) € Or.

Proof Suppose B € L(V) is the change of basis from (e1,...,em) to (€1,...,€m), that
is, € = Be;j for 1 < j < m. Then it follows from Proposition 2.10 that

a(el,...,em) =det(B)aler,...,em) = det(B)A
where a = Ae' A---Ae™and A > 0. m

(b) We say an automorphism A of V' is orientation preserving [or reversing] if
det(A) > 0 [or det(A) < 0]. We set

Lautt (V) := GLT(V) := { A € Laut(V) ; det(A) >0} .

(i) The following statements are equivalent for A € Laut(V):
(a) A€ Laut™ (V).
(B) For every basis (by,...,bn), the bases (by,...,by) and (Aby,..., Aby,)
have the same orientation.

(v) For every a € A"V*\{0}, the volume forms a and A*« determine the
same orientation of V.
(ii) Lautt (V) is a subgroup of Laut(V) =: GL(V).
Proof (i) This follows from A"« = det(A)a and the definition of orientation.
(ii) The map
Laut(V) — (R*,-), A det(A)

is a homomorphism. According to Exercise 1.7.5, Lautt(V), as the inverse image of the
subgroup ((0,00),-) of (R*,-), is a subgroup of Laut(V). m

Suppose now (V,(-]-),Or) is an oriented inner product space. Also let

(e1,...,em) be a positive orthonormal basis (ONB), and let (¢!,...,e™) be the
associated dual basis of V*. Then

is called the volume element of V.
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2.12 Remarks (a) For every positive ONB (e3,...,¢é,,) of V, we have
w(a,...,Em) =1.

Proof Let B by the basis change specified by €; = Be; for 1 < j < m. Then B belongs
to Laut™ (V) N O(m), and thus det(B) = 1 (see Exercise VI1.9.2). Therefore it follows
from Proposition 2.10 that

W(&,...,em) = B w(er,...,em) =det(B)e' A---Ae™(er,...,em) =1,
which proves the claim. m

(b) The volume element of V' is the unique volume form that assigns the value 1
to any, and thus every, positive ONB.

Proof This follows from (a). m
(c) For vy,...,v, € R™, let
Pvy,...,v;m) = {Z;n:ltjvj ;0<t <1},
that is, P(v1,...,vy) is the parallelepiped spanned by vy, ..., v,. Then

|wrm (V1 .o Om)| = VOl (P(v1, ..y Um)) i= A (P(v1, ..., 0m))

In other words, the volume element assigns every m-tuple of vectors the oriented
volume? of the parallelogram they span.

Proof We define B € L(R™) by v; = Be; for 1 < j < m. Then
P(v1,...,uvm) = B([0,1]™) .
Then it follows from Proposition 2.10 and (a) that
wrm (V1 ..., Um) = B wrm(e1,...,em) = det(B) .

From Theorem IX.5.25, we know that A, (B([0,1]™)) = |det(B)|, as desired. m

In the following proposition, we represent the volume element w in terms of
an arbitrary positive basis of V.

2.13 Proposition Suppose (b1, ..., by,) is a positive basis of V and (3',...,3™)
is its dual basis. Then

w=VEF A"

where G := det[(b; | by)] is the Gram determinant. In particular,

w(bl,...,bm)Z\/a.

4 An oriented volume is positive if and only if (v1,...,vm) is positive; it is negative if and only
if (v1,...,vm) belongs to —Or.
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Proof Let (eq,...,en) beapositive ONB of V, and define B € L(V') by b; = Be,
for 1 < j < m. According to (i) of Remark 2.11(b), we have det(B) > 0. From
Remark 2.12(a) and (2.3), we get

(et yem) =1 =LA+ AG™ (b, bm)
:B*(Bl/\"'/\ﬂm)(ela"wem) :

Therefore
w=det(B)B"A---AB™ |

because an m-form is determined by its value on a basis of V, and because of
Proposition 2.10. Also

(bj |bx) = (Bej | Bey) = (B*Bej|er) for1<jk<m (2.11)

(see Exercise VII.1.5). Because (eq,...,e.) is an ONB, any v € V has the repre-
sentation v =" | (v|eg)ex. From this it follows that

m
Te; = Z(Tej lex)er for1<j<mandT € L(V).
k=1

Hence (2.11) shows that [(b;|by)] € R™*™ is the matrix of B*B in the basis
(e1,...,em). Therefore

G = det[(b; | bi)] = det(B*B) = (det(B))2

because det(B*) = det(B). The claim follows. m

The Riesz isomorphism

Suppose (V,(-|-)) is an inner product space and m := dim(V). We denote the
Riesz isomorphism (2.2) by

O:=0y: V-V, v—(]v),
that is,
(Ov,w) = (w|v) forv,weV . (2.12)

Then
(a|B) = (0O 'a|O7!3) fora,BeV* (2.13)

defines an inner product on V*, the scalar product dual to (-|-). In the following,
we always provide V* with this inner product, so that V* := (V*,(-|-),) is an
inner product space.
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2.14 Remarks Suppose {ei,...,en,} is a basis in V and {e!,...,e™} is its dual
basis in V'*.

(a) We set
gir = (ej|er) for 1 <j,k <m , where [¢""] := [g;u] ' € R™*™ .
Then

m m
O¢; = Zgjkek and © 17 = Zgﬂ“ek for1<j<m.
k=1 k=1

Proof From the basis expansion Oe; = >7" | a;xe” for 1 < j <m and from (2.12), we
get

(ej |v) = (Oej,v) Za]ks v) forveVandl<j<m.

Replacing v by each of ey, ..., em, we find a;x = (e; | ex), which proves the first statement.
The representation of © !¢’ is obvious. m

(b) Forv=3"" &e; e Vandw =3 " nle; € V, we have

(v]w) = Z ginén’

J,k=1

Fora =3" a;e/ € V*and = 37" bje’ € V*, we have the relation

(| B)« Zgjka by, .

J,k=1

Proof The first statement is obvious. From (a) and (2.13), we derive
e =@ |07 ) = > g7g%(eslex) = E:g 9% g = 9"
J,k=1 k=1
for 1 <4,£ < m. Now the second claim follows from the bilinearity of (|- ). m

(¢) If {e1,...,em} is an ONB, then Oe; = ¢’ for 1 < j < m, and {e!,...,e™} is
likewise an ONB.

(d) You may have noticed that we have used upper indices to label the coeffi-
cients of a vector in a basis representation, whereas we used lower indices for the
expansion coefficients of a 1-form. That is,

v:igjeje‘/anda:iajgje‘/*.

j=1 j=1
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From (a) and the symmetry of [g;], it follows that

m m
Ov = ijsj €V*and O 'a = anej eV
j=1 j=1

with

m m
b = Zgjkgk and 1/ := Zgjkak for1<j<m.
k=1 k=1

The application of © [or ©~1] formally effects a lowering [or raising] of indices.
On these grounds, we may borrow the musical notations

@ =0 and ¢':=07"1,

or simply v’ ;= Qv forve Vand of ;=0 laforac V*. n

The Hodge star operator®

Suppose (V,(-|-),Or) is an oriented inner product space, m := dim(V'), and
w is the volume element of V. Also let {e1,...,e,} be an ONB of V, and let
{et,...,e™} be its dual basis.

We now define a scalar product (-|-), on A"V* as follows:

For r =0, let
(a|B)o:=ap fora,Be NV =R. (2.14)

For 1 <r <m, let
o= Z a(j)s(j) and [ = Z b(j)e(j) ,
()€l ()€l

which, according to Proposition 2.3, are valid basis representations of o, 3 € A" V*.
Then we set

(Oz|ﬂ),« = Z a(j)b(j) . (2.15)

(€T,

It is clear that (-|-), is a scalar product on A\"V* for 0 < r < m. By Remarks
2.14(b) and (c), we have (-|-)1 = (-] ).
2.15 Remarks (a) The basis {c) ; (j) € J, } is an ONB of (A"V*,(-|-),) for
1<r<m.

(b) For ot,...,a", B, ...,3" € V*, we have

(@" A Aa” | BE A ABT) = det[(0 | 8F).] .

5This section and the next may be skipped on first reading.
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Proof Suppose

m m
aj:Za{si and ﬁk:besi for 1 <jk<r.

=1 i=1
Also let

A AN = Z a(]-)s(j) and Bl/\.../\ﬁr: Z b(k)g(k)
(G)el, (k)el,.

be basis representations. Then according to Example 2.4(d), we have
agy = det([a;khgi’kgr) and b(k) = det([bzehgi’ggr)

for (]) = (jh- .. ,jr) S Jr and (k‘) = (kl,. . .,kr) S J'r'
By the bilinearity and symmetry of (-|-). and the fact that the determinant is an
alternating r-form in its row vectors, we find (see the proof of Proposition 2.3(i))

det[(aj |ﬁk)*] = Z Z sign(o) a;a(l) Cee ~a§am det([(sj" |ﬁ£)*]1§k’€9)

()€l oESr

= Z det([a;'k]lﬁi,kﬁ’“) det([(sjk |ﬁ£)*]1§k,l§'r)

(1

= ay det([(7 | 8°).] 1<k i<r)
()€l

= > > ambwdet([(€ )], 0e,) -

()€l (k)€

By (a), we have

it () =(k),

det[(Eji |Eke)*] = det([(sjiykz]lﬁilﬁr) = { 0 otherwise

Thus we get
det[(a”|8)] = Y agbg) -

(4)€EIr
By (2.15), this finishes the proof. m

(c) The scalar product (-|-), on A"V* does not depend on the special choice of
ONB or its orientation, but rather only on the inner product (-|-) on V.

Proof This follows from (b), Example 2.4(e), and the scalar product’s bilinearity. m

Because

dim(/\TV*):(m):( " ):dim(/\M*Tv*), (2.16)

r m—-r

A" V*and A" "V* are isomorphic vector spaces for 0 < r < m. We now introduce
a special (natural) isomorphism from A"V* to A" "V*, the Hodge star operator.
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We first note that for every o € \"V*, Proposition 2.5 implies
(B—aAnp)e LN VANV (2.17)
Because \"'V* is one-dimensional, there exists exactly one f,(3) € R such that
aAfB=fa(Blwy for e \"TTVE.

By (2.17), fo belongs to L(A™ "V* R). Then according to the Riesz represen-
tation theorem, there is exactly one xa € A" "V* with fo(8) = (xa|B)m—r
for B € A" "V*. In other words, every a € A"V* has a unique element
xa € \"7"V* such that

alAfB=xalf)mrwy forBe N"VE. (2.18)

Therefore *a = O~ f,, where © denotes the Riesz isomorphism © of the space
A" "V*. Hence
(a—xa) € LNVSAN"TTVH . (2.19)

This map is called the Hodge star operator (or simply the Hodge star).

2.16 Remarks (a) The Hodge star is an isomorphism.
Proof From #a = 0 and (2.18), it follows that a A 8 = 0 for every 8 € A™ "V*. For
the special choice 8 := "1 A--- Ae™, it follows from
a= Y age? with (jo) = (1,...,7)
(9)€edr
that 0 = a A B = a(j,)wv, and therefore a(;,) = 0. Analogously we find that a(;) = 0 for
(j) € J,.. Therefore (2.19) is injective. Now the claim is implied by (2.16). m

(b) The Hodge star depends on the scalar product and the orientation of V. m

2.17 Examples (a) For 1 < j < m, we have xe/ = (—1)7=Lel A+ Al A--- Ae™.

Proof From the alternating property, the associativity of the exterior product, and
Example 2.4(f) it follows that

FAE A AR A AE™) = (=1 TR A A E™ = (—1) R

for 1 < k < m. Now the claim is implied by (2.18) and the fact that, according to
Remark 2.15(a),

{e' A Neb A ANE™; 1<k<m}
is an ONB of A" 'V*. m

(b) For 1 < j < m, we have
*(ElA---AEAj/\---/\eT)z(—l)m_jsj.

Proof Because N o
("N AT A AE™ AR = (1)
the statement follows as in the previous proof. m
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x1 = w and *w = 1.

(¢)
(d) W

1
(J

e now consider the general case covering both (a) and (b). Suppose therefore
<r <m-—1and (j) € J.. Then there is exactly one (j¢) € J,,_, such that
i)V (j ) = 1y e s drs J5y- oy JS—,) 1s a permutation of {1,...,m}. Putting

() = sign((j) v (7)), we then have

%) = 5(5)el) (2.20)
It follows for av = 37 )¢y a(je) € N"V* that

k= Z s(j)a(j)e(ju).

(e,

Proof For (k) € J,,_, with (k) # (), we have £ A e®) =0, because at least one &’
occurs twice in this product. For (k) = (j¢), we derive from (2.3) that

DAl = 5(j)w . (2.21)
Now (2.20) follows from (2.18) and Remark 2.15(a). m

(e) For a« € \"V* with 0 < 7 < m, we have *xa := *(xa) = (—1)" (™ "a,
Proof For (j), (k) € J,, it follows from (2.18), (d), and Proposition 2.5(iii) that

(**E(j) |8(k))rw _ (*E(j)) Ae® — s(j)s(ju) Ae® — (—1)T(m_”s(j)5(k) Al
Then because ¢ AU = 0 for (k) # (j) and using (2.21), we find
(5D | B)r = (=1)"™ (D | B), for Be ATV

Hence s = (=1)"(Mm="c() for (5) € J,, which, because of Proposition 2.3(i), proves
the claim. m

(f) For a, 3 € N\"V*, we have the relationship
aA*xf=0Axa=(a|B)w . (2.22)

Proof Suppose o := (3 := . Then by (d) and (2.21), we have
aAxB=aA*xa= 0 Nxa= s(j)&:(j) AeV) =w= (5<j) |s(j>)rw = (a| B)rw
Letting a := %) and § := ¢® with (j) # (k), we obtain from (d) that
a A B =s(k)e? A ™) =0=s(j)e® AU = BAxa .

In addition, from Remark 2.15(a) we have (a| ), = 0. Therefore (2.22) also holds in
this case. Now this claim also follows from Proposition 2.3(i). m
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Indefinite inner products

For several applications, particularly in physics, one must drop the assumption
that the scalar product is positive definite. So we will now shortly go over the
modifications needed to handle this case.

A bilinear form b: V x V — R is said to be nondegenerate if for every
y € V\{0} there is an x € V such that b(z,y) # 0. It is symmetric if

b(z,y) =b(y,z) forz,yeV.

Suppose b: V x V — R is a nondegenerate symmetric bilinear form on V :=
(V,(-|+)). In the following remarks, we list some basic properties of b.

2.18 Remarks (a) There is a b-orthonormal basis (b-ONB) of V, that is, there
is a basis {b1,...,bn} of V such that b(b;,by) = £d;, for 1 < j,k < m. If ris
the number of plus sign and s is the number of minuses, then » + s = m. The
number ¢ := r — s is called the signature of b. The signature, as well as r and s,
is independent of the choice of b-ONB. In particular,’

(—1)* = sign(b) := sign(det [b(b;,bx)]) .

Proof Theorem VII.4.2(iii) clearly implies that b is continuous. Then b(z,-): V — R
is a continuous linear form on V. Therefore, the Riesz representation theorem (Theo-
rem VII.2.14) guarantees the existence of a unique Bz € V such that

b(x,y) = (%x|y) foryeV .

From the linearity of b( -, y), it follows that x — Bz is linear. Then by Theorem VII.1.6,
B belongs to L(V), and

b(z,y) = (Bz|y) forz,yeV.

The map B is called the representation operator of b with respect to (-|-). Because b is
nondegenerate, B is an automorphism of V' (and conversely), and because b is symmetric,
so is B.

Remark 2.1(a) allows us to identify V with R™. Therefore the principal axis trans-
formation theorem” guarantees the existence of an ONB {v1,...,vm} of V and eigenval-
ues A1 > - -+ > Ay, of B such that

Bu; =Aju; forl <j<m. (2.23)

Because b is nondegenerate, we have A\; # 0 for 1 < j < m. We set b; := ’Uj/\/'Aj|.
Then {b1,...,bm} is a basis of V, and it follows from (2.23) that

b(bj, bi) = (Bb; | br) = (Bv; | v) /VIXiAel = Xi(v; [vk) /1N Ae] = sign(X;)
for 1 < j,k <m.

6sign(b) should not be confused with the signature t. Obviously 2sign(b) = m — t.
"See Example VII.10.17(b).
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To show that ¢t = r — s is independent of the choice of b-ONB, it suffices, because
r + s = m, to prove this is true of r. Suppose therefore {ci,...,cm} is a b-ONB of V
such that b(cj,cj) =1 for 1 < j < pand b(cj,c;) = —1 for p+1 < 7 < m. We want to
show that the vectors b1,...,br,cpt1,...,Cm are linearly independent, since this would
imply r + (m — p) < m and therefore r < p; also, by exchanging the two b-ONB, we
would analogously obtain p < r, which then determines r.

Suppose therefore

ﬂlbl + -+ Brbr = Yp+1Cp+1 + -+ YmCm

with real numbers f1,..., Br, Yp+1,...,Ym. Every linear dependence relation of the set
{b1,...,br,Cpt1,-..,Cm} can be so written. Then for v := B1b1 + - - - + Brbr, we have
T m
b(’l},'l}) = Zﬁf = - Z 7]2 )
j=1 j=p+1
which implies 1 = -+ = Br = Yp41 = - -+ = ¥m = 0. The last claim is now clear. m

(b) (Riesz representation theorem) To every v* € V*, there is exactly one v € V
with b(v,w) = (v*,w) for w € W. The map

Op: VoV, veb(v,-)
is a vector space isomorphism, the Riesz isomorphism with respect to b. The

statements of Remark 2.14(a) also hold in this case.

Proof With the representation operator B of b and the Riesz isomorphism © of V|
Theorem VII.2.14 implies

b(v,w) = (Bv|w) = (@Bv,w) forv,weV .
The claim then follows after putting Op := O%5. =

(c) For every basis {v1,...,vm} of V, the Gram determinant with respect to b,
that is,

Gy = det([b(vﬁvkﬂ) 5
is nonzero.

Proof The determinant Gy is zero if and only if the system of linear equations

D b(vj,v)" =0 for1<j<m, (2.24)
k=1

has a nontrivial solution. If v := Y"7" | €"vy, then (2.24) is equivalent to b(v;,v) = 0 for
1 < j < m. Because {v1,...,0m} is a basis of V and b is nondegenerate, it follows that
v =0, and we are done. m

(d) Suppose (b1,...,by) is a positive basis of V and (3%, ..., 3™) is its dual basis.
Also assume B is unitary. Then

eLA-Ae™=/|Go| BLA - AB™ .
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Proof The first part of the proof of Proposition 2.13 shows that
e A Ae™ =det(B)B A A BT,

where B € L(V) is the change of basis from (e1,...,em) to (b1,...,bn). With the
representation 8 of b, we find

b(bj, br) = (Bb; | b)) = (BBej | Ber,) = (B*BBej|er) for 1 <j,k<m.
As in the proof of Proposition 2.13, this implies
Gy = det[b(b;, by)| = det(B*BB) = det(B)(det(B))” .
Because | det(B)| = 1, it follows that (det(B))? = |G|, which implies the claim. m

Suppose now Or is an orientation of V" and b is a nondegenerate symmetric

bilinear form on V. Also let (e1,...,€,) be a positive b-ONB of V' whose dual

basis is (e!,...,e™).

On V*, we define by
b.(v*, w*) = b(O, 'v*, 0, 'w*) for v, w* € V* .

the nondegenerate symmetric bilinear form b,.. For o!,...,a",8%,...,6" € V*,
we set

br(a' Ao Al BEA A BT) = det[bu(af, BF)]
and therefore by = b,; we also define
b AV X ANV =R forr>1

by bilinear extension using the basis representation of Proposition 2.3(1). As in
(2.16)—(2.19), it follows (with bg := (|- )o) that there is a linear map

ANV = A\N"T""V* a—xa
for 0 < r < m, called the Hodge star operator, that is characterized by

AAB=bp  (xa,B)e" A Ae™ for Be NTTTVE. (2.25)

2.19 Remarks (a) The Hodge star is an isomorphism that depends only on the
bilinear form b and the orientation, not on the b-ONB.

(b) For 1 <r<m, {eV); (j)€J,}isab,-ONB, and for w:=e* A--- A™, we
have b,, (w, w) = sign(b).

Proof The first statement follows easily from the definition of b,. Because
bm (w,w) = det(diag[b.(e',€"),...,bu(e™,e™)])
= det(diag[b(el, €1),...,0(em, em)]) ,

the second statement is also true. m



280 XI Manifolds and differential forms

(c) We have %1 = sign(b)w and *w = 1. Also
1el0) = 5(j)bm_n(e9%), 0N for (j) €7,

for1<r<m-—1.

Proof First w =1Aw = by (*1,w)w implies by, (x1,w) = 1. Next dim(A™V*) =1 gives
*1 = aw with a € R. From this we obtain with (b) that

1=0bm(x1,w) = abm(w,w) = asign(b) ,

and therefore a = sign(b). This proves the first claim. Analogously, we find *w = 1.
Suppose 1 <7 <m —1 and (j) € J,. Then

w=5(j)e® AU = 5(j) by (3@, NNy |

and therefore b, (xe@,e99) = 5(j). Note {e® ;
A"V Also %€ € A"V and by, (x| R
xe) = qeU") with a € R, and therefore

abm,r(s(ju),s(ju)) _ bmfr(*sm’g(j“)) =s(j) .

(k) € J,,_,} is a by—-ONB of
= 0 for (k) # (5°). It follows that

This implies a = s(j)bm_r(e7,eU")). Now the last claim is clear. m
(d) For a € A"V* with 0 < r < m, we have *xa = sign(b) (=1)"(™"a.
Proof As in the proof of (c), we obtain from
by (52U, D)y = £U) A £ = (L1)7m= 26D A U () (—1)7 Mg
that *eY") = s(5)(=1)"" b, (9, £9))el) ., Therefore we find by (c) that
£ (4D) = 1 () bmr (9, £0))0))
()2 (=)D (69, D), (U9, 20l

from which the claim follows. m
(e) For o, 8 € \"V*, we have
aA*f = [ Axa =sign(b) b, (a, fw .

Proof This is true by an obvious modification of the proof of Example 2.17(f). m

An important use of these ideas is the Minkowski space Ri3 = (R, (-] )13),
that is, the “spacetime” of special relativity with the Minkowski metric

(z | y)1,3 = ToYo — T1Y1 — X2Y2 — X3Y3 -

(In relativity theory, the “0O-th coordinate” is the time.) We will elaborate on this
later.

An indefinite nondegenerate symmetric bilinear form b is also called an in-
definite inner product; accordingly, (V,b) is an indefinite inner product space.
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Tensors

For the sake of completeness, we now briefly introduce the concept of general
tensors, which we will encounter in several later sections. Suppose 7, s € N. An
(r + s)-linear map

Y VIx o x VXV x---xV =R

T S

is called a tensor on V of type (r, s) or an (r, s)-tensor. In particular, v is con-
travariant of order r and covariant of order s (or r-contravariant and s-covariant).
We denote by 77 (V) the normed® vector space of all (r, s)-tensors on V.

For v1 € T} (V) and 72 € T;2(V), the tensor product v; ® 72 is defined by

1 1
M@y, ..., B8 B0, U, W, Wy )
1 1
=m(a, ., v, v (B, 07w, Wsy)
with o, ..., B ... 82 € V* and v1,...,vs, W1, ..., W, € V.

In the following and as usual, we identify V** with V using the canonical
isomorphism k of Remark 2.8.

2.20 Remarks (a) 7(V) =V, TY(V) =V*, and TY(V) = L2(V,R).
(b) For v € T} (V), there exists exactly one C' € L(V) with
y(w*v) = (v*,Cv) forveV , v eV*. (2.26)

The map
TII(V)—>£(V), vy C
is an isometric isomorphism.

Proof For v € V, the map (-, v) belongs to V** = V. Because v is bilinear, we have
C:=(vi(-,v)) € L(V)

with (v*, Cv) = v(v*,v) for (v,v*) € V x V*. Conversely, every C € L(V) defines by
virtue of (2.26) a v € T (V). The last claim is now clear. m

(¢) The tensor product is bilinear and associative.

(d) Letting m := dim(V'), we have dim (77 (V)) = m"™. If (e1, ..., en) is a basis
of V and (e!,...,e™) is its dual basis, then

{e @ ®e;, @@ @b ji ke {l,....m}}

is a basis of T (V).

8See Theorem VII.4.2.
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Proof We leave the simple proof to you. m
() A"V*is a vector subspace of T°(V).
(f) The dual pairing (-,-): V*xV — Risa (1,1)-tensor on V. m

Exercises
1 For T € L7(V,R), the alternator, Alt(T), is defined by
1 .
Al(T)(v1,...,vp) = = Z sign(o)T (Vo(1)s - - - Vo (r))
r €S,

for v1,...,v, € V. Show that
(a) Alt € L(L"(V,R), A"V™);
(b) Alt? = Alt.

2 For S € L5(V,R) and T € L!(V,R), define S® T € L5T*(V,R) by
ST (Ui, Vs, Vst1ye-eyVstt) = S(V1, .. 0s)T (Vsb1y .-y Ustt) 5

where v1,...,vs4¢ € V. Show that for a € A"V* and g € A°V™,

|
ahf= (TTT)' Alt(a® ) .
rls!
In Exercises 3-8, let (V, (-, |-), Or) be an oriented inner product space, let w be its

volume element, and let © be the Riesz isomorphism.
3 Let dim(V) = 3. Then the vector or cross product x on V is defined by®
X: VXV =V, (vw)r—oxw:=0 "wuw,-).

Show the following:
a) (vxwl|u) =w(,w,u) for u,v,w € V.

b) The vector product is bilinear and alternating.

d) If v and w are linear independent, then (v, w,v X w) is a positive basis of V.

(
(
(c¢) The vector v X w is different from zero if and only if v and w are linearly independent.
(
(e) The vector v x w is orthogonal to v and w.

(

f) For v, w € V\{0}, we have

o w = /[l [wl? — (@] w)? = o] [u] sing .

where ¢ € [0, 7] is the (unoriented) angle between the vectors v and w.

9See Remarks VIII1.2.14.
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(g) Let (e1,e2,€3) be a positive ONB of V. Then for v =3, ¢ej and w = > ne;, we
have
vxw= (" = nMer + (0" =0 )ex + (€17 — € es
(h) (Grassmann identity) v1 X (v2 X v3) = (v1 |vs)va — (v1 | v2)vs.
(i) The vector product is not associative.
(G) (v1 X v2) X (v3 X va) = w(v1,v2,v4)v3 — w(V1, V2, V3)V4.
(k) (Jacobi identity) v X (v2 X v3) + v2 X (v3 X v1) +v3 X (v1 X v2) = 0.
(Hints: (f) Recall Proposition 2.13 and (a).  (h) The vector product is determined by
its values in the basis (e1, e2, e3).)
4 For 0 < r < m, verify the following formulas:
(a) (x| B)m—r = (=1)"™ (| %8), for a € A"V* and S € N™ V™.
(b) (xa) A B = (*8) Aa for a,3€ N"V*.
(¢) *(Ov A xOw) = (v|w) for v,w € V.
5 Let (b1,...,bn) be a positive basis of V with (8',...,3™) its dual basis. Prove these:
(a) B AxB* = g"VGB A A B for 1 < ik < m.
(b) 67 = 7 (-1)* g /G B A - ~/\B\’“/\~~/\Bm for 1 < j <m. If V is three-

dimensional, show that

3

(ﬁ] A ﬁ ) = 51gn(j7k7£) Zg&ﬁz = A 51gn(]7k7€)@b4

i=1

ﬂ

for (], k,E) € Ss.
6 In the case dim(V) = 3, show v x w = O~ (x(Ov A Ow)) for v,w € V.
7 Let (b1,be,b3) be a positive basis of V with dual basis (8*, 8%, 3%). Show that

3
b X by = VG sign (4, k, £) Zg“bi =VG sign(7, k,£)671ﬁ£

i=1
for (j,k,£) € Ss.

8 Let (W,(-|-)w,Or(W)) be an oriented inner product, and let A € L(V,W) be an
orientation-preserving isometry (that is, A*ww = wy). Then show that the diagram

/\TV* /\mf'rv*
A* A*
/\TW* /\mf'rW*

commutes for 0 < r < m.

9 Formulate and prove the claims of Exercises 4 and 5 for indefinite inner product
spaces.
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10 For k € N, let Kix[X] be the vector space of all polynomials of degree < k over
K. Show that K[X] = @+, Kk[X] is a graded commutative algebra with respect to the
usual multiplication of polynomials, that is, with respect to the convolution of Section L.8.

11 Let (€% ¢',%,€%) be the basis dual to the standard basis of R*. For ¢, E;, H; € R,
set

a:= (Eie' + Exe® + E3e®) Aee® + (Hie® Ae® + Hoe® Ae' 4 Hze' Ne?)
8= —(Hie' 4+ Hae® + H3e®) A ce® + (Ere® Ae® + Eae® Ne' + Eze' Ae?)

and calculate *a and *3 with respect to (-|-)1,3.



3 The local theory of differential forms

In Section VIII.3, we learned much about differential forms of degree 1, the Pfaff
forms, and we developed a calculus that forms the foundation for the theory of line
integral. Now we extend these ideas to more dimensions. In a first step, to which
this section is given, we introduce differential forms of arbitrary degree on open
subsets of Euclidean space, and we provide the calculus of differential forms in
this “local” situation. In the sections thereafter, we consider the general situation,
namely, differential forms on manifolds.

A differential form of degree r on an open subset X of R™ is nothing other
than a set consisting of an alternating r-form on the tangent space T, X for each
x € X. For this reason, the first part of this section is really only a reformulation
of the results of linear algebra provided in Section 2. Rather than formulating new
theorems, we will explain the definitions with remarks and examples. Analysis will
come into play when we introduce an operation on differential forms, the exterior
derivative. The exterior derivative makes use of concepts from analysis and goes
beyond linear algebra.

In this entire section
e X isopen in R™ and K = R.

Definitions and basis representations

For z € X, the cotangent space TxX = {z} x (R™)* is the space dual to the
tangent space T, X = {z} x R™. Therefore the exterior product

NTiX ={z} x N"(R™)* forr eN (3.1)
and the Grassmann algebra

AT X = {z} x A(R™)

are well defined on T; X. We can generalize the tangent and cotangent bundle by
defining the bundle of alternating r-forms on X by

NTX = |JNT;X =X x N'(R™)*
zeX
and by defining the Grassmann bundle of X by
AT*X o= | J AT; X = X x A(R™)* .
reX

A map
a: X > AN'T'X  with a@) e N"T;X andz € X,
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that is, a section! of the Grassmann bundle, is called a differential form of de-
gree r (for short, an r-form) on X. By (3.1), every r-form on X has a unique
representation

a(z) = (z,a(x)) forxe X

whose r-covector part (for short, covector part) is
a: X — N (R™)*.

Let £ € NU {oo}. The r-form a belongs to the class C* (or is k-times
continuously differentiable,? or smooth in case k = oo) if this is true for its covector
part, that is, if

acCF (X, /\T(Rm)*) . (3.2)
This definition is meaningful because, according to Remark 2.2(a), A" (R™)* is a
(closed) vector subspace of L™(R™, R).

For simplicity and in order to concentrate on the essential aspects of the
theory, we consider almost exclusively smooth r-forms and smooth vector fields.
We treat the C* case only briefly in remarks, whose verification we leave to you.

We denote the set of all smooth r-forms on X by Q7(X). For short we set

E(X):=C=(X) and V(X):=V>(X).

If vq,..., v, are vector fields on X with corresponding vector parts vy, ..., v,
that is, if vj(z) = (z,v;(x)) for x € X and 1 < j < r, then we set

a(vi,...,v)(z) = a(z)(vi(z),...,v,(z)) forzeX. (3.3)
Then it follows from (VIIL.3.1) that
a(z)(vi(z),...,v(v)) = a(z)(v1(x),...,vr(x)) forze X,
that is,
a(vy,...,v.) =alvr,...,v0) . (3.4)

This shows that, without causing misunderstanding, we can identify an r-form «
with its covector part o and a vector field v with its vector part v. For this reason,
we will from now on write differential forms and vector fields in a normal font (not
boldface). In each instance, you will be able to decide without trouble whether a
symbol describes a form or its covector part (or whether it means a vector field or
its vector part).

IWe apply the language of the theory of “vector bundles”. We will not elaborate on these
here (but see for example [Con93], [Dar94], or [HR72]), although it would lead to a unification
of various ideas.

2Naturally, we say an r-form of class C° is continuous.
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Addition
X)) xQU(X) = (X), (,f)—a+p
and the exterior product
A QX)) x QX)) - QX)) , (a,8) —aAp
are performed pointwise:
(a+0)(z) :=a(z)+ F(x) and (aApf)(x):=alx)Ap(x) forzeX .
These maps are obviously well defined.
3.1 Remarks (a) Q°(X) = &£(X).
(b) Q1(X) = Qo) (X), that is, the smooth 1-forms of X are C> Pfaff forms on X.
(c) Q"(X) = {0} for r > m.

(d) Q"(X) for 0 < r < m is an infinite-dimensional real vector space and a free
£(X)-module of dimension (") (with respect to pointwise multiplication). A
module basis for Q" (X) is given by

{dx(j) =dadt Ao Ndadm o (5) €, } . (3.5)

Proof Because of (a) and the canonical identification of R with the subring® R1 of
E(X), we have the relation a A 8 = of for a € R and 8 € Q(X). The first statement
then follows immediately from Remark 2.2(a) and Example 1.12.3(e).

According to Remark VIIL.3.3, (dz*(z),...,dz™(z)) is the basis dual to the canon-

ical basis ((€1)az,...,(em)z) of Tz X. Then the remaining claim follows from Proposi-
tion 2.3. m
(e) An r-form a on X belongs to the class C¥ if and only if every r-tuple vy, . . ., v,
in V¥(X) satisfies
av, ..., v) € CF(X) . (3.6)
This is the case if and only if the coefficients a(;) of the canonical basis represen-
tation*
a= Z a(j)dxm (3.7)
()ET,
satisfy the relation
ajy € C*(X) for (j) €7, . (3.8)

31(z) =1 for 2 € X.
41t follows from Proposition 2.3, as in the proof of (d), that (3.5) is a basis of the RX-module
of all r-forms on X.
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Proof When o belongs to the class C*, it follows easily from (3.2) and Corollary VII.4.7
that (3.6) is true. Then because (2.4) implies

agy = a(ejlv SRR} ejr) ) (39)
(3.8) follows from (3.6). If (3.8) is satisfied, we conclude from (3.7) and the constancy of
the basis forms dz'?) that o belongs to the class C*. m

(f) The exterior product® is bilinear, associative, and graded anticommutative.

Therefore
QX)) =P aXx)
r>0

is an (infinite-dimensional) associative, graded anticommutative algebra (with re-
spect to the product A). Also Q(X) is a free £(X)-module of dimension 2™ (with
respect to pointwise multiplication); we call it the module of differential forms
on X.

Proof These are simple consequences of Theorem 2.7 and (d). m
(g) Every a € Q"(X) is an alternating r-form on V(X).
Proof This follows immediately from the definition (3.3). m

(h) (regularity) For k € N, let Qf;,,(X) be the set of r-forms of class C* on X. Then
the previous statements hold analogously for €2f;,(X) when £(X) is replaced everywhere
by CH(X). m

In the following, we will generally not state that the coefficients a(;y of the
canonical basis representation (3.7) of & € Q"(X) belong to £(X). This will be
deemed self-evident.

3.2 Examples (a) As we already know, every Pfaff Form a € Q'(X) has the
canonical basis representation

m
o= E a; dz’ .
Jj=1

(b) For a € Q™ 1(X), the basis representation has the form
a:Z(—l)jflajdxl Ao Adad A Adz™
j=1
(¢) In the case m = 3, any o € Q?(X) has the basis representation®

a=a;de® Nz + ag da® Adzt + as dat A da? .

Proof Because da® A dax? = —dx® A da?, this follows from (b). m

5Sometimes we say wedge product instead of exterior product.
6Note the cyclic permutation of the indices.
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(d) Every a € Q™(X) has the form adz! A --- A dz™ with a € £(X).
(e) For m = 3, the wedge product of
a = ay dz' + as dz? + az dz® and 8= by dz' + by da® + b da?
* a A B = (azbs — asbs) dz® A dz® + (agby — a1b3) dx® A dz!
+ (a1by — aghy) da' A dx? .

Proof This follows from Remark 3.1(f). m

Pull backs

Let Y be open in R" and ¢ € C*(X,Y). In a generalization of the pull back of
Pfaff forms, we introduce the pull back of differential forms by . It is a map

" QYY) — Q(X) (3.10)
defined by

(¢*B)(x) :== (Top) B(p(z)) forx € X and B € Q(Y) . (3.11)
If B € Q'(Y), then, because T € L(T,X,T,)Y) and by Remark 2.9(a),
both (Ty0)*B(p(z)) and B(p(x)) € NIk, Y lie in A'T;X. From T,p =

(go(a:),&p(x)) and
Op e C™ (X,E(Rm,]R”))

and also because (3.4) implies
0 *Bv1,...,v.)=(Bo cp)((ago)vl, ce (aw)vr) for vi,...,v. € V(X),

we see by Remark 3.1(e) that ¢*( belongs to Q"(X). Therefore (3.10) is well
defined through (3.11).

3.3 Remarks (a) The map (3.10) is R-linear and satisfies
(pop) =9 o™ and (idx)" =idgy) ,

that is, the pull back operates contravariantly. It is also compatible with the
exterior product, that is,

P anp) = ane™s fora,pfeQY).
Therefore ¢* is an algebra homomorphism from Q(Y) to Q(X).
Proof This follows from Remarks 2.9 and the chain rule given in Remark VII.10.2(b). m
(b) (regularity) The pull back can also be naturally defined for ¢ € C**1(X,Y). If
1 < r < m, then an r-form of class C**! generally becomes an r-form only of class C*,

while an r-form of class C* remains in the same class. In the case r = 0, the pull back
preserves the regularity. m
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3.4 Examples Let (z',...,2™) and (y',...,y") be the Euclidean coordinates of
X and Y, respectively.

(a) sﬁ*dyj:dgajzzakgajdxk and 1<j<n.

k=1
Proof See Example VIIL.3.14(a). m
(b) For
B= Y by e (Y),
(5)€d,
we have

"B =Y (¢by))dpY) .

(7)€l
Proof This is a consequence of (a) and Remark 3.3(a). m

(c) In the case m = n, we have
O (dy A Ady™) = dp' A+ Ade™ = (det D) dat A Ada™ .

Proof The first equality follows from (b). Because det Ty = det dp(x) for z € X, the
claim follows from Proposition 2.10 and the constancy of the basis form dz' A --- A dz™
on X. m

(d) Let m = 2 and n = 3, and let (u,v) and (x,y,z) be respective Euclidean
coordinates of X and Y. Then”

e (ady Ndz +bdz ANdx + cdx A dy)

(2, °)

_ A(¢* ¢h) e, ?)
B [a °v O (u,v)

Thoy O(u,v) teow O(u,v)

}du/\dv.

Proof Because dy’ = ), du + ¢ dv for 1 < j < 3 and because

HEL) g 7

A(u,v) 3

2 3 3 2
3 = PuPov = PuPu
Pu  Po

etc., the claim follows from (b) and Example 3.2(e). m
(e) (plane polar coordinates) Let
f2: R2 =SR2, (r,p) — (z,y) := (rcos g, rsin )
be the polar coordinate map. Then
fo(dx ANdy) =rdr ANdp .

Proof This follows from (c) and Example X.8.7. m

7See Remark VIIL.7.9.
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(f) (spherical coordinates) For the spherical coordinate map
f3:R* = R3 (r,0,9) — (z,y,2) = (rcospsind, rsingsind, rcos ) ,

we have
fi(de Ndy Adz) = —r*sinddr Ade A d .

Proof Lemma X.8.8 and (c). m
(g) (m-dimensional polar coordinates) Let
fm R = R™ | (r,0,01,...,0m_2) — (z',...,2™)
be the m-dimensional polar coordinate map (X.8.17). Then
frdet Ao Ade™ = (=)™ w, (9) dr Ade A d9y A A dO 2
where wy, (¥) := sin sin? Yy - - sin™ 2 9, _o.
Proof This follows from Lemma X.8.8. m
(h) (cylindrical coordinates) Let
fRE SR, (re2)— (x,y,2) := (rcosp,rsing, z)
be the cylindrical coordinate map. Then

ffdxANdyndz)=rdrANdpANdz .

Proof Example VIL.9.11(c) and (c). m
(i) If ¢ is a constant map, then p*a =0 for o € Q"(Y') with r > 1.

Proof Because dy’ =0 for 1 < j < n, the claim is a consequence of (b). m
(j) Let m < n, and let i: R™ — R" o
be the natural embedding that identi- R

fies R™ with R™ x {0} C R". Also let
Y be open in R" with X

Y N (R™ x {0}) Di(X) . > R™
Note that X is an m-dimensional sub- }/_J
manifold of Y.
For a € Q"(Y), define «| X, the restriction of a to X, by

(o] X)(z) := a(z,0) | (T, X)" forxze X .

In other words, when « has the basis representation

a= Z agy) dz) |

(G)elr
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it follows that

(a| X)(z) = Z a(j)(x,O)dx(j) forx e X .

(4)edr
jr<m

Then i*a = a| X.
Proof Because of the linearity of i* and that of the restriction map
QY)-Q"(X), a—alX,
it suffices to consider the case a = adaz'?) for (j) € J?. Then it follows from (b) that
‘o= (ia) di'? .

By (i*a)(x) = a(x,0) and i* = pr i =0 for m +1 <k < n (where pr;, : R* — R is the
canonical projection), we have di”) = 0 for j, > m. For j, < m, we find di’) = dz¥.
Now the claim is obvious. m

(k) Let (g,p) € R™ x R™ = R?™ be any point of R*™. We define the (standard)
symplectic form on R*™ by

o= de] Adg’ .
j=1

We denote by Sp(2m) the set of all S € L(R*™) with S*o = o. Then Sp(2m)
is a subgroup of Laut(R®™), the symplectic group. Any S € Sp(2m) satisfies
det(S) = 1.

Proof We define o € Q*™(R*™) by a:= g A--- Ao (with m factors). Then there is an
a € R* such that o = aw, where w denotes the volume element of R?*™. Suppose now
S € Sp(2m). Then it follows from S*o = o and Remark 3.3(a) that

S*a=S"cN---ANSc=0cAN--No=a.
Because S*a = S*(aw) = aS*w and from (c), we find
a=S"a=adet(S)w = det(S)a ,

and therefore det(S) = 1. We leave the proof that Sp(2m) is a subgroup of Laut(R*™)
to you as an exercise. m

The exterior derivative

In Section VIIIL.3, we saw that the differential df of a function f € £(X) = Q°(X)
is a smooth Pfaff form and therefore an element of Q! (X). Obviously d: Q°(X) —
Q(X) is linear. In addition, we know from Proposition VIIL.3.12 that d commutes
with pull backs. The following theorem shows that d can be extended to an R-
linear map from the module (X)) of differential forms to itself; this map likewise
commutes with pull backs.
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3.5 Theorem There is exactly one map
d: QX)) — QX)) ,

the exterior derivative,® with the properties (i)-(iv):
(i) d is R-linear and maps Q" (X) to Q"1 (X).
(i) d satisfies the product rule

dlanp)=danp+(-1)"ands foraecQ(X)and e QX).

(iii) d?:=dod=0.
(iv) The exterior derivative df for f € £(X) equals the differential of f.
If'Y is open in R™ and ¢ € C*(X,Y), then

dop* =y od, (3.12)
that is, the exterior derivative commutes with the pull back.

Proof (a) (uniqueness) For

a= Y agd e (X), (3.13)
(e,

it follows easily from (i)—(iv) that

da= > dagy Ndz") € QX)) . (3.14)
()€,

This implies that at most one map can satisfy the properties (i)—(iv).

(b) (existence) For a € Q"(X) expanded as in (3.13), we defined da by (3.14).
Then d obviously satisfies the demands (i) and (iv).

To show (ii), realize that (i) means we need only consider the case a = a dz(?)
and 8 = bdz® with (j) € J, and (k) € J,. Then it follows from (3.14), the prop-
erties of the exterior product, and the ordinary product rule of Corollary VII.3.8
that

d(a A B) = d(abdz'9) A dz®) = d(ab) A dzD A dz®)
=da Adz'9 Abde™® + (=1)"adz'D A db A dz®)
= d(adzD) Abdz® 4 (=1)"adzD A d(bdz™)
=daANf+(-1)"andF,

as desired.

8Sometimes the exterior derivative is called the Cartan derivative.
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For the proof of (iii), we can use the linearity of d to again restrict to the
case o = adzr) with (j) € J,. Then it follows from (3.14) and (ii) that

d(de) = d(da A dzD) = d?a A dz9) — da A d(dzD) .

By successive application of the product rule (ii) to d(dz?)), we see that the claim
will follow if we can show d?a = 0 for a € Q°(X) = £(X).

Suppose therefore a € £(X). Then we may use (i), (ii), and (iv) to derive
the relation

d(da) = (i 8kadxk) - i d(By,a) A da*

k=1 k=1

0;0kade’ Ndz* = > (9;0ka — Oxdja) da’ Ndak =0,

m
jk=1 1<j<k<m

where the last equality follows from Schwarz’s theorem (Corollary VII.5.5). There-
fore (iii) is satisfied.

(c) Suppose ¢ € C®(X,Y) and (j) € J*. Let 8 = bdy") € Q"(Y). Then
according to Example 3.4(b), we have

¢ B =" bdp? € Q"(X) . (3.15)
From (3.14) and the property of the pull back explained in Remark 3.3(a), we get
@ df =@ (db AdyD) = " db A" dy) = o* db A dpl) .

Proposition VIII.3.12 implies ¢* db = d(¢*b). Therefore we find using (i), (iii),
and (3.15) that

¢" dB = d(¢"b) AdpW) = d(p*b) AdpY) + (=1)' b A d(dpD)
=d(e*bAdp) = d(¢*B) -

Now (3.12) follows from the linearity of ¢* and d and from Remark 3.1(e). m

3.6 Remarks (a) For o=}, 5 a( dz\) € Q(X), we have

da = Z da(j) Adx9)
()€,

Proof This is the statement (3.13), (3.14). m
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(b) For ¢ € C>*(X,Y) and r € N, the diagram

Qr (Y) d Qr+1 (Y)

SD* QO*
d

Q" (X) Q" (X)

commutes.

Proof Thisis (3.12). m

(c) (regularity) If v is an r-form of class C**1 then da is obviously an (r + 1)-form of
class C*. However, for a = adz¥) with (§) € J™, we have

da = da A dz) = Zaiadxi A dz) ,

where we only sum over the indices ¢ € {1,...,m} with i # j for 1 < k < r, because
dz' A dz'9) = 0 is true of the remaining indices. Hence there is an r-form a of class C*
for which da also belongs to the class C*. m

3.7 Examples (a) For a = Z;nzl ajdz’ € QY(X), we have

do = Z (9;a1, — Ogay) dz? A da® .

1<j<k<m

(b) For a = Z;n:l(—l)j_laj dz' A Adzd A Adz™ € Qm=1(X), we get

do = (iﬁjaj) dz* Ao Ada™

j=1
(c) da=0forac Q™(X). n

The Poincaré lemma

A differential form « € Q(X) is said to be closed if da = 0. We say it is exact if
there an antiderivative 8 € Q(X) such that? dj3 = a.

3.8 Remarks and examples (a) Example 3.7(a) says a = Y.~ a; dz? is closed
if and only if 0jar, = Oka; for 1 < j,k < m. Therefore this extended notion of
closedness reduces to the definition of Section VIIL.3 in the case of Pfaff forms.

9Saying that a form is exact implies that it has degree at least 1.
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(b) Every exact form is closed.
Proof This follows from d* = 0. m

(c) Every m-form on X is closed.

Proof Example 3.7(c). m

(d) (regularity) The definition of closed is clearly meaningful for forms of class C'; the
notion of exact makes sense for continuous differential forms. m

In Theorem VIII.3.8, we have seen that every closed Pfaff form is exact if X
is star shaped. In the following, we will show that this “lemma” of Poincaré is
also true in the general case.

Let I :=[0,1], and let ¢ be a generic point in I. For £ € {0, 1}, the injection
: X —=>IxX, x (Lx)

is smooth. Obviously i¢ and ¢; identify the X with the “bottom” {0} x X and the
“top” {1} x X, respectively, of the cylinder I x X over X. Therefore!?
i QI x X)— Q' (X)

is defined. For a € Q(I x X) the form i§a [or ija] is a restriction of a to X.
It is obtained by replacing (¢,x) by (0,z) [or (1,z)] in the coefficients of the
canonical basis representation of «, and by removing all terms in which d¢ occurs
(see Example 3.4(j)).

We define a linear map

K: QI x X)— Q"(X)

by .
Kaw= )" / ag)(t, ) dt de (3.16)
(el 70
for
a = Z agj dt/\dl‘(j)—l- Z b(k) dz® | (3.17)
(9)€T, (k)ET, 1

3.9 Lemma K is well defined and satisfies
Kod+doK =i —1if . (3.18)
Proof The theorem about the differentiability of parameter-dependent integrals

(Theorem X.3.18) implies easily that K, defined for the o of (3.17) by (3.16),
belongs to Q7(X). Clearly the map K is also linear.

10Because the partial derivative 0; is defined on I, it is clear how differential forms are defined
on I x X. Note that I x X is a manifold with boundary, and see Section 4.
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To show (3.18), it suffices to consider the cases o = a dtAdz?) and o = bdzx®
with (j) € J,. and (k) € J, ;.

(i) Let a = adt Adx'). Then o = ifa = 0. We also get

K da = K(da A dt A de')) = (Za cada’ ndtndo)

:—Z/ Ogealt,-) dtdz’ A da)

where we have used dt A dt A dz?) = 0. On the other hand, Theorem X.3.18 gives

1
d(Ka):d(/ a(t, ) dt dal Z/ dyealt, ) dt dz’ A dz') .
0

This proves the claim in this case.

(ii) Let o = bdz™® with (k) € J,,,. Then Ka = 0, and therefore dKa = 0.
Also, we find

m
da = d;bdt A de'™ +> " 0,ebda’ A da™
=1
and

Kda = / Ob(r,-)drda™ = (b(1,-) — b(0,-)) da®) = it — ifer
so the claim holds in this case also. m

Let M and N be manifolds. Two maps fo, f1 € C°°(M, N) are said to be
homotopic in IV if there is a map!! h € C*°(I x M, N), a homotopy, such that
h(j,-) = fj for j = 0,1. A map f € C*(M,N) is null-homotopic in N if it
is homotopic in N to a constant map. Finally, we say M is contractible if the
identity map from M to M is null-homotopic.

3.10 Remarks (a) The statement “f; is homotopic in N to fo” defines an equiv-
alence relation in C°°(M, N) (or, more generally, in C*(M, N)).

(b) The concept of a (continuous) homotopy obviously generalizes the idea of a
loop homotopy (see Section VIIL.4).

(c) Every star shaped open set is contractible.
Proof Let X be star shaped with respect to zo € X. Then

h:IxX—X, (t,z)— zo+t(x—xo0)

is obvious a homotopy with h(0,-) = zo and A(1l,-) = idx. m

HNote that I x M is a manifold with boundary.
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(d) (regularity) For k € N*, the definitions above are meaningful for C* manifolds M
and N if all the functions that appear belong to the class C*. They are then also mean-
ingful if M and N are topological spaces and all functions considered are continuous. m

We can now easily prove the generalized Poincaré lemma.

3.11 Theorem (Poincaré lemma) If X is contractible, then every closed differential
form on X is exact.

Proof Suppose a € Q"F1(X) is closed. Because X is contractible, there exists
an h € C*°(I x X, X) such that h(1l,-) = idx and h(0,-) = p for some p € X.
Because « is closed, h*a € Q"F1(I x X) is also closed because d o h* = h* o d.
Therefore it follows from Lemma 3.9 that

d(Kh*a) =i7h*a —igh*a = (hoi1)'a =« .

This is because hoi; = idx and because ifh*a = (hoig)*« is a null form according
to Example 3.4(i). m

We should point out that the proof of the Poincaré lemma gives an explicit
procedure for constructing an antiderivative of a given closed differential form.
The situation is particularly simple when X is star shaped, where we can assume
without loss of generality (by applying a suitable translation) that X is star shaped
with respect to 0.

3.12 Corollary Suppose X is star shaped with respect to 0. Suppose with r € N*
that

o= Z ag) dz) e Q" (X)
()€l

is closed. Also let
Z Z i / " lag (tr) dt 27 da?* A - Adziv A~ A dadr . (3.19)
(1) €T, k=1

Then (3 belongs to Q"~1(X), and df = a.

Proof In this case, h(t,z) := tz for (t,x) € I x X defines a “contraction of X
to 07. From dh/ = 27 dt 4 t dz? and Example 3.4(b), it follows that

ha(t,z) = Z agy(tx)t” dz?)

(7)€l

+ZZ St eI dt A da?t A -/\CE‘;“/\---/\dl‘jr,
(9)€d, k=1
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because those terms in which dt occurs at least twice vanish. From (3.16) and
(3.17), it follows that 8 = Kh*«, and the claim now follows from the proof of the
Poincaré lemma. m

3.13 Remarks (a) In the case r = 1, that is, when « is a Pfaff form, the formula
for 3 is the case as the one in (VIIL.3.4).

(b) Let m = 3 and
a = ayde® Nda® + as da® Adz' + agdat Ada? € Q2(X) .

Then the problem of finding a § = Z?:1 bj dz? with d = « is equivalent to the
problem of finding three functions by, ba, b3 € £(X) that satisfy the system

O1b — Dby = a3,
821)3 — 831)2 =a , (320)
83b1 — 81b3 = a2

of partial differential equations in X. Then, for given a; € £(X),
Ora1 + Oras + 03a3 =0 (3.21)
is required for (3.20) to have a solution. If X is contractible (for example X = R?),

then (3.21) is also sufficient.

Proof By Example 3.7(a), (3.20) is equivalent to d = «. Example 3.7(b) shows that
(3.21) is equivalent to da = 0. Now the claim follows from d?> = 0 and the Poincaré
lemma. m

From Corollary 3.12, it follows in particular that in the case of star shaped
domains, (3.20) can be solved by quadrature using the formula (3.19). In the
general case, the equation d8 = « can clearly also be reformulated as an equivalent
system of partial differential equations.

Of course, (3.20) does not have a unique solution, because a closed form can
be added to 3, that is, one can add any solution (b1, b2, b3) of the homogeneous
system obtained by zeroing the right side of (3.20).

Tensors

Let r,s € N. For x € X, we set

T7(T,X) = {a} x TT(R™) (3.22)
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and call v € T7(T,X) an r-contravariant and s-covariant tensor, or tensor of
type (v, s) on T, X. The bundle of (r, s)-tensors on X is defined by

T7(X) = | T (T X) = X x T (R™) .
xeX

A map
v X STH(X)  with ~(z) € TN(TL.X) ,
that is, a section of the tensor bundle 77 (X), is called an (r, s)-tensor (field) or
tensor of type (r,s) on X. By (3.22), every (r, s)-tensor v on X has the unique
representation
Y(@) = (z,7(z)) forzeX,
with the principal part!'?
v: X =TI (R™) .
Let K € NU {co}. An (r,s)-tensor v belongs to the class C* (or is k-times
continuously differentiable or smooth if £ = o) if this is true of its principal part,
that is, if!?
v e CH(X, LT (R™,R)) .

We denote the set of all smooth (r, s)-tensors on X by

77(X) .
If a, ..., «a, are Pfaff forms and v, . .., v, are vector fields on X with correspond-
ing principal parts a1, ...,a, and vy, ...,vs, then we will set

(@, ey v1, 0 (@) = (@) (a1 (@), . (@), v (), (@)

for z € X. (This is clearly consistent with (3.4).) For these reasons, we can use
the same notational conventions as before with vector fields and differential forms,
that is, we identify tensors with their principal parts, and from now on use the
ordinary font instead of boldface.

Addition
I)(X) )T (X) = T)(X) . (7,0) =+,
multiplication by functions
EX) X TJ(X) = T)(X), . (f,7) = fv
and the tensor product

THX) x TRX) = TH2(X), (1,0) >y @4 (3.23)

Ss1+S2

121 the case s = 0, we called this the vector part, and for » = 0, we called it the covector
part. A tensor combines vectors and covectors, so such terminology is no longer possible.
13 As usual, we identify T;R™ and TFR™ with R™.
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will also be defined pointwise:
(v +0)(x) =7(@) + (), (fN@):=f@)(), (y©§)():="()i(r).

The following remarks are simple consequences of Remarks 2.20 and the chain
rule. We leave the detailed proofs to you as exercises.

3.14 Remarks (a) 73 (X) =V(X) and 7°(X) = Q'(X). Also
T)(X) = C™(X,L*[R™)) ,
where we have used the canonical identification of a tensor with its principal part.

(b) The tensor product is £(X)-bilinear and associative.

(¢) 77(X) is an infinite-dimensional R-vector space and an m”t*-dimensional
&(X)-module. With the canonical basis (9/9z',...,0/0x™) of R™,

0 0 .
{8xj1 ®.”®8ij QdeF' @ @ dx®e ; ji,kié{l,...,m}} (3.24)

is a module basis of 7 (X).
(d) An (r, s)-tensor v on X belongs to 7,7 (X) if and only if every r-tuple a1, . .., a,
in Q}(X) and every s-tuple v1,...,vs in V(X) satisfy
v(aq, ... qp,v1,...,0s) € E(X) .
This is the case if and only if the coefficients of v in basis (3.24) belong to £(X).

(e) (regularity) The definitions and claims above have obvious analogues which remain
true for tensors of class C*. m

Exercises
1 Let a,8 € Q(R") be given by
o:=ds' +2*de® and §:=sin(z®)de' A da® 4 cos(z®) daz® A da?

and define h € C*(R*,R*) by h(z) := (2, 2%, 23z* 2*).
Calculate:

(i) v:=anp;

(ii) h*y;

(iii) h*y(0)(e1,ea,e3 + e4), where (e1, e2, e3,e4) is the standard basis in R*;
(iv) da, dB, dv, d(h"y).

2 Let f3: R* = R3, (r,0,9) — (x,y, 2) be the spherical coordinate map.
Calculate

(a) f35 dx, f5 dy, f5 dz;
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(b) f3(dy A dz);

(c) fi du A f3(dy A d2),

3 A simple thermodynamic system (for example, an ideal gas) is characterized by its
volume V and its temperature T' (here V,T € R). The state of such a system is then
described by the pressure p := p(V,T) and the internal energy F := E(V,T). By the
second law of thermodynamics, the system has another state function S := S(V,T), the
entropy, whose differential is given by

_ dE +pdV

ds : T

for T >0 .

Show the following facts:
(a) E and p satisfy the relation
OF op
Ry L
ov — " oar P
(b) The internal energy of an ideal gas, which satisfies the equation of state pV = RT
with R € R the (universal gas) constant, is independent of the volume, that is, E = E(T).

(c) For van der Waals gas, which has the equation of state
a X
<p+w)(V7b):cT for a,b,c € R* | (3.25)

the internal energy does depend on volume.

(Hints: (a) d>=0. (c) (3.25) = T 0p/0T =p+a/V?)

Remark In the physics literature, da is often written da when the 1-form « is not exact.
4 Anr-form a € Q7(X) is said to be decomposable if there are az, ..., a, € Q'(X) such

that
a=ai Na2 AN Nayp .

Let a, 8 € Q"(X) be decomposable. Calculate (o + 8) A (o + 3).

5 Suppose o=}, ajk dz? Ada® € Q?(X). Show that a is decomposable if and only
if -

Qijake + ajraie + agiaje =0 for 1 <i4,5,k, 0 <n,
where aji, := —ax; for j > k.

6 Let =), ai;dz’ Ada’ € Q*(X). Show

aai' aa-k aa;ﬂ- i 1 k
dow = ( J L ,)d A da A da®
o ZKKk Ok + D + 2 z Ndx’ Ndx

7 Calculate the exterior derivatives of
(a) da A B —aAdp and
(b) daABAy+aANdBAy+ aABAdy, where in (b) o and 3 are of even degree.

8 Find da if a := ;.n:l(—l)j*lxj/|x|mdxl/\---/\d/;/\---/\dxm e Q™ H(R™\ {0}).
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9 Let a:=2rzdy Adz+dz Adx — (22 + €¥)dx A dy € Q*(R?). Show that « is exact
and determine an antiderivative.

10 Suppose w € Q%(X) is nondegenerate. Show that
O,: V(X)) - Q' (X)), v w,-)
is an £(X)-module isomorphism.
11 Prove these three statements:
(a) The symplectic form o € Q?(R?*™) is nondegenerate and closed.
(b) The m-fold product c™ := g A --- A o € Q*™(R*™) satisfies ¢™ # 0.
(c) According to Exercise 10 and (b) the symplectic gradient sgrad f := 0, df € V(R*™)
is defined for every f € £(R*™). Calculate sgrad f in the coordinates (¢, p) € R™ x R™.

12 If ¢ is the symplectic form on R®*™, then
{3 ER™) x ER™) = ER™) . (f,9) = o(sgrad f,sgrad g)

is called the Poisson bracket.
For f,g,h € £R*™) and c € R prove

(i) in local coordinates (g1, - .., qm,P1,---,Pm), the Poisson bracket reads

(i) {f,cg+hn} =c{f g9} +{f h};

(iii) {f,9} = {9, /}

(iv) {f,{g.h}} + {9, {h. f}} + {h.{f.9}} = 0 (Jacobi identity);

(v) {f.gh} = g{f, n} + h{f, g};

(vi)

13 Show that the Poisson bracket is related to the symplectic form ¢ on R*™ by the
relation

sgrad{f, g} = (sgrad f | sgrad g)gem.

df Ndg Ano™* :i{f,g}am.
m



4 Vector fields and differential forms

This section is devoted to the global theory of differential forms, that is, to dif-
ferential forms on manifolds. The first part, which is essentially a simple transfer
of the local theory, requires us to focus on the problem of regularity. With help
from a theorem about partitions of unity, we can then extend the important con-
cept of the exterior derivative to the case of manifolds and show that the rules we
developed for the local theory still apply.

The global theory brings up an important new idea, the orientability of a
manifold. We present various ways to characterize this central concept and con-
sider numerous examples. To prepare for the theory of integration on manifolds, we
give explicit representations of the volume elements of many important manifolds.

In this entire section,
e M is an m-dimensional, and N is an n-dimensional manifold;

e r & N.

Vector fields
By a vector field v on M, we mean a map
v:M—TM with v(p) € T,M forpe M ,

that is, a section of the tangent bundle. If v is a vector field on M, then we
can “transplant” it using a diffeomorphism from M to N. So we define for ¢ €
Diff* (M, N) the push forward ¢,v of v by ¢ by letting

Therefore p,v is a vector field on N. For functions on M, the push forward by a
bijection ¢ : M — N is the assignment

v RM S RY | g ai=aoyp!.

4.1 Remarks (a) For functions, the push forward v, is obviously the same as
the pull back ¢~1: 1, = (1»~1)*. Note however that, in contrast to the pull back,
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the push forward is only defined for bijections. In particular, it must be true that
dim(M) = dim(N).!

(b) Let ¢ € Diff' (M, N). Then
pi(a+b) =pated, p(vtw)=pv+pw,
and
Pu(av) = pra p,v
for a,b € RM and vector fields v and w on M.

(c) Let ¢ € Diff (M, N) and ¢ € Diff (N, L), where L is another manifold. Then

(bog)h =tuop. and (idn). =idraan (4.1)
for F(M) := E(M) or F(M) := V(M). The rule (4.1) means that the push forward
operates covariantly.

Proof The statement is obvious for push forwards of functions. For vector fields, (4.1)
follows from the chain rule of Remark VII.10.9(b) and from Remark 1.14(c). m

Let k € NU {oo}. The vector field v on M belongs to the class C* (that is,
it is k-times continuously differentiable, or smooth in case k = 00) if every point p
of M has a chart (¢, U) around p such that? ¢,v € V¥(o(U)). We denote the set
of all vector fields on M of class C* by V¥(M). For simplicity of notation, we set

V(M) :=V*(M) and E(M):=C>®(M).

4.2 Remarks (a) The definition of C* vector fields is coordinate-independent. If
v is a C¥ vector field and (v, V) is an arbitrary chart of M, then 1,v belongs to
the class C*.

Proof Suppose therefore (1, V') is a chart of M. Then we need to show that ¢.v belongs
to the class C*. Every q € V has a chart (¢, U) of M around it such that p.v € V¥ (o(U)).
Then ¥.v = (¥ 0 0~ )p.v follows from (4.1). Because

Yoy ' €Diff(p(UNV),p(UNV))

and @.v € V*(p(U)), we find 1.v € V*((U NV)). Because this holds for every ¢ € V/
and because differentiability is a local property, we get 1.v € V* (w(V)). [ ]

(b) The pointwise-defined operations

V(M) x V(M) = V(M) ,  (0,0) = v +w

1See Exercise VII.10.9.
2See Section VIIL.3. What was said there holds without change for open subsets of H™ as
well.
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and
EM)x V(M) —-VM), (a,v)—av

make V(M) into an E(M)-module. In particular, E(M) and V(M) are (infinite-
dimensional) R-vector spaces.

If ¢ € Diff (M, N), then ¢, is a module isomorphism from £(M) to £(N) and
from V(M) to V(N).

Proof It follows from (4.1) that
idar = (¢ o) = (¢ ups and idw = (o) = pulep)s .

Therefore . is bijective, and p;* = (¢~ ').. The remaining claims are simple conse-
quences of Remark 4.1(b) and the properties of vector fields on open subsets of H™ (see
Section VIIL.3). m

(c) Let Xy and X; be open in R™, and suppose ¢ € Diff (X, X1). Also denote
by ©;: V(X;) — QY(X;) for j = 0,1 the canonical module isomorphism that was
defined in Remark VIII.3.3(g). Then

(¢™1) 0O =010p,,

that is, the diagram

Px
V(Xo) V(X1)
(SH 6,
(1)
Q'(Xo) Q' (x1)

commutes.

(d) (regularity) Let k € N. For ¢ € Diff*** (M, N) and 0 < £ < k, the push forward .
maps C*(M) to C*(N) and V(M) to V*(N), but this statement (without the inequality)
does not hold for ¢ =k + 1.

If M is a C**! manifold, then the C*(M)-modules C*(M) and V*(M) are defined
for 0 < £ < k; however® the modules C*** (M) and V***(M) are not.

Proof This is because the tangential “loses” one derivative. m

Local basis representation
Let (¢,U) be a chart of M around p. Then we denote by

0

8J’|p:%

eT,M for1<j<m
p

Sexcept for trivial cases
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the basis vectors of T, M corresponding to the local coordinates ¢ = (z1,...,2™).
In other words, 0;|, is the tangent vector on the coordinate path ¢ — o1 (go(p) +
tej) at the point? p, that is,

aj|p = (Tp )71(S0(p)76j) for1<j<m, (4~2)
where (e1,...,en) is the canonical basis of R™.
4
14
» —

4.3 Remarks (a) Let iy : M — R and let g, := ipy o pt: p(U) — R™ be
the parametrization belonging to ¢. Then

(Tpinm)Ojlp = (p7 09, (ga(p))) € TpRm for1<j<m.

This means that, if we identify 9;], € T,M with its image in 7,R™ under the
canonical injection B
Tpine : TyM — T,R™ |

then we find 9;], = (p, 99, (¢(p)))-
Proof From Example VII.10.9(b) and Remark 1.14(c), we get

Top)9e = To(p)(ing © 90_1) =Tpim 0 Tw(p)(‘P_l) =Typim o (T) )_1

Then it follows from (4.2) that

(Tpine)05lp = (Tpw)9¢) ((p), €5) = (p, 094 ((p))ej) = (P, 0ige(@(p))) . ™

(b) The maps

0 )
5‘]»:@:U—>TU, p—0ilp forl<j<m

are smooth vector fields on U.

Proof This is clear because

(0+05) (2(p)) = (Tpe)(Tpp) ' (¢(p), €5) = (p(p),e;5) for 1<j<m

forpeU.m

4I_fp is in the interior of M. If p is a boundary point, we must make ¢ a submanifold chart
of R™ around p for M.
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(¢) For p € U, we have a basis (0ilp,...,0ml|p) of T,M and a module basis
(01,...,0m) of V(U). A vector field v on U belongs to V(U) if and only if the
coeflicients v; of the basis representation

m

v = Zv]aj

j=1

all belong to £(U).

Proof The first statement follows from Remark VII.10.5 and the definition of the tan-
gent space at a boundary point. The second claim is a consequence of

m

v = e (D 070)) = Y9t
j=1

j=1
of (b), and of Remark VIIL.3.3(c). m

(d) (regularity) Let k € N, and let M be a C**! manifold. In this case, (91, ...,0y) is
a C*(U)-module basis of V¥(U). A vector field v on U belongs to V¥(U) if and only if
its coefficients with respect to this basis representation lie in C*(U). m

Differential forms

To generalize the cotangent space Ty X and the cotangent bundle 7" X of an open
subset X of R™, we now define the cotangent space of M at the point p by

TyM = (T,M)* = L(T,M,R) .
We define the cotangent bundle of M by

M= |J T;M .
pEM

We denote by
(s )p: TyM xTyM — R forpe M
the dual pairing® and call
(1) T"M xTM — EM) ,  (o,v) = [p— (a(p),v(p), ]

the dual pairing as well.

Because T), M is an m-dimensional vector space, so is T; M. Hence for r € N
and p € M, the r-fold exterior product A\"T »M of Ty M and the Grassmann

5See Section VIII.3.
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algebra

N;M =P N'T; M

r>0

of TyM are defined. To extend the concepts introduced in the previous section,
we define the bundle of alternating r-forms on M by

NTM:= ] NT;M .
peEM

We define the Grassmann bundle of M by

NT*M = | ) NT; M .

peEM
A differential form on M is then a map
a: M — \NT*M  with «a(p) € AT, M forpe M,

that is, a section of the Grassmann bundle. It has degree r (or is called an r-form)
if (M) c N"T*M. Sometimes we call a 1-form a Pfaff form.

If @ and § are differential forms on M, then the sum « + § and the exterior
product® a A 3 are defined pointwise:

(a+B)(p) = a(p) + B(p) and a A B(p) := a(p) A B(p) forpe M .

If « is an r-form on M, then its effect on vector fields is also defined pointwise:
a(vi,...,v.)(p) :== ap) (vi(p), ... ,vr(p)) forp€ M and vy,...,v, € V(M) .

Finally let ¢ € C'(M, N), and let 3 be a differential form on N. Then the
pull back of 3 by ¢ is again defined pointwise:

¢*B(p) = (Tpp)* B(p(p)) forpe M.
Obviously ¢*f is a differential form on M, the pull back of 3 by ¢. If ¢ is a C*
diffeomorphism from M to N, then
poai= (1) a

is the push forward of the differential form o« on M.

Let k € NU {oo}. The differential form « on M belongs to the class C* (or
is k-times continuously differentiable,” or smooth in the case k = o) if there is a

6 A is also called the wedge product.
7Of course, we say a differential form of class C? is continuous.
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chart (p,U) around every point of M such that .« is a differential form of class
C* on p(U). We denote the set of all r-forms of class C¥ on M by

Qy (M)

and
Q"(M) == Q(y (M)

is the set of all smooth r-forms on M. Finally

is the set of all smooth differential forms on M.

Following our treatment of vector fields, we will generally restrict our atten-
tion to the study of smooth differential forms. We leave it to you to prove that
all the statements we prove about smooth forms also hold analogously for forms
of class C* provided k has been restricted as the case may require.

4.4 Remarks (a) The above notion of differentiability of differential forms is
coordinate-independent.

If a is an 7-form of class C*¥ on M and (¢, V) is a chart on M, then 9.« is
an r-form of class C* on (V).

Proof Every p € M has a chart (¢,U) around it with p.a € Qf,(¢(U)). From
Remark 3.3(a) and the pointwise definition of the push forward, it follows that

Yoo = (o™ upuar .
After this, the claim follows in analogy to the proof of Remark 4.2(a). m

(b) QM) and Q" (M) are £(M)-modules and therefore in particular R-vector
spaces. Also

QM) =P o) .

r>0

The exterior product is R-bilinear, associative, and graded anticommutative, that
is, it satisfies these rules:

(i) The map

QM) x Q*(M) —» Q" (M), (a,8)—anp
is well defined and R-bilinear.

(i) a A (BA7) = (anB) Ay for a, 8,7 € QM).

(iii) aANB=(-1)"BAaforacQ(M)and e Q*(M).

Proof This follows from the definition of smoothness, from the pointwise definition of A,
and from Theorem 2.7. m

(c) Every o € Q"(M) is an alternating r-form on V(M).



XI.4 Vector fields and differential forms 311

(d) Q°(M) =E(M), and Q"(M) = {0} for r > m.

(e) For h € C*°(M, N), the pull back h*: Q(N) — Q(M) is an algebra homomor-
phism, that is,

K (a+p)=h*a+h*3, h*(aApB)=h"aANR*(
for o, B € Q(N). If a« € Q"(N), then h*a belongs to Q" (M). Also
(ko h)* = h* o k* and (idy)* = idaar) -
If h is a diffeomorphism, then h* is bijective, and (h*)~! = (h~1)* = h..
Proof We leave the simple checks to you. m

(f) Suppose M is a submanifold of N and i: M < N is the natural embedding.®
Then for o € Q" (N),
a|M :=i"ae Q" (M)

is the restriction’ of o to M. Let p € M. Because the tangent space T,M can be
regarded as a vector subspace of T,N, we have (a|M)(p) = a(p) | (T,M)". n

Local representations

Suppose f € C1(M) := C*(M,R). As in Section VIL.10, we define the differen-
tial df of f by
df (p) :==proT,f forpe M,
where
pri=pry: TimR={f(p)} xR =R
is the canonical projection.

Let (¢,U) be a chart around p € M. Then it follows from the definitions of
df (p) and 0,|, as well as the chain rule of Remarks VII.10.9(b) and 1.14(c) that

<df(p)aaj|p> <df( ), (T, 0¥ 1)(‘p(p)’ej)>p
=proT,f o Type  (¢(p), €;)

= proT, (p)( o M) (ep),€)
=0d(fo ( ))ey
=0;(fop ) (e(p)

=05y *f)(w(p))
for 1 < j < m. With the abbreviation

0i10) = 2L )= 0,(f o 0 () = Di(0uN) () (43)

8In this situation, we always assume that N is without boundary.
9See Example 3.4(j).
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for 1 <j <m and p € U, we thus have
(df (p),05lp), = 0jf(p) for1<j<m, pelU. (4.4)

Therefore

(df,0;) =0;f forl1<j<m. (4.5)
Note that the usual partial derivative 9, f on M (in the sense of Remark VIL.2.7(a))
is not defined when M is not “flat”, that is, not an open subset of R™. Because
derivatives of functions on manifolds can only be defined in terms of local represen-
tations, 0; f in (4.5) is meaningless unless it is interpreted as the partial derivative
of the function “pushed down” by ¢ to the parameter domain ¢(U), that is, the
partial derivative of the ¢, f appearing in (4.3). This rules out any misinterpreta-
tion in practice. The notation 9f/dz7 has the advantage that it gives the “name

of the coordinates” (z!,...,2™) = ¢ in which f is locally written.

In Section VII.2, for the case of open subsets of R™, we defined the partial
derivative 0, f(p) as the image of the j-th coordinate unit vector e; under the
(total) derivative Of(p) (that is, the linearization of f at p). Since df(p) is just
the tangent part of the tangential T}, f and therefore the “linearization of f at the
point p”, and since 9;|, is the j-th coordinate basis vector of T,M, (4.4) shows
that 0; f(p) is the tangent part of the image of these coordinate vectors under the
tangential of f. Therefore (4.3) is indeed the correct generalization of the concept
of partial derivative to functions defined on manifolds.

Finally, it is clear that (4.3) agrees with the classical partial derivative when
M is open in R™ and ¢ denotes the trivial chart idpy.
4.5 Remarks Let (¢,U) be a chart of M.
(a) For f € E(M) = Q°(M), the differential df belongs to Q(M). The map
d: QM) — Q" (M), f—df
is R-linear.
(b) Let (z!,...,2™) = ¢ be the local coordinates on U induced by ¢, so that
! =prjop € &(U) for1<j<m,

where pr;: R™ — R are the canonical projections. Then Q'(U) is a free £(U)-

module of dimension m, and (dz?,...,dz™) is a module basis with
ot LN 5 for 1<k < 4.6
W, 2N = 6] for1<jk<m (4.6)

and is the dual basis to the basis (9/9z',...,0/0x2™) of V(U). The basis repre-
sentations

’U—ZUJ—EV U) and a:Zajdxjeﬂl(U) (4.7)

j=1
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require the relations
, , 0]
v = (de/,v) € E(U) and a; = <a, @> e &) (4.8)

for 1 < j < m. In particular, for f € £(U), we have
m
of 1
= —d e QYU) .
> L etw

Proof (4.3) and (4.5) imply
(da’, ) = Oha’ = @ Ok (pea’) = 9" k[ (pr; 0p) 0 97| = "Dk pr; = b]

and hence (4.6). For v with the representation given in (4.7), we obtain

<dx ivk < ’81”“ > Zv =’ (p) (4.9)

=1
for p € U and 1 < j < m, because dz’?(p) is a linear form on T, M = T,U. Therefore the
first part of (4.7) and Remark 4.3(c) imply the first claim of (4.8).

For the push forward dz? by ¢, we find by applying Remarks VIL.10.9(b) and 1.14(c)
as well as (4.2) and (4.6) that

{(p+d2?) (p(p)), (e(P),ex)) ... = {dz? (), (Tome ™ ") ((p), ex))

»(p)

P

= (dz’ (p), (Toe) " (¢(p), ex)),, (4.10)

= <dwj(p),% p>p =0

This shows that (p.dz', ..., @.dz™) is, at every point ¢(p) € @(U), the basis dual to
the canonical basis of Ti,(,)(U). In particular, the covector part of . dz? is constant
on @(U).

Remark 4.4(e) guarantees that . is a vector space isomorphism from Q*(U) to
Q' (p(U)). From this, (4.10), and Proposition 2.3, we conclude that every a € Q' (U) has
a representation of the form given in (4.7) by real-valued functions a; on U. Because of

m

P = Z(go*aj)ga*dxj (4.11)

j=1

and due to the constancy of the covector part of 1-forms @.dz? on p(U), we learn from
Remark 3.1(e) that a belongs to Q'(U) if and only if a; € E(U) for 1 < j < m. Finally
a; = (a, 9;) follows by a calculation analogous to (4.9). m

(c) Forr € N, Q"(U) is a free £(U)-module of dimension ("), and

{d2D =da A~ Ad2? 5 () = (rye- ey dr) €0, ) (4.12)
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is a basis. An r-form « on U has a uniquely determined basis representation in
local coordinates

o= Z ag) dz'?) (4.13)
(5)€ed,
whose coefficients are
0 0 .

If k € NU {oo}, then o belongs to the class C* on U if and only if a(;) € C*(U)
for (4) € I,..

Proof From (4.10) and the properties of the pull back (p~')* = . given in Re-
mark 4.4(e), it follows that

e de? =9 for (j) e, , (4.15)

where (e',...,e™) denotes the basis dual to the canonical basis of T, ¢(U) for p € U.

Because . is a vector space isomorphism from Q"(U) to Q" (p(U)), we derive from
Proposition 2.3 and (4.2) that every r-form « on U has a unique representation of the
form (4.13), whose coefficients are given by (4.14). Because

e = Z (p=a(j)) = dz'?)
(4) €T,

and by (4.15), the definition of the differentiability of an r-form of class C* implies that
a belongs to the class C* if and only if the a(j) lie in C*(U). m

(d) Note that we have only shown that V(U) and Q(U) are free modules, while
we have made no such statements about V(M) and Q(M). Indeed, corresponding
statements are not generally true in the global case, that is, for manifolds that
cannot be described by a single chart. For example, it is known'® that the n-
sphere does not support n (nontrivial) linearly independent vector fields (that is,
V(S™) is not a free module of dimension n) unless n = 0,1, 3, or 7.

(e) (regularity) If k& € N, then the statements of (c) remain true if M is a C**!
manifold. m

The local coordinates z!,...,z™ on U belonging to a chart ¢ are smooth
functions on U; namely, they are the maps pr;op € £(U) for 1 < j < m. On
the other hand, we also use (x!,...,2™) as the notation for a general point of
©(U), that is, the coordinates of R™ are also called x!,...,2™. This use of the
same notation for two different things is deliberate. It simplifies calculations with
(local) coordinates considerably, if it is clear from context which interpretation is

correct. For example, the expression

a= Z ag) dz) (4.16)
(€T,

10By work of Bott, Kervaire, and Milnor.
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has two meanings if no other specification is made (which is usual in practice).
First, we can regard (4.16) as the basis representation of an r-form on the open
subset X = (U) of H™, as we have done in the previous sections. Or, we can
interpret (4.16) as the basis representation of an r-form on U with respect to the
local coordinates in the corresponding chart. This is the standpoint we have taken
here. In the first case, the a(;y are functions on X, and the dz9) are the constant
basis forms of R™. In the second, the a(;y are functions on U C M, and the dx)
are the position-dependent r-forms that “live” on U. Because of (4.15), we must,
in order to pass from second interpretation to the first, “pass down” the coefficient
functions a(jy = a(j)(p) to the parameter domain using @. That is, a(;) must be
interpreted as ¢.a(j) = aj) © ¢~ ', and we must think agjy = a(;)(z) for x € X.

4.6 Examples (a) Denote the upper and lower hemispheres of the m-sphere S™
in R™*! by S and S_, respectively. That is, let

ST i={zeR™"; |z[=1, 2™ >0} .

Also let

oyr: ST —B™, z—a = (' ..., 2™)

be the projection of B™ = B™ x {0} onto the hyperplane orthogonal to the z™¥!-

axis. Then (¢4, SY") and (¢—,S™) are charts of S™. For

m+1
o= Z (=1 Yl dzt Ao Adad A Ade™ T e QMR
j=1

the restriction to S™ reads, in the local coordinates induced by ¢, as
=™

V1= |2']?

Proof Let gi(z') := (a',£y/1—[a[?) for 2’ € B™. Then g+ is smooth and is the

parametrization belonging to ¢+ of the hemisphere ST as a graph over B™. Also g+ =
io@it with i: §™ < R™F!. Therefore (o1, ST) are charts of S™. For these we find

al| ST ==+ dz* Ao A da™

(px)e(a] ST) = (pi') 0i"a = gia
m+1 ] ] —
=Y (-1 gl dgl A Adgh A A dgT

m
. . — d
=> (1)l dat Ao Adad A A da™ /\E ﬁx |x/|2
N — |T
=1

—1)™/1 = [z/2dz" A - A dz™
= 1(17;) [, 2(71)7”“*1*”*1(95]')2 +1-— |x’|2] de* A+ Adz™ .
— st

The claim follows because the expression in the square brackets reduces to 1. m
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(b) Let wg1 := (zdy — ydx)| S, and make
g1: (0,2m) — S'\ {(1,0)} , t > (cost,sint)

a parametrization of S1\ {(1,0)}. Then with respect to the local coordinates
induced by the chart (p,U) with ¢ := g;"' and U := S\ {(1,0)}, we have

w51|U:dt.

Proof This follows from p.wg1 = (91g3 — gig1) dt. m

(c) Let U := S?\ H3 be the 2-sphere S? minus the half circle where it intersects
the half plane H3 := RT x {0} x R.'" Also let

(0,2m) x (0,m) = U, (p,9) > (cospsind,sinpsind, cosv)
be the parametrization of U by spherical coordinates. Finally, let
o :=ady Ndz+ydz Ade + zdz A dy € Q2(R?) .
Then the form wgz := a'| S? € Q?(S?) has the representation
wg2 |U = —sind de A dd

with respect to the local coordinates (g, 9).

2

Proof After a simple calculation,'? we obtain this from Example 3.4(d). m

Coordinate transformations

To carry out concrete calculations efficiently, it is important to choose the coordi-
nates best suited to the problem. So, for example, we use polar coordinates when
we want to describe rotationally symmetric problems, as we have already done in
our treatment of integration theory in Section X.8.

Because a given problem is usually already described in a coordinate system,
we must be able to change to another coordinate system without undue trouble.
This background frames the following transformation theorem for vector fields and
Pfaff forms.

Let (¢, U) and (¢, V) be charts of M with UNV # 0. Let ¢ = (z!,...,2™)
and ¢ = (y',...,y™). On U NV, we can regard the y’ as functions of lo-
cal coordinates = (z!,...,2™); we could also regard the x’ as functions of
y = (y',...,y™). Here is it usual and expedient not to introduce new symbols
but rather to write simply y = y(z) and = = z(y). Clearly the map y(-) is a

11Gee Example VIL9.11(b).
12Note that (for example) O(z,y)/d(p,?) is the determinant of the matrix obtained from
(VIL.9.3) by removing the last row.
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diffeomorphism from U NV to itself, a coordinate transformation, which we also
denote by x +— y. The inverse map is x(-), that is, the coordinate transformation
y — x. However, we can also regard = [or y] as a generic point in X := (U NV)
[or Y := (U N V)] in H™. Then the coordinate transformation z + y is nothing
but the transition function ¢ o ¢! € Diff(X,Y). It will always be clear from
context which of these two interpretations is to be chosen.

In the following formulas, we leave it to you to determine from context
whether 27 means an independent variable or the function z7(-). The double
meaning, which is scarcely a problem in practice, is used on purpose since it helps
to cast formulas into a form that is more intuitively understandable and easier to
remember.

4.7 Proposition For the coordinate transformation x — y, we have

i G ayj k
8yJ Z Ay W and dy’ =3 9uk

k=1
for 1 <j<m.

Proof From Remark 4.5(c), it follows that
Zv —andv <dmk,i> for 1< j,k<m.
oyJ - -
With z = f(y) and (4.5), we find

0 oz
k _ .
<dx ’—8yj> = —8yj for 1 <j,k<m, (4.17)

which proves the first claim.

Analogously, we have

dyl = iak de* and ap = <dyja %> = %

for 1 < j, k < m, which proves the second. m

4.8 Corollary (a) The Jacobi matrix of the coordinate transformation x +— y

satisfies o0 i1
507) = (5,7
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Proof (a) Because
y(-) =vop !l €Diff(X,Y) and y(-)7' =a(-)=po¢~" € Diff(Y,X) ,

the claim is immediate.

(b) This is a consequence of Example 3.4(c), the considerations after Re-
mark 4.5(e), and the fact that

o', ...y™)
o(zt,...,am)

is the Jacobian of the coordinate transformation « — y (see Remark VII.7.9(a)). m

4.9 Examples (a) (plane polar coordinates) Using the polar coordinate trans-
formation
Vo= R?, (r,9) = (z,y) := (rcosp,rsinp)

with V5 := (0, 00) x (0,27), we have

2—%2—1—@2—005 — +sinyp—

or  Or 0z  Or oy w@x Qp(‘)y
and

g Oz 0 oy 0

.0 d
%—%%—F%a—y——rsmgp% —i—rcosgpa—y.

(b) (spherical coordinates) Let Va3 := (0,00) x (0,27) x (0, 7). Using the spherical
coordinate transformation

Vs =R, (r,0,9) — (z,y,2) = (rcospsind, rsin psind, r cos ) ,

we find 5 5 5
i Coscpsmﬁ% + smgpsmﬁa—y + cos 19&
9 _ —7sin 5111192 + rcos@sin—
do v or v oy
0 0 . 0 .
i rcosgocosﬁa—i—rsmcpcosﬁa—y—rsmﬁ& .

(c¢) (cylindrical coordinates) Let X := (0,00) x (0,27) x R. For the cylindrical
coordinate transformation

we find

2—cos 2—l—sin 2 i——rsin E—i-rcos 3 ~— -2 =
ar ‘Yo Yoy’ 0p Y or Yoy’ ac 92
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The exterior derivative

The next theorem shows that the exterior derivative can be generalized so that it
is defined globally on manifolds.

4.10 Theorem There is exactly one map
d: QM) - QM) ,
the exterior (or Cartan) derivative, with these four properties:

(i) d is R-linear and maps Q" (M) to Q"+1(M).
(ii) d satisfies the product rule

dlaNpf)=danf+(-1)"andl foraecQ"(M)and e Q(M).

(iii) d*> =dod = 0.
(iv) The differential df of f € E(M) = Q°(M) is the same as the differential of f.
Also

doh™=h"od (4.18)
for h € C*°(M, N).
Proof (a) (existence) Let (¢,U) be a chart of M. According to Theorem 3.5,

there is exactly one map d: Q(o(U)) — Q(p(U)) with the properties (i)—(iv). We
define dyy : Q(U) — Q(U) by requiring the commutativity of the diagram

du
QU) Q)
©Ox 90* (419)
d
Q(e(0)) Q(p((0))

Equivalently, we set dy := ¢* odop,. We learn from Remark 4.4(e) that ¢, is an
algebra isomorphism with (¢.)™! = (p71).. With this and (4.19), we verify easily
that dy has the properties (i)—(iv) and is uniquely defined.

Let (¢, V) be another chart of M such that U NV # (). Then it follows from
o = (por~1) o1, the properties of pull backs, and (3.12) that

dy =¢*odop, =¢*o(poyp ") odo(poyp™), o,

4.20
:"/)*Odow*:dv ( )

(of course, on U N V). Therefore dy is independent of the special coordinates
chosen.
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Let {(goK,UK) i K E K} be an atlas for M, and let i, : Uy, — M Dbe the
natural embedding. Then we define d: Q(M) — Q(M) by

da(p) == du, [(ix)*e](p) for a € QM) ,

where k € K is chosen so that p lies in U,. By (4.20) this definition is meaningful,
and it is clear that d has the properties (i)—(iv).

(b) (uniqueness) Let w € Q"(M) and p € M. Also let (p,U) be a chart
around p. According to Remark 4.5(c), a|U can be written in local coordinates

as
al|U = Z ag dz?)
(5)€d,
with ag;y € E(U). Now it follows from (4.19) and Remarks 3.6(a) and 4.4(e) that

dy(a|U) = " dp.(a|U) =¢* > d(p.ag) A e.de?

e , (4.21)
= Z dUa(j) Adzt) = Z da(j) A dz) ,
(9)€ET, (9)€ET,

because dya(;y is the differential of a(;) € £(U).

Let V be an open neighborhood of p with V' CC U. Then (V) CcC ¢(U).
Hence Remark 1.21(a) implies the existence of X € D(¢(U)) such that X | (V) =

1. For

_f¥x onlU,

o 0 on M\U ,
we have x € E(M) and x |V = 1. This implies that both

by = xag for (j) €J, and & :=xa/ for1<j<m

belong to £(M). Therefore the differentials d¢/ € Q'(M) are defined, which

implies that
Br= ) b de?
()€l
is also defined and belongs to Q(M).

Now suppose d is a map from Q(M) to itself satisfying (i)—(iv). Then we find
easily that

B =Y db AdED
(e,

For a € £(U), the product rule gives

d(xa) = adx + xda
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(see Corollary VII.3.8 and the definition of the tangential). Because x |V =1, we
may use the natural embedding i: V < M to conclude

(i d(xa)(a),v(q)), = (d(xa)(q),v(a)), = (da(q),v(q)), forqeV,
for v € V(M). That is, d(xa) |V = da|V. This and (4.21) imply 8|V = «|V and
dB|V =dy(a|V) . (4.22)
Because dy is unique and every p € M has an open coordinate neighborhood V'

for which (4.22) holds, we see that d = d.

(¢) To prove (4.18), we can use our previous work to restrict to the local
situation, that is, we can assume that M = U. Then the claim follows from
(4.19), (3.12), and Theorem 3.5. m

4.11 Remarks (a) Let
a|U = Z ag) dz'?)
()€l
be the representation of o € Q"(M) in the local coordinates of the chart (¢, U).
Then
d(a|U) Z dagjy A dz?)

(el
Proof This follows from (4.21). m
(b) (regularity) For k € N, the map
d: Qi (M) — Q5 (M) forr e N

is defined and R-linear. This remains true when M is a C**2 manifold. m

Closed and exact forms

As in the local theory, we say a € Q(M) is closed if da = 0. We say it is exact if
there is a 8 € Q(M), an antiderivative, such that d8 = a.

4.12 Remarks and examples (a) Because d? = 0, every exact form is closed.

(b) Every m-form on M is closed.
Proof This is because Q™ (M) = {0}. m

(c) (Poincaré lemma) Letr € N* andlet a € Q"(M) be closed. Then « is locally
exact, that is, every p € M has an open neighborhood U and a 3 € Q"1 (U) such
that df = a|U.

Proof Let (¢,U) be a chart around p, in which ¢(U) is star shaped. Because da = 0
and dp.a = . da, the form g.a € Q"(p(U)). Since p(U) is contractible, it follows
from the Poincaré lemma (Theorem 3.11) that there exists a Bo € Q""" (¢(U)) such that
dfBo = p«a. For B := p*Bo € Q"1 (U), we then have df = ¢* dfBo = p*pra=a|U. m
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Contractions

Let a € Q"tY(M) and v € V(M). Then the contraction v — « of a by v is
defined by

v 2 afvr, ..., ) = a(v,v1,...,0,) forv; e V(M)and1<j<r.

We sometimes write v — - as i, and call i, the interior product of v by «.
We verify easily that v — « belongs to " (M). For completeness and to avoid a
bothersome special case, we simply set

v a:=0 foracQ(M).
4.13 Remarks and examples (a) If ¢: M — N is a diffeomorphism, then

— (¢ a) = " (psv = @)

for « € Q(N) and v € V(M). In particular, for every r the diagram

*

¥
QT+1(M) Qr+1(N)
v 1 OV —
Q"(M) Q"(N)

commutes.

Proof If o is a null form, then the claim is trivially true. Therefore we can assume
a € Q"M(N). Then we find for p € M and v, ...,v, € T,M that

v = (e ) (p)(v1, ... vr) = ) (v

( TpSD v p), (Trp)vi, .y (TPS")UT)
(psv (@), (Tpp)vr, ., (Tpp)or)
U — a)(sO(p )(( PP vlv"'v(TP(P)vT)

which proves the claim. m

(b) Suppose X is open in H™ and w := dx! A --- A dx™. For v = Z;n:l v19;, we

have
m

vAw:Z(—l)j_lvjdxl/\---/\d/ag/\---/\dxm.
j=1

Proof We set v1 := v. Then for vs,...,vm € V(X), we have

(v1 D w)(v2, .oy Um) = w1, .., Um) = det[(dmj,vk>] .
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By expanding this determinant in the first column, we find it has the value

Z 1) (da?  vy1) det(A;)

Jj=1

where Aj; is the matrix obtained by striking the first column and the j-th row from
[(dz?,vi)]. From this it follows that

det(Aj):dml/\-~-/\c?95/\~~-/\dmm(v2,...,vm).

The claim now follows because

m
k
dmm Evdmjak—v.l
k=1

(c) Let
p: RMTIN(0} — 8™, @ a/lx|

be the radial retraction'® on the m-sphere in R™*+1.
Also let

m+1
a:=> (=1 I de' Ao Adxd A A dz™ T
1

+

<.
Il

and

wgm = a|S™ .
Then letting r(z) := || for z € R™"!| we have

o] —
p*wsm = WTO[: Z(—l)] 1|33|T+1 dq;l A ANdxd /\/\dl’m+1 ,

and p*wgm is closed.

Proof Because p € C°(R™'\{0},R™"") with im(p) = S™, we know p is a smooth
map from R™'\{0} to S™. Therefore p*wgm € Q™ (R™T'\{0}) is defined. It is closed
by Remark 4.12(b) and because d(p*wgm) = p* dwsm = 0.

To show that p*wsm = r~ (™ a, we must verify that for every p € R™*\{0}, both
sides agree on every m-tuple from a system of basis vectors of T Rm'H Suppose therefore
p € R™T\{0}. A basis of T,R™"" is given by the vectors {(p)p, (v1)p, - - -, (Um)p}, where

131f X is topological space and A is a subset of X, then a continuous map p: X — A is called
a retraction of X on A if p(a) = a for a € A. If there is a retraction of X on A, then A is a
retract of X.
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{(v1)p,..., (vm)p} is a basis of T, (r(p)S™). If the m-tuple (w1)p, ..., (wm), contains
the vector (p)p, then by letting w := dz* A--- A dz™"*, we can use (b) to find

a(p)((wl)p, ceey (wm)p) = ((p)p — W) ((UJ1)p, cee (wm)p)
= w((p)Pv (wl)P’ ceey (wm)P) =0,

because two entries are equal. Therefore 7~ ™+ (p)a(p) also vanishes on this m-tuple.

We also find

prwsm (p)((wl)pv s (wm)p) = Wwgm (p(p)) ((Tpp)(un)p, s (Tpp)(wm)p)
with
(Top)(wj)p = (p(p), Ip(p)w;)

where, according to Proposition VII.2.5, we have
dp(p)w; = dp(p + tw;)|,_, for 1<j<m.

Because p(p+tp) = p(p) for t € (—1,1), it follows in particular that (Tp)(p)p = 0. There-
fore p*wsm (p) ((w1)p, - .., (wm)p) also vanishes if the m-tuple (w1)p, ..., (wm)p contains
the vector (p)p.

It remains to show

s @) (00)pe- - (n)s) = Ty ) (@)oo (o)) - (429

For (v), € Tp(r(p)S™), Theorem VIL.10.6 gives an € > 0 and a v € C*((—¢,¢),r(p)S™)
such that v(0) = p and 4(0) = v. Now we use p o y(t) = v(t)/r(p) to get

Ip(p)v = (pov) (0) =v/r(p) .

From this we derive

p wsm (p)((V1)p, - - (vm)p) = r(p) " (p(p)) ((V1)p; - - - (vm))

which implies (4.23), thus finishing the proof. m

(d) (regularity) Let k € N, and suppose M is a C*** manifold. For o € QZ]:Sl(M) and
v € V¥(M), the contraction v — a belongs to Qy(M). m

Orientability

As we learned in Section 2, T,M can be oriented by choosing a volume form
a(p) € N"T;y M. Thereby one gets an m-form a on M with a(p) # 0 for p € M.
Conversely, every map p +— a(p) € AT M such that a(p) # 0 for p € M induces
an orientation on every T, M. However, such o will generally not be continuous.
Intuitively, this means that the orientation of the tangent spaces is not “coherent”,
that is, the tangent spaces can “flip over” in moving from one point to the next.
To avoid this, we also require that « be smooth (more precisely, as regular as
permitted by the regularity of the manifold).
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A manifold M is said to be orientable if there is an a € Q™ (M) such that
a(p) # 0 for every p € M; such an m-form « is called a volume form on M.

4.14 Remarks (a) If M is orientable, then Q™ (M) is a one-dimensional £(M)-
module.

Proof Let a be a volume form on M, and let 8 € Q™ (M). Because dim A" Ty, M =1
for p € M, there is an f: M — R such that 8 = fa. We must show that f is smooth.
In local coordinates, we have

a|U=adz" A---ANdz™ and B|U=bdz' A---Adz™

with a,b € £(U) and a(p) # 0 for p € U. From this we deduce that 8| U = fa|U, where
f :="b/a belongs to E(U). m

(b) (regularity) Suppose k € N and M is a C*™! manifold. Then M is orientable if and
only if there is an « € Q) (M) such that a(p) # 0 for p € M. This is the case if and
only if the C*(M)-module Q) (M) is one-dimensional. m

The next proposition shows that one can also characterize the orientability
of a manifold by its charts.

If X and Y are open in H™, then we say ¢ € Diff(X,Y) is orientation-
preserving [or orientation-reversing] if det dp(x) > 0 [or det dp(z) < 0] for every
z € X, that is, if dp(z) € L(R™) is an orientation-preserving [or orientation-
reversing] automorphism for every z € X. An atlas of M is said to be oriented if
all of its transition functions are orientation-preserving.

4.15 Proposition A manifold of dimension > 2 is orientable if and only if it has
an oriented atlas.

Proof (a) Suppose M is orientable and « € Q™ (M) is a volume form. In addi-
tion, let { (¢x,Ux) ; & € K} be an atlas of M. Then (¢, ). = a, dz* A- - -Adz™ on

X, = ¢.(U,) C H™, with a,(z) # 0 for € X,.. Because we can change coordi-

nates (if necessary) as x — (—a!,22,... 2™), we can assume that a, (z, ) is strictly

positive for some x, € X,. Because we can assume that U, and therefore also X
are connected, it follows from the intermediate value theorem (Theorem II1.4.7)
that a,(x) > 0 for all x € X, and every k € K.

Suppose now (¢, Uy) and (px, Uy) are local charts with U, N Uy # (. Also
let . = (z1,...,2™) and o) = (y',...,y™). Then we find

(ox 0 o) (axdy® A--- Ady™ | ox(Ux N U))
= (pu)epX(ardy' A--- Ady™ | oa(Us NUY)) (4.24)
= (pr)sa | (UsNUL) = apdz’ A+ Ada™ .

By Example 3.4(c), we have
(ox oD dy' Ao Ady™ = det d(px 0o ) dxt Ao Ada™ .
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By comparing with (4.24), we see

(ox 0@ ) ax(z)det O(pr 0 M) (2) = an(z) >0 for z € v (UsNUy) .

Because a) is positive, it follows that M has an oriented atlas.

b) Let { (¢x,Ux) ; & € K} be an oriented atlas. Proposition 1.20 guarantees
the existence of a smooth partition of unity {7, ; k € K} that is subordinate to
the cover {U, ; k € K} of M. For k € K, define «,, € Q™(U,) by

Tt dzt A A dx™ in Uy, ,
o 1=
" 0 otherwise .

We can verify easily that the definition

= Za,i e Q™M)

reEK

is meaningful. We must show that a(p) # 0 for p € M.

Let p € M, and choose « € K so that 7. (p) > 0. For A € K with X # k and
U, NUy # 0, it follows, as in (a), that

ar=m@idy' A Ady™ = magi(ea o) dyt A A dy™
= ma(pf det (A(pr 00 1))) i dat A+ Adz™

From this we obtain

alp) = ( )+ Y malp) det(d(px 0 o)) (soﬁ(p)))soi da' A --- Ada™(p)

AEK
A#£R

where only finitely many summands differ from zero. Because 7x(p) > 0 a d
because the transition functions are orientation-preserving, we see that a(p) #
Therefore « is a volume form, and M is orientable. m

Suppose M is orientable. Then we say two volume forms «, 3 € Q™ (M) are
equivalent if there is an f € £(M) such that f(p) > 0forp € M, and o = f3. This
is obviously an equivalence relation on the set of all volume forms on M. Every
equivalence class with respect to this relation is called an orientation on M. Given
Or := Or(M) an orientation of M, then we call (M, Or) an oriented manifold. If
the orientation of M is clear from context, we may write M for (M, Or).

If @ € Or, then —« is a volume form that does not belong to Or. We denote
the associated equivalence class by —Or and call it the orientation opposite to Or.
It is clear that —Or is independent of its particular representative.
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4.16 Remarks (a) An orientable manifold is connected if and only if it has exactly
two orientations.

Proof Suppose M is connected, and « and 3 are two volume forms. By Remark 4.14(a),
there is an f € £(M) such that o = f3. Because « vanishes nowhere, we have f(p) # 0
for p € M. Because M is connected, the intermediate value theorem (see Theorem II1.4.7)
implies that either f(p) > 0 or f(p) < 0 for every p € M. Hence « is equivalent either
to B or to —8. Therefore M has precisely two orientations.

Now suppose M is connected. Proposition II1.4.2 guarantees the existence of a
nonempty, open, and closed proper subset X of M. For a a volume form on M, we set

i a(p) ifpeX,
Blp) = { —a(p) ifpe M\X .

Then S is obviously a volume form with 8 ¢ Or U (—Or), where Or is the equivalence
class of . Therefore M has more than two orientations. m

(b) Let M = (M,Or) be an oriented manifold. A chart (¢,U) of M is said
to be positive(ly oriented) if ¢.(«|U) for o € Or is equivalent to the m-form
dzt A -+ A dx™|p(U). Otherwise it is negative(ly oriented). M has an atlas
consisting only of positive charts, an oriented atlas.

Proof For 8 € Or, we have a = f@ with f € £(M) and f(p) > 0 for p € M. With
i: U — M, it follows from this that

pra|U = pui’a=@.i"(fB) = (p«i" f)(psi"B) = gp«(B|U) ,

where g := fop™' € E(p(U)) and g(z) > 0 for x € ¢(U). This shows that the definition
does not depend on the chosen representative. That there is indeed an atlas with positive
charts was shown in part (a) of the proof of Proposition 4.15. m

(c) Let M be oriented. Then (¢, U) is a positive chart if and only if (01 |p, . - ., Omlp)
is a positive basis of T, M for p € U.

Proof For a € Q™ (M), Remark 4.5(c) says that the basis representation in local coor-
dinates is
a|U=adz" A--- Adz™

with a(p) = a(p)(Oilp, - .., Omlp) for p € U. The claim is now clear. m

4.17 Examples (a) Every open subset U of an orientable manifold M is itself
orientable.'4

Proof For a € Or(M), the restriction o | U is a volume form on U. m

(b) If M and N are orientable and one of these manifolds is without boundary,
then the product manifold'® M x N is orientable.

14\We stipulate that the empty set is orientable.
15See Exercise VII.9.4 and Exercise 3. Why do we assume that one of these two manifolds is
without boundary?
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Proof If { (o, Ux) 5 K € K} and { (¥x,Va); A€ L} are oriented atlases of M and N,
respectively, then it is easy to see that {gon X Uy ; (k,A) € KX L} with

@x X YA, q) := (ox(p), ¥a(q)) €R™ xR for (p,q) € Us x Vi,

is an oriented atlas of M x N. Because we can assume without loss of generality that M
and N are at least one-dimensional, the claim follows from Proposition 4.15. m

(¢) Any manifold that can be described by a single chart (that is, one that has an
atlas with only one chart) is orientable.

Proof This is trivial (see the first part of the proof of Proposition 4.15). m

(d) (graphs) Suppose X is open in R™ and f € C°°(X,R"). Then graph(f) is
an m-dimensional orientable submanifold of R™*".

Proof For Proposition VII.9.2, we know that graph(f) is an m-dimensional submanifold
of R™T™. The proof of that result shows that

¢ graph(f) = X, (z,f(2)) —a
is a chart that describes graph(f). Therefore the claim follows from (c). m

(e) (fibers of regular maps) Suppose X is open in R™ and ¢ € {0,...,m—1}. Also
let ¢ be regular value of f € C(X, Rmfé). Then the ¢-dimensional submanifold
f~1(q) of X is orientable.

Proof Letw:=dz'A---Adz™ | X and

I

i ::Zajf’“ai eEV(X) forl<k<m—¢.
j=1

With the notations of Remark VII.10.11(a), we have V f¥(p) = V, f* for p € X. We can
assume that L := f~'(q) is not empty. Then

0= VI (V= (2 (T ) ) ’LGQE(L).

Proposition VIL.10.13 guarantees that Vf'(p),...,Vf™ *(p) are linearly independent.
Therefore
a(p) =w(V" " p),--. VI (p),...) #0 forpel,

that is, « is a volume form on L. m

(f) If M and N are diffeomorphic, then M is orientable if and only if N is ori-
entable.

Proof Let f € Diff(M, N), and let (@, U) be a chart of M. Then ¢ := po f~! is a chart
of N with V := f(U) = dom(v). Because M and N are diffeomorphic, m = n. Suppose
now B € Q™(N) is a volume form on N. The local coordinates (y',...,y™) = ¢ give 3
the representation 8|V = bdy' A--- Ady™ with b(q) # 0 for ¢ € V. From this it follows
that
FBIV)= (D) (dy" A Ady™) =bo fda' A Nda™

because f*y’ = prjopo f=prjop = 27 with (z',...,2™) = . Because bo f(p) # 0 for
p € U, we see that f*( is a volume form on M. Now the claim is immediate. m
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(g) Every one-dimensional manifold is orientable.

Proof We can assume that the manifold M is connected since it suffices to show that
every connected component in orientable. Then by Theorem 1.18, M is diffeomorphic to
an interval J or to S'. Because J and S' are orientable (where the orientability of S*
follows from (e), for example), the claim is implied by (f). m

(h) (hypersurfaces) A hypersurface M in R™"! is orientable if and only if there is
a smooth unit normal field on M, that is, a v € C°°(M,R™"") such that [v(p)| = 1
and v(p) = (p,y(p)) € TpLM for p e M.

Proof If v is a unit normal field on M, then (v — da' A--- Adxz™"") | M is a volume
form on M. Therefore M is orientable.

Let M be orientable. If (¢,U) is a positive chart with ¢ = (z*,...,2™), then,
because dim(TpJ‘M) = 1, there is for every p € U exactly one v(p) = (p,l/(p)) € TPJ‘M
with |v(p)| = 1 such that

o d
(@) gorl,s - e ,)

is a positive basis of TpRmH. By shrinking U, we can assume that there are open sets
U and V of R™™! with U = UN M, and a & € Diff(U,V) such that U = f~'(0) for
f=om ¢ 8([7) It follows because Vf(p) # 0 for p € U that f is regular. Hence it
follows from Proposition VII.10.13, that

v(p) =eVf(p)/IVf(p)| forpelU

with € € {£1}. This shows that v is smooth.

Now let (1, V) be a second positive chart with UNV # ¢ and ¢ = (y*,...,y™), and
suppose u(q) = (¢, p(q)) € Ty M satisfies p € C=(V,R™) and |u(q)| = 1 for g € V.
Also suppose (p(q), ,9%1|q7 ce % ) is a positive basis of T,R™"" for ¢ € V. Because

o

the two bases
(%’p,...,m p) and (8%1 p,...,% p)

have the same orientation for p € U NV, it follows that u(p) = v(p) for p € UNV. Now
the existence of a unit normal field follows from the existence of an oriented atlas of M. m

q

(i) (M&bius strip) Suppose R > 0, and define
f:[-mm) x(~1,1) - R

by
0 0

2

2

2

f(6,t) = ((R—Ftcosg) cosf, (R+tcos —) sin@,tsin—) i

Then the image M of f is a nonorientable
surface, the Mdbius strip. Visually, the
map f works as follows: Because

f(iﬂ-? t) = (—R,O, j:t) )
it twists the end {7} x (=1, 1) of the rect-
angle [—m, 7] x (—=1,1) by 180 degrees rel-
ative to the start {—m} x (—1,1). These
two ends are then glued together.
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Representing f in the form
f(0,t) = R(cosb,sin6,0) + tg(6)

with g(6) := (cos(#/2) cosf,sin(6/2) sin6,sin(f/2)), we obtain an interpretation
of the parametrization of f: A point with angular velocity 1 traces a circle in the
(z,y)-plane with center 0 and radius R; this describes the first summand. The
midpoint of a rod of length 2 is affixed to this point (along its length) and is allowed
to simultaneously rotate about its own midpoint with an angular velocity of 1/2,
so that its direction is reversed after one rotation; this is the second summand.

Proof The proof that M is a smooth surface is left to you.

For —m < 0 < 7, we have
v1(0) := 01 f(0,0) = R(—sinb,cosh,0) ,
v2(0) := D2 £(6,0) = (cos(0/2) cos 6, cos(0/2) sin 0, sin(6/2)) .

It follows that for every 6 € [—m,m) the vectors v1(6), v2(0) attached to p(0) := f(6,0)
form a basis of T},9)M. Therefore the vector

n(0) := (—v1(0) x v2(#)) /R = (— cos Osin(0/2), — sin fsin(0/2), cos(6/2))

attached to p(f) is a unit normal vector for —7 < 6 < 7. In particular, n(0) = es.
We assume that v: M — R? is a unit normal field with v(p(0)) = es. Then because

TgyM is continuous and one-dimensional, it follows that the vectors v(p(6)) and n(6)

coincide in —7 < 6 < «. From this and the relation p(—7) = p(7), we find as 6 — 7 that

—e1 =n(—n) =v(p(—m)) = v(p(n)) =n(r) =e1,

which is not possible. Thus there is no smooth (or even continuous) unit normal field
on M; this, by (h), shows that M is not orientable. m

(§) (regularity) With obvious modifications, the statements above remain true for C*
manifolds. m

Tensor fields

Let r, s € N. Then, according to Section 2, the vector space T (T, M), which con-
sists of r-contravariant and s-covariant tensors, is well defined on T, M. Therefore
the bundle of (7, s)-tensors on M,

Ti(M) = | TI(T,M)
peM

is also well defined. An (r, s)-tensor (more precisely, an r-contravariant and
s-covariant tensor) on M is a section of this bundle, that is, it is a map

v: M —TIH(M) with v(p) € Ty (T, M) for p € M .
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If v and ¢ are (r, s)-tensors on M and f € RM | then the sum, v + 8, the product
with functions, fv, and the tensor product, v ® §, are again defined pointwise as

(y+0)(p) =7+, ([P =fPp), 12ip) =) @ip)

for p € M. Likewise, the effect of v € T7(M) on an r-tuple a1, ..., q, of Pfaff
forms and an s-tuple vy, ..., vs of vector fields is defined pointwise by

v(at, ..., op,v1,...,05)(p) == v(p) (1 (p), - .., ar(p), vi(p), ..., vs(p)) for pe M .

Finally let ¢ € Diff' (M, N). Then we define the push forward by ¢ of v € T/ (M)
through

(@*7)(041; ey Oy U1,y . e 7US) = (’YO @71)(30*041) .. 730*057“7()0*1]1) .. 730*1]8) )

where ag, . .., a, are Pfaff forms and vq, ..., vs are vector fields on N, and we have
set

O v = (1) (4.25)

with v a vector field on N. Naturally, ¢*y := (¢~ !),7v is then the pull back of
v € T{(N).

Let k € NU {oo}. Then an (r,s)-tensor v belongs to the class C* (or, is
k-times continuously differentiable or smooth in the case k = oo) if every point
of M has a chart (¢, U) such that ¢, is a (r, s)-tensor on p(U) of class C*. We
denote the set of all smooth (r, s)-tensors on M by

T7 (M) .

S

The proofs of the following remarks are straightforwardly transferred from
the corresponding proofs for differential forms in Sections 2 and 3.6 Therefore we
leave these proofs to you.

4.18 Remarks (a) The definition of differentiability is coordinate independent.

(b) 7 (M) is an £(M)-module. The tensor product map
®: TN (M) x T2(M) = T (M), (1,0) =y 6

is £(M)-bilinear and associative.

(¢) An (r,s)-tensor v on M is smooth if and only if
’Y(ala' sy Qpy U1, - '7v8) € g(M)

for all vy,...,vs € V(M) and oy, ..., a, € Q1 (M).

16 This repetition can be avoided if one first develops the (elementary) theory of vector bundles.
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(d) Let (¢,U) be a chart of M. Then

0 0 .
{8xj1 ®.”®8ij QdeF' @ @ dx®e ; ji,kié{l,...,m}} (4.26)

is a module basis of 7,7 (M). Then v € 7 (U) if and only if the coefficients of ~ in
the basis representation (4.26) are smooth.

(e) Let ¢ € Diff (M, N). Then ¢, maps the module 7 (M) to 7] (N) and operates
covariantly as

(l/) (e] (p)* = 1b* O PVx and (ldM)* = ldT_f(M) .
Analogously, ¢* (7 (N)) = 7(M), and ¢* operates contravariantly. Finally ¢,

and therefore also ¢* is compatible with the tensor product map, that is,

Px(Y®0) = uy @ 6 .

(f) For f € C°(M,N) and v € 7°(N), the pull back f*v of v by f is determined
by
(v, .. vs) = ('yOf)((Tf)vl,...,(Tf)vs) for vq,...,vs € V(M)
with ((T'f)v)(p) := (Tpf)v(p) for p € M. Then the map
fRT)N) = T)(M) oy oy

is well defined and R-linear, operates contravariantly, and is compatible with the
tensor product map. For f € Diff (M, N), it is the same as the previously defined
pull back.

(g) 7H (M) = V(M), T2(M) = QY(M), and dual pairing (-,-) is a (1,1)-tensor
on M.

(h) (regularity) Let kK € N. Then the statements above hold analogously if M is a
C*+lmanifold and C™ is replaced by C*. m

Exercises

1 Let N be a submanifold of a manifold without boundary. Show that (with the canon-
ical identification) V*¥(N) C V*¥(M) for k € NU {oco}.

2 Suppose o € Q" (M) and 8 € Q(M), and let v € V(M). Show that
v (@AB) = —a)Af+(—1)an(—p).
3 Verify the statements made in the proof of Example 4.17(b).

4 For a € Q' (M) and v € V(M), calculate d{a, v) in local coordinates.



5 Riemannian metrics

We already know from Section VII.10 that the Euclidean inner product (-|-) on
R™ can be used to define another inner product by restricting it to the tangent
space T, M of a submanifold M. This gives a way to measure lengths and angles
on T, M. So, for example, we can determine if two curves I'y and I'; on M intersect
orthogonally at a point p by verifying that the tangent spaces T,,I'; and T,I'; are
themselves orthogonal in T), M.

That the Euclidean structure of R™ induces one on M, or precisely on the
tangent bundle of M, is the foundation for the theory of integration on manifolds,
which we will treat in the next chapter. In this section, we explore a few con-
sequences of the existence of a Euclidean structure on M, and we study several
examples. We also introduce the Hodge star operator and the codifferential, which
are of significance for a deeper incursion into the theory of differential forms—in
particular, these concepts are important in (theoretical) physics.

To ease the introduction to the material, we consider first the case of the
Euclidean structure on M induced by (-|-). It will be apparent, however, that all
abstract theorems remain true in an essentially more general framework, namely,
that of Riemannian geometry. Because these facts are of great theoretical and
practical importance, we will introduce the concept of a (pseudo) Riemannian
metric, which forms the general framework for our subsequent considerations.

For the entire section, suppose the following:

e M is an m-dimensional submanifold of R™; N is an n-dimensional submani-

fold of R™.

e The indices i, j, k, [ always range from 1 to m unless otherwise stated, and
>_; means that j is summed from 1 to m.
The volume element

Suppose M is oriented. Then Or induces an orientation on every tangent space
T,M. Also T,M is an inner product space with inner product (-|-), induced
by the Euclidean scalar product of the surrounding space R™. Thus, by Re-
mark 2.12(b), there is a unique volume element w, on T, M. Therefore

wym(p) =w, forpe M

defines an m-form on M, the volume element on M.

5.1 Proposition Suppose M is oriented. Then wy; belongs to Or(M). If (¢,U)
is a positive chart with ¢ = (z',...,2™), then

wM|U:\/5dx1/\---/\dxm, (5.1)
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where G := det[g;,] € £(U) is the Gram determinant and
gix(p) = (91, | 8k|p)p for1<jk<mandpeU.

Letting g, :=iop~! € C®(p(U),R™), withi: M — R™, be the parametrization
belonging to ¢, we have

e.9jk(x) = (9;9,(2) | Okgp(x)) for 1 <jk<mandzc o). (5.2)

Proof Because (01]p,--..,0m|p) is a positive basis of T, M, it follows from Propo-
sition 2.13 that

wp = /G(p)dz* A---Ndz™(p) forpeU .
Therefore (5.1) holds. Because

<p*(wM|U)=<p*\/§dx1/\--~/\dxm|<p(U)

with p.vV/G = /G op~1, it follows from Remark 4.3(a) that (5.2) is satisfied.
Because the scalar product and the determinant function are smooth (see Propo-
sition VII.4.6 and Exercise VII.4.2) and because G(p) > 0 for p € U, the chain rule
gives p,V/G € E(¢(U)). Therefore wyy | U is smooth, which proves wy € Or. m

5.2 Remark (regularity) By modifying the statement of this proposition in the obvious
way, we find it remains true when M is a C' manifold. m

5.3 Examples (a) (open sets in H™) Let X be a nonempty open subset of H™.
Then X is endowed with a natural orientation with respect to which every tangent
space T, X = T,R™ with p € X is naturally oriented, that is, this orientation makes
the canonical basis ((€1)p, ..., (em)p) positive. Then the volume element of X is
given by

wX:dxl/\uJ\dxm‘X.
The trivial chart (idx, X) is positive.

(b) (fibers of regular maps) Suppose X is open in R™ and ¢ is a regular value
of f € &(X) with M := f~1(q) # 0. We provide the hypersurface M with the
orientation Or(M,Vf) induced by Vf, as follows: For every p € M, the basis
(v1,...,0m—1) of T,M is positive if and

only if the basis 3 \ﬁ}
(Vf(p)vvla s 7vmfl)

of T,X = T,R™ is positive with Vf =
>4 Ocf 002, With

v =V1/Vf|

the unit normal field of M, the volume element of (M ,Or(M,V f )) is given by
wy = (v Dwx) | M.
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If m = 3, a basis (vl(p),vg(p)) of T, M is positive if and only if the three
vectors (vl,vg,z/(p)) form a “right handed basis” of TPR?’. Here (wq,ws,ws) is
a right handed basis if one can stretch out the thumb, first, and second fingers
of one’s right hand (with the middle finger bent palmward) so that these three
fingers point in the direction (and the same order) of these three vectors. This is
called the right hand rule.

Proof Because g is a regular point, V f(q) # 0 for ¢ € M. By the regular value theorem,
M is a smooth hypersurface in X. The proof of Example 4.17(e) shows that was is a
smooth volume form. Now all is clear. m

(c) (spheres) The m-sphere S™ in R™! form € N
is canonically oriented by the outward unit normal
field

v(z) = (z,2) € T,R™ .

If m =0, S° consists of the two points {1} C R,
and the outward unit normal field at 1 [or —1] is
given by (1,1) € 1R [or (—1,—-1) € T_1R].1

When m = 1, the canonical orientation of S' is the same as the one given
in Remark VIII.5.8. Therefore “one traverses S! is the positive direction” exactly
when the traversal is counterclockwise. In this case, v coincides with the negative
unit normal vector —n in the sense of the Frenet two-frame.

The volume element of the canonically oriented m-sphere is the m-form?
wem = (V — me+1) | S
m+

1
= Z(—l)jflxj de' Ao ANdad Ao Ada™ T ST
j=1

The chart (¢4, ST) describes the upper [or lower] hemisphere ST that is projected
along the z™*1-axis onto B™ x {0}; this chart is positively oriented when m is
even [or odd] and is negatively oriented for odd [or even] m.

The spherical coordinate chart of S! is positive, whereas that of S? is nega-
tive.

Proof The formula for wsm is a special case of (b). The statements about the various
charts of S™ follow from Examples 4.6(a)—(b). m

(d) (graphs) Let X be open in H™ and f € C*(X,R™). Then the natural
orientation of the graph M := graph(f) is the one for which the natural chart
(p, M) with

o:M—R", (z,f(x)—a

1See Example 1.17(a).
2This justifies the notations used in Examples 4.6 and 4.13(c).
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is positive. In the case n = 1, the volume element wj; has the local representation

war | M = \/14+|Vf2det A--- A dz™
with Vf =370, 9;f 0;.

Proof Because gy(z) = (z, f(z)) for 2 € X = (M), it follows from Remark 4.3(a)
that

0ilp = (p, (ej,0;f(x)) € T,R™"  for p= (z,f(z)) eMand 1 <j<m,

where T, M is identified canonically with the vector subspace (Tpinr)(TpM) of T,R™ .
Putting d; := 0; f, we then get g;x = d;x + d;dk.
Let D = [p«gjx]. Then it follows that

1+d% dids didm
dad1 1+ d% s daodm
G = det Dy, = det ) ) )
dndy  dmdz -+ 1+d3,
0 - di
Dmfl Dy :
— det 2 m—1 : .
o |+ d;, det Dy
dmdl dmdmfl 1 d1 dm71 1

To compute the last determinant, we subtract d; times the last column from the j-th
column for 1 < j < m — 1, and so find that its value is 1. This then gives the recursion
formula

det Dy, = det Dpp_y +d2, .

Because det D; = 1+ d?, the recursion yields
G=detDy, =14di +---+doy, =14 |Vf]?
and hence the claim. m

(e) (curves) Suppose J is a perfect interval in R, and v: J — R™ is a smooth
embedding. Then M := ~(J) is an embedded curve in R™. Also let M be oriented

by v, that is, let ('y(t), f'y(t)) be a positive basis of T’ ;) M for t € .J. Finally, suppose
@: M — R, with v = ips o™t the chart of M belonging to v. Then wys = || dt.

Proof This is an immediate consequence of Proposition 5.1. m

(f) (parametrized surfaces) Let X be open in H2, and h: X — R" let be a
smooth embedding. Then M := h(X) is a two-dimensional submanifold in R", a
surface in R", which is described by a single chart. Therefore M is orientable. By
the orientation induced by the parametrization h, we mean that orientation for
which (8111(3:), 82h(x)) is a positive basis of T,y M for every x € X.
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Let ¢ : M — R? with ¢ = (u,v) charge belonging to h, that is, h = iy 0~ L.

With the classical notations
E:= |81h|2 s F:= (81h|82h) 5 G = |82h|2 5

we have

wy =VEG—F2duAdv .
Proof This follows from .G = EG —F%. m

(g) (boundaries) Suppose M is an oriented manifold with boundary and v(p)
is the outward (unit) normal vector OM at p € OM. Then we say a basis
(v1,...,0m—1) of T,OM is positive if (I/(p),’l)l, e ,vm,l) is a positive basis of
T,M. This is turn determines an orientation on OM, the orientation induced by
the outward normal. The volume element wgp; of OM satisfies

wom =V 2wp) |OM =5V —wm)

where iy : OM <— M is the natural embedding.

Obviously (c) is a special case of this situation. Note also that the orientation
induced by the outward normal must not agree with that induced by V[ if OM
can be represented as in (b) as the fiber of a regular map.

Proof From Theorem 1.15 and Remark 1.16(a), we know that v can be locally described
in the form v(p) = Vf(p)/|Vf(p)|, where f is a smooth function satisfying V f(p) # 0.
This shows the unit normal vector field is smooth. From this it follows easily that
(v — war)|OM belongs to Q™ 1(OM). If (vi,...,vm—1) is an ONB of T,0M, then
(u(p),vl, e ,vm_l) is an ONB of T, M. When (1/(;0),1117 e ,vm_l) is a positive ONB of
.M,

I=wum(v(p),vi,...,vm-1) = (v = wnm)(P)(v1,...,Vm-1) . ®

(h) Let m > 2. Then the orientation of JH™ = R™ ! induced by the outward
normal v = —e,, coincides with the natural orientation of R™! if and only if m
is even.

Proof This we may read off from

det[v,er,...,em_1] = (=1)" "detler,...,em—1,—€m] = (-1)" . =

Riemannian manifolds

The proof of Proposition 5.1 depends on the fact that every tangent space T, M
is endowed naturally with an inner product that varies differentiably with p € M.
Such situations appear quite frequently, although the scalar product on T'M is
often generated in another way. Therefore it is useful to explore these issues
somewhat more precisely.
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A Riemannian metric on M is a tensor g € 7,)(M) such that g(p) is an inner
product on T, M for every p € M. Then (M, g) is a Riemannian manifold.

Let (M, g) be a Riemannian manifold. We will often write ((xl, coo ™), U)
for the chart (¢, U) of M with ¢ = (2!,...,2™). Then we set

g 0
9iv = 9(55 5.7 ) €EWU) (53)
and put
[97%] := [gjx] "+ € C(U, Rim™") and G :=detlg] € E(U) . (5.4)

We also call g the (first) fundamental tensor. Here [g,x] is the representation
matrix (or simply, the matrix) of g in the local coordinates (x!,..., z™); it is
also called the (first) fundamental matrix.> As before, G is called the Gram
determinant.

5.4 Remarks (a) If g is a Riemannian metric on M, the map
VM) x V(M) —EM), (v,w)w— g(v,w) (5.5)
is well defined, bilinear, symmetric, and positive in the sense that
g(v,v) >0 and g(v,v)=0<=v=0. (5.6)

Proof That the map (5.5) is well defined follows immediately from Remark 4.18(c).
The remaining claims are direct consequences of the properties of scalar products. m

(b) Let ((z',...,2™),U) be a chart of a Riemannian manifold (M, g). Then
g|U= Zj’k gjk dr? @ da .

In this context, we usually write dz/dx” for da/ ® da*.

Proof According to (4.8), any v € V(U) has a basis representation

; 3}
U:Z(dx]ﬂ»ﬁ .

J

The claim follows from this, the bilinearity of the map (5.5), and the definitions of
de? @ dz* and g;;,. m

(c) Let ((z',...,2™),U) be a positive chart of an oriented Riemannian mani-
fold (M, g). Then the volume element wy; of M satisfies

wr | U =VGdazt A--- Ndz™ .

Proof This follows from Proposition 2.13. m

3See Remark VII.10.3(b).
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(d) Let g be a Riemannian metric on M, and let (z',...,2™) and (y!,...,y™) be
local coordinates on an open set U of M. Then

glU=3_  gmdd! @da* =3 Grsdy' @ dy’

with

_ 0zd Oz
gTS:Zj,k8—g/“8—y99jk forl1<r,s<m.

Proof Because

. J
dmjzz g—;dyr for1<r<m,

this is a consequence of (b). m

(e) If we only require of g € 7 (M) that the bilinear form g(p) on T, M is symmet-
ric and nondegenerate for every p € M, then we call g an indefinite Riemannian
metric, and (M, g) is a pseudo-Riemannian manifold. In this case, we again use
the notations (5.3) and (5.4). Then (a), (b) and (d), with the exception of (5.6),

remain true. Every Riemannian manifold is also pseudo-Riemannian.

(f) Let (M,g) be a (pseudo-)Riemannian manifold, and suppose W is open in M.
If vy,...,v, € V(W) satisty

g(vj,vp) = £ for 1 <j,k <m,

we say (v1,...,Vn) is an orthonormal frame on W. Of course, Riemannian mani-
folds have g(vj,v;) = 1 for 1 < j < m. An orthonormal frame (v1,...,v,) on W is
therefore an m-tuple of (smooth) vector fields W that form an ONB (with respect
to the (indefinite) inner product g(p) of T, M) at every point p € W. Such an or-
thonormal frame does not exist in general, because, according to Remark 4.5(d),
one cannot generally find m vector fields that are everywhere linearly independent.

If (p,U) is a chart of M, then there is an orthonormal frame on U.

Proof The basis vector fields 01, ..., 9n € V(U) are linearly independent at every point.
Because ¢ is nondegenerate, the Gram—Schmidt orthonormalization procedure (see for
example [Art93, §§ 7.1 and 7.2]) then generates an orthonormal frame. The details are
left to you. m

(g) Let (M, g) be an oriented pseudo-Riemannian manifold. If (¢, U) is a positive
chart of M with ¢ = (x!,... 2™), we set

wa |U == +/|Gldaz' A~ Adx™ .

This then defines a volume form wys € Q"™ (M) on M, which we call the volume
element of M. Every positive orthonormal frame (vy, ..., v,) on U satisfies

WJM(’Ul,...,Um) =1.
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Proof We show first that wa € Q™(M) is well defined. So let (e1,...,em) be any
orthonormal frame on U, with (e',...,e™) its dual frame; that is, ¢/ € Q'(U) and
(e’ ex) = 67 for 1 < j,k < m. Then it follows from Remark 2.18(d) that

e A ANe™=4/|Gldz' A Ada™ .

Because this is true for every positive coordinate system (ml, ...,x™)on U, it follows that
wym |U € Q™(U) is well defined and independent of the special choice of local coordinates.
Suppose now { (Pa,Ua); v € A } is a positive atlas of M and (va,1,...,Va,m) is & positive
orthonormal frame on U, with dual frame (¢l,...,e™). Then we define wy on M by
wym |Ua = el A--- Ae™. From the previous considerations, it follows that was is well
defined and belongs to Q™ (M). The last claim is now obvious. m

(h) (regularity) Let k € N, and let M be a C**! manifold. Then the definitions and
statements above remain true if V(M) and £(M) are replaced everywhere by V(M) and
C* (M), respectively. m

Suppose (N, g) is a Riemannian manifold and f: M — N is an immersion.
Then f*g (the pull back of § by f) is a Riemannian metric on M. If M is a
submanifold of N and i: M <— N is the natural embedding, then ¢*G is the
Riemannian metric induced by N (more precisely, by (N, g)).

Let (M, g) and (N, g) be Riemannian manifolds. An immersion f: M — N is
said to be an isometry if g = f*g. If f is an isometric diffeomorphism, that is, both
an isometry and a diffeomorphism, then M and N are isometrically isomorphic.

5.5 Examples (a) Suppose (M, g) is a Riemannian manifold and (¢, U) is a chart
with ¢ = (z1,...,2™). Then (U, g) and (cp(U), go*g) are isometrically isomorphic,
and
_ gk
Pxg = Zj,k gjk dx? dz” .

Proof This follows immediately from the definition of the fundamental matrix. m

(b) R™ is a Riemannian manifold with the Euclidean metric gz := (-|-), the
standard metric. Therefore R™ induces a Riemannian metric g on M, which we
also call the standard metric. It is obviously independent of R™ in the sense that
R™ induces the same metric on M when M lies in R". In particular, g(p) = (+]-),
for p € M (with the notation we have been using) for the scalar product induced
by (-|-) in T,M.

If (p,U) is a chart of M with ¢ = (z!,...,2™) and h := i o ¢! with
i: M — R™ is the associated parametrization, then

0rg = Zj’k(ajh | Oxh) dx da® .
In other words, the first fundamental matrix [g;x] is given in local coordinates

(x',... 2™) by
[(0;h] Okh)] € C((U),R™*™) .
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This is consistent with Remark 5.4(b) and also shows that Proposition 5.1 is a
special case of Remark 5.4(c).

Proof From g = i"gm, it follows that p.g = (0™ " gm = h*gm. Let (y*,...,y™) be
Euclidean coordinates of R™. Then

gm:i(dyff and hgm = Zh (dy’ ® dy’) :Zm: dh’ @ dh’

j=1 j=1

which follow easily from the definition of the pull back of (0,2)-tensors dy’ ® dy’ and

from Example 3.4(a). Now the claim follows easily from the bilinearity of («, 8) — a® 3
for o, B € Q' (¢(U)) and from dh’/ =3, Oxh’ dz". m

(c) (graphs) Suppose X is open in H™ and f € C*°(X,R™). Let M be the graph
of f, and let

be the natural chart (¢, M). Then the standard metric g of M satisfies
Z (dz?) +Z (0;f | O f) da? dac®
In particular, in the case of a surface (m = 2),
9= (L4 [01f*)(dw)? +2(00 f | 9o f ) dardy + (1 + |02 f|*)(dy)?

Proof Because g;r = 01 + (9;f | O f) for 1 < j,k < m, this follows from (b). m

(d) (parametrized surfaces) Suppose X is open in H and h: X — R" is an
embedding. Then the standard metric of the surface M := h(X) is given by

= E(du)? 4 2F dudv + G(dv)? ,
where we have used the notations of Example 5.3(f).

(e) (plane polar coordinates) Let V4 := (0, 00)x (0, 27). Then the polar coordinate
map

fo: Vo = RY | (r,¢) — (2,y) := (rcos g, rsinyp)
is an embedding with M := fo(Vs) = ]RQ\(RJr x {0}), and

g2 | M = (dx)* + (dy)* = (dr)? + 1*(dp)*

Proof This follows easily from (d). m

(f) (circular coordinates) With respect to the parametrization
h:(0,27) — R* |t (cost,sint)

of ST\ {(1,0)}, the standard metric on the circle satisfies gg1 = (dt)?.
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Proof Because |0h| = 1, this follows from (b). m
(g) (m-dimensional polar coordinates) With m > 3, let?
fo: Vi = R™ (10,01, .., Omo) — (22,2, ... ™)

be the (restriction to Vi, of the) polar coordinate map (X.8.17). Then f,, is a
parametrization of R™\ H,,,_1, and

m m—2
Z dxj d?“ + 72 amo(dcp + Z U, ke dﬁk) }
j=1 k=1
with
m—2
A s 1= H sin?¥; for0<k<m-—3 and mym—2 = 1.
i=k+1

In particular, spherical coordinates satisfy (m = 3)
(dz)? + (dy)* + (dz)? = (dr)* + 2 [Sin2 I(dp)? + (d19)2} .

Proof With y = (r,z) € R x R™™ ! we read off from (X.8.14) that
O fm(y) = hm-1(2) and 0jfm(y) =1r0j—1hm-1(2) for2<j<m. (5.7)

Therefore (X.8.13) implies

|1 fm>=1. (5.8)
Differentiation of |hm—1|> = 1 gives (hm—1|Okhm-1) = 0 for 1 <k < m — 1. Then it
follows from (5.7) that

(01 fm (y) ’ Ok fm(y)) =7(hm-1(2) ’ Ok—1hm-1(2)) =0 for2<k<m. (5.9)
From (5.7) we also get
(9 fm () | O fm(y)) = 72 (Dj—1hm—1(2) | De-rhm—1(2)) for2<jk<m. (5.10)
The recursion formula (X.8.12) with z = (2/, zm—1) € R™ 72 x R leads to
Ojhm—1(2) = (95hm—2(z")sinzm—1,0) for 1 <j<m-—2, (5.11)

and
Om—-1hm-1(2) = (hmfg(z/) COS Zm—1, — sin szl) .

From this and (X.8.13), it follows that
|8m_1hm_1(z)|2 = |hm_2(z/)|2 08> Zm—_1 +sin® zm_1 =1,
and, in analogy to the above, we have

(thmfl(z) | am,lhm,l(z)) = SiN Zm_1 COS Zm—_1 (hmfg(z/) | thmfg(zl)) =0

4We use the notations of (X.8.11)—(X.8.24).
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for 1 <j <m — 2. With (5.7), this proves
|Om fm(2)]> =72 and (9 fm |Omfm) =0 for2<j<m—1. (5.12)
Finally (5.11) implies
(thmfl(z) | akhmfl(z)) = sin? szl(ajhmfg(z') | 8khm,2(z/)) forl1<j<m-—2.
Thus (5.7) and (5.10) give the recursion formula
(05 fm (W) | O fon () = sin® 21 (95 fn—1(4') | O fin-1 (1) (5:13)

for 2 < j,k <m —1, with y = (v, ym) € R™™! x R. Because (5.8) and (5.12) are true
for all m > 3, induction on (5.13) gives

|0; fm|” = 72 am,j—2 for2<j<m-—1, (5.14)

and
(8 fm | Oufrn) =0 for2<jk<m—1landj#k. (5.15)

Now the claim follows from (5.8), (5.9), (5.12), (5.14), (5.15), and (b). m
(h) (m-dimensional spherical coordinates) For m > 2, let
b s Wiy — Rm+1 ) (@,191, s 719?71*1) = (yl,y27 s 7ym+1) )

where W,,, := (0,27) x (0,7)™"1 and

1 . . .
= cospsindy sinvy - - -siny,—1

2 = sinpsind; sinvy - - -siny,—1
y = cost sinvy -+ -sin_1 ,
ym = oS ¥m_osin, 1 ,
ymﬂ = cos V-1

are (m-dimensional) spherical coordinates.> Then h,, is a parametrization of the
open subset U, := S™\ H,, of the m-sphere. The standard metric ggm of S™

satisfies
m—1

gsm = am1,0(dp)? + Z Am1 k(A )?
=1

In the case of the 2-sphere (with ¥ := 1), this becomes

gg> = sin® 9(dp)? + (dv)? .

Proof Because hm = fm+1(1,-), the claim is a simple consequence of (g). m

5See Example VII.9.11(b).
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(1) (Minkowski metric) We denote the Euclidean coordinates of R* by (¢, z,y, 2)

or (2%, 21,22 2%) and set R (R4, (+])1,3) with the Minkowski metric
3
(113 = (dt)* = (do)* — (dy)* — (dz)* = 2= (dad)?
J=1

Then R‘i 3 is a pseudo-Riemannian manifold, the spacetime or Minkowski space of
(special) relativity theory.

For v = (v°,...,v%) C R} 5, we call

3

[oli 5 = (v] )13 = (%)% - ijl(vj)Q

the Minkowski norm of the vector v. Vectors with posi-
tive Minkowski norm are said to be timelike; those with
negative norm are spacelike. Those whose Minkowski
norm is zero are lightlike; in R‘i?ﬂ the lightlike vectors
form a (double) cone, the light cone £ 3.

(j) (pseudospherical coordinates) Let Vi g:=R x V3 and
f1,3: V1,3 _’R4 y (p7XaS0719) = (xovxlvaaxB)

with
2% = pcoshy ,

z! = psinh x cos psind |
22 = psinh y sin psin® |
23 = psinh y cos ¥ ;

this is the pseudospherical coordinate map. Then f; 3 is a smooth diffeomorphism
from V3 3\ {0} to the interior

L13:= {ze R* ; |x|f3 >0}
of the light cone, and
(+1)1.3 = (dp)* = p*[(dx) + sinh® x sin® I(dip)* + sinh® x(d?)?] .

Proof This follows easily from the properties of sinh and cosh (see Exercises I11.6.5 and
IV.2.5), and from Remark 5.4(d). m

(k) (hyperbolic spaces) To generalize the Minkowski space, we set

C-1)1m devj

for n € N*. Then Rf;l = (R™' (-] )1,m) is an m-dimensional pseudo-
Riemannian manifold.
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Let
M™:={(2",2) eRxR™; (2°)> —[z|* =1, 2° >0},

that is, M™ is the upper connected component of the m-dimensional two-shelled
hyperboloid

K, ::{xGRm‘H; (Az|z) =1}, where A:=diag(l,—-1,...,-1)

(see Example 1.17(b)). Also let i: M™ < R™"! be the canonical embedding, and
let

Then
H™ = (M™, gyzm)

is an m-dimensional Riemannian manifold, the m-dimensional hyperbolic space.
If N :=(N,g) is isometrically isomorphic to H™, we say N is a model of H™. In
particular, if we provide R™ with the metric

(dr)?
1+ 72

2
+7r gsm—1 ,

written in the “polar coordinates” (r,o) € Rt x §™~1 then R™ is a model of H™.

Proof For u:R™ — R™ z+s /14 [z[2, we have M™ = graph(u). Therefore
o: M™ —R"™, (h(z),x)—z

is a diffeomorphism from the hypersurface M™ in R™*! to R™. Hence we have only to
show that the bilinear form ggm (0) induced on M by —(-|-)1,m is positive definite and
that ¢.gmm has the form indicated, because one could read off from this that ggm= (p) is
positive definite for every p € M\ {¢~"(0)}.

With h(z) := (u(z),z) for € R™, we have h =i0 ¢ " and
9jh = (Qju,ej) for1<j<m,

where e; is the j-th standard basis vector of R™. Because dju(x) = 27 /u(x), it follows
that
(pxgam)in(@) = (k| Oxh)1m(x) = (6 — 2’z") fu?(z) for z € R™ ;

in particular (p.gmm)(0) = 3, (da’)?.
As in (g), let

fm: (0,00) X W1 = R™ 0 (r,9) — rhim—1(0)

be the m-dimensional polar coordinate map. Then ¢ := f,' o ¢ is a local chart of M,
and a:=ioeY ™' = ho f, = fih is the associated parametrization. This has

a(r,?) = (\/ 1+ 72, rhm_1(19)) ,
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and therefore

dralr,9) = (

.
it

for (r,9) € (0,00) X Wp,—1. Because |hm—1| =1, we derive

,hm,l(ﬁ)) . Bgsa(r,9) = (0,705hum—1(r,9))

Yugum = —a” (-] )1m
2
2 ) ik . r ) 2
=" Okt | Ohm) da’ dz® + (1 ) @n*
The claim now follows from this because of (h) and because the part still missing from
M™\{¢'(0)} can be analogously parametrized by rotating M™ around the z%-axis. m

() (the Poincaré model) In analogy to
the stereographic projection of the sphere onto
the plane, consider the stereographic projec-
tion of the pseudosphere

S2, = {(t,a,y) €R®; 2 —2? —y2 =1} .

We set N := (1,0,0), the north pole of Si3,
and define the south pole as S := (—1,0,0).
Then the value s(p) of the point p € M? of
the stereographic projection s: M2 — R? is
defined as the point where the line from S to p intersects the plane R? x {0} in R3.
If the (Euclidean) coordinates of p € M? are (t,z,vy), and those of s(p) are (u,v),
we learn from the figure above that
z t+1
vl and s 1
Because t? — 22 — y? = 1, it follows that > — (u? + v?)(t + 1)? = 1. From this we
calculate

. 1+ u?+02 2u 2v
= rT = ——— =
1—u2—02"’ T—w—2 YT 122

This shows that

1+ u? +0? 2u 2v )

: B? — M? (
™ i 5 (U7U)H 1_u2_,0271_u2_v2’1_u2_v2

is a parametrization of M2 over B?. It satisfies

(du)? + (dv)?

7T*gH2 = 4—(1 _u2 — 1}2)2 .

Therefore ) )
(52,4 14+ 0
L= 22— y2)2

is a model of the hyperbolic plane, the Poincaré model.
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Proof The proof that m*gy2 has the form given is left to you as an exercise. m

(m) (the Lobachevsky model) Following what we did in (h) and (j), we can
parametrize M?2 by the pseudospherical coordinates

h1,2 : R+ X [0727T) - RB ’ (X,CP) = (t,x,y)

with
t=coshy, «=sinhycosy, y=sinhysiny.

These satisfy hi ,gms = (dx)* + sinh? x (dp)?. Therefore
(R x [0,27), (dx)? + sinh? x (de)?)

is a model of the hyperbolic plane H?2, the Lobachevsky model.

Proof The verification of the given formulas is again left to you as an exercise. m

(n) (general pseudo-Riemannian metrics) Let X be open in H™, and suppose
gik = grj € E(X) for 1 < j,k < m and det[gji(z)] # 0 for # € X. Then

g:= Zj,k 9k da? da®

defines a pseudo-Riemannian metric on X. If the matrix [gjk(x)} is positive defi-
nite for every z € X, then g is a Riemannian metric on X.

Now suppose { (pa,Uqn) ; @ € A} is an atlas for M,

Yo, jk = Ga,kj € g(@a(Ua)) for 1 <j,k<m,

and det[ga ji(z)] # 0 for # € a(Us) and a € A. Then there is exactly one
pseudo-Riemannian metric g on M such that

91U =ga =) ok do’dz*

if the transition function h := cpgl 0, satisfies

Oh? ORhF
98,rs = Z

3k 0x" Ox*® Yo,k

for o, 8 € A with U, NUg # 0.

Proof This is a consequence of Remark 5.4(d). m

A Riemannian manifold has a Euclidean structure on every tangent space,
which allows lengths and angles to be measured. This allows many concepts from
Euclidean geometry to be extended. For example, we presented in Section VIII.1
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a formula for the length of a curve. It can now be naturally generalized: a curve
~v: 1 — M on a Riemannian manifold M has length

/1 Vo), 5 @) dt

where 4(t) € T, +)M is the “velocity vector”
A(t) = (Tyy)(t,1) fortel

at the point v(¢). We will not expand here on this subject, as the questions
raised are best treated in the framework of Riemannian geometry (see however
Exercise 5).

The Hodge star®

Suppose (M, g) is an Riemannian manifold and wy; is the volume element of M.

For 0 < r < m, we define bilinear maps

(] )gr: Q" (M) x Q" (M) — EM) (5.16)

)

by
(| B)gr(p) = (a(p) ‘ ﬁ(p))g(p)’r forpe M and o, 8 € Q"(M) (5.17)

where (-|-)g(),» denotes the scalar product on A\"T* M introduced in (2.14) and
(2.15). The Hodge star operator (or simply Hodge star)

x: Q"(M) - Q" T"(M), ar xa (5.18)
is also defined pointwise:

(xa)(p) := *a(p) forp e M and o € Q(M) .

5.6 Remarks (a) The map (5.16) is well defined, bilinear, symmetric, and positive.

Proof We need only show that (| 3)4,» belongs to E(M) for o, 8 € Q" (M), because the
other statements follow from the properties of (- |-)4(p),»- Suppose therefore (¢,U) is a
positive chart of M. According to Remark 5.4(f), we can choose an oriented orthonormal
frame (v1,...,vm) on U. Let (n',...,n™) be its dual frame. Then Remark 3.1(e) implies

alU= > agn™ A Aq” (5.19)
()€l
with
agy = vy, ..., v5,) €EWU) for () €T, . (5.20)

Now the claim follows from (2.14), (2.15), and Remark 2.15(c). m

6The rest of this chapter can be skipped on first reading.
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(b) The star operator is a well-defined £(M)-module isomorphism with

xkoy = (—1)T(m7T)Oé for a € QT(M) . (521)

Proof Because (5.21) follows from Example 2.17(e) and the pointwise definition (5.18),
and because (5.21) also shows that the star operator is bijective, it only remains to show
that *a is smooth. So let (p,U) be a positive chart of M. As in the proof of (a),
let (v1,...,vm) be an orthonormal frame on U, and let (n*,...,n™) be its dual frame.
Then *a |U € E(U) follows from (5.19), (5.20), and the explicit representation of xa in
Example 2.17(d). m

(c) For a, 8 € Q" (M), we have

aAxf=L0Axa=(a|B)grwm - (5.22)

Proof This follows immediately from Example 2.17(f) and the pointwise definition of
all operations involved. m

(d) *1 =wpr and *wpr = 1.

(e) (regularity) It is clear that the statements above are still true when M is a C***
manifold and Q(M) is replaced by Q) (M). m

Using the pointwise definition of the star operator, we can transfer the other
formulas of Example 2.17 to the present case. The following examples gather
several rules so obtained.

Let ((xl, coo ™), U) be a chart of M. When (91, ...,0y,) is an orthonormal
frame on U, we say (x!,...,2™) are orthonormal coordinates on U. If the 0; are
not necessarily normalized, that is, we only know ¢(9;,dx) = 0 for j # k, then the
coordinates are orthogonal.

5.7 Examples In these examples, (z!,...,2™) are orthonormal coordinates on
UcM,and a € QU).

(a) Euclidean coordinates are orthonormal coordinates. Polar, spherical, and pseu-
dospherical coordinates are orthogonal.

Proof This follows from Examples 5.5. m
(b) > ajde? =370 (=1)7 e dat Ao A dai A - Ada™.

(c) *Zj(—l)j_laj det Ao Adzd A Ndz™ = (—=1)m-1t PFLY da?.

(d) For m = 3, we have

*d(zj a; dxj) = (O2a3 — O3a2) dr!' + (03a1 — O1as) dz? + (Or1a2 — Daaq) dz?



350 XI Manifolds and differential forms

Proof This follows from Example 3.7(a) (and the remarks following (4.16)), because
(2.20) implies the relations

w(de® Ada®) = dz' ,  *(de® Ada') =da? , x(de' ANdz®) =di® . m

Of course, we can also explicitly calculate * Z(j)e,]],. agy) dz9) even if we are
not using orthonormal coordinates. For simplicity, we only consider the case of
1-forms.

5.8 Proposition Let ((xl, coo ™), U) be a positive chart of M. Then

*xdy? = Zk(—l)k_lgjk\/adxl A A cﬁ:\k A Adx™ .

Proof Because xdz? € Q™1 (U), Example 3.2(b) guarantees that there are aj;
in £(U) such that

*dr! = Zz(—l)hlaﬂ det Ao ANdt AN de™
This gives
da® A xdx? = —1) Y dat Adet A AdzE A A da™
2 (1) e (5.23)
zajkdxl/\---/\dxm .
From Remark 2.14(b) we get (dz’ |da*), 1 = ¢g’F. Thus Remark 5.6(c) gives
da® A sda? = gFwy = g"VGdat A - Ada™ (5.24)
where the last equality follows from Remark 5.4(c). Now the claim follows from
(5.23) and (5.24). m
The codifferential

Let (M, g) be an oriented Riemannian manifold. To avoid an exceptional case, we
set Q71(M) := {0} so that, because Q™+ (M) = {0}, we can also define the star
operation x: Q™ (M) — Q71 (M). With help of the (so extended) star operator
and the exterior derivative, we define for 0 < r < m the codifferential

§:Q"(M) — QY M)

by”
oo := (_1)m(’"+1)*d*a for . € Q"(M) .

7The normalization factor (—1)"™("+1+1 is often used instead of (—1)™("+1)  particularly in
differential geometry. The reason for our choice will be made clear in Remark 6.23(c).
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In other words, we require that the diagram

Q" (M) Q™ (M)
(,l)m(rﬂ)g d
Q (M) Q™ (M)

commutes.

The following remarks list several properties of the codifferential.

5.9 Remarks (a) 62 = 0.

Proof Because xxa = (—1)"m " a, we have dda = txdsxdxa = £xd*xa = 0 because
d>=0.m

(b) xdd = do* and *dd = ddx.
Proof If o € Q"(M), then da belongs to Q"' (M). Therefore
wéda = (=)™ D ssdsda = (—1)™ sxrdxda .
Because dxda € Q™" (M), we thus find *dda = (—1)_T2d*da. Analogously,
doxa = (—1)™" " e = (—1)m<m+1)_r2d*do¢ .
Because m(m + 1) is even, this proves the first claim. The second follows analogously. m
(c) d*d =0dxd=0.
Proof We leave the simple proof to you. m
(d) *da = (=1)"Ttdxa and §(xa) = (—1)"*da for a € Q" (M).
Proof The first statement follows from
w6 = (=1 Hasdra = (=)™ (=)D gy = (=1)"  dxa
The second follows from an analogous calculation. m

(e) (regularity) From the definition of § and Remarks 4.11(b) and 5.6(e), it follows
immediately that d is an R-linear map from () to 7, for 1 <r <m and k € N*.

(k— 1)
This remains true for C**! manifolds. m

5.10 Examples Let ((xl, coo ™), U) be a positive chart on M.
(a) For a =}, a; dz? € QY(U), we have

gjkak\/_)eé'( ).

oo =

\/_ij83

Proof It follows from Proposition 5.8 that

*a = Zj a; ) (D) VG A A daF A Adz™
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From this we derive (because r = 1) that
6a_*d*a_*z Z Z (a]g]k\/_)dx Adzt A - ~/\67m\k/\--~/\dxm
0 jk m
:*ija v (g ak\/_)dm Ao ANdz™ .

The claim now follows from

w1

dz' Ao ANda™ = ﬁwM (5.25)
and from Remark 5.6(d). m
(b) For orthonormal coordinates (x!,...,2™), it follows from (a) that

5(2 ajdxj) Z dja; .

(c) da =0 for a € E(M).
(d) S(adxt A+ Adz™)

_Z]k 8xi(\/a_) Jk\/_dx/\ /\c?a:\k/\---/\dxm.

Proof Using (5.25) and Remark 5.6(d), we get
w(adz' A+ Adz™) = a/VG .
Therefore ) 5 . .
wde(ade’ Ao Ndz") =5 %(ﬁ) da .

Now the claim follows from Proposition 5.8. m

(e) With orthonormal coordinates, we have

™
0 Z a(j) dz) = Z Z(— k 183ka dz* A - ANdxie A - AdadT .
' (§)€el, k=1

Proof Because of the linearity, it suffices to consider a = adz'? with (j) € J,. From
(2.20) and Theorem 4.10(ii), we obtain

dxa = s(j) da A daV") = 5(%) Z ajkadxjk Ade9)

Therefore Example 2.17(d) implies

xdxa = s(j) Z 5 (Jks (jc))('?jkad:cj1 Ao Adaie A - A dadT
k=1
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with s(jk, (jc)) = sign(jk, Gy g1y .- T ,jr). Because (5¢) consists of m — r ele-
ments, it follows that

S(.jka (]C)) = (71)(7”*7‘)(7“*1) Sign(jk7j17' . 7.7,.7\67' .. ajrv (]C))
— (71)(m7r)('r71)+k718(j) )
Due to the (mod 2) congruences
m=r)r—1)4+k—-14m@r+)=k—r(r+1)—-1=k-1,

the claim then follows from the definition of §. m

5.11 Remarks (a) By making appropriate modifications, the above properties
of the star operator and the codifferential can be extended to the case of pseudo-
Riemannian manifolds.

More precisely, suppose (M, g) is an oriented pseudo-Riemannian manifold.
We can provide T, M with the inner product induced by that of R™. By Re-
mark 2.18(a), it follows that the representation matrix g of g(p) at every p € M
is diagonal in an appropriately chosen basis, and its diagonal entries are +£1. Now
(—1)® = signg(p) is uniquely determined by g(p), where s denotes the number of
negative elements. We now assume that sign(g) = sign g(p) is constant on M, that
is, it is independent of p. From (the proof of) Remark 5.4(f), it follows that this
assumption is satisfied if M can be described by a single chart.

Under this assumption the star operator, as defined through (2.25), can also
be defined pointwise. Then (5.21) and (5.22) must be replaced by

swxa = sign(g)(—=1)"™ Mo for a € Q"(M)

and
aA*f =B Axa =sign(g)(a|f)grwm fora,Be Q" (M),

as we learn from Remarks 2.19(d) and (e), respectively. Here wy is the volume
element of M defined in Remark 5.4(g). Remark 2.19(c) also implies

x1 = sign(g)wps for xwpr =1 .
The codifferential is defined in this case by
S :=sign(g)(—1)™ " udsa  for a € Q"(M) . (5.26)

We verify easily that with these modifications, the statements of Remark 5.6 hold
as written.

Proof The claims follows from Remarks 2.19. m

(b) Let ((331, coo ™), U) be a positive chart of M. Then

- 1 0 ,
e — Jk
(5E jajdx = —|G| E ik B (g ax |G’|) e &) .

Proof This follows, in analogy to the proof of Example 5.10(a), from Remark 5.4(g). m
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5.12 Examples We consider now the Minkowski space R} 3 With the metric (- |- )13
and therefore with g := (dt)? — (dx)? — (dy)? — (dz)?.

(a) If (4,4, k) is a cyclic permutation of (1,2, 3), then with (2!, 2%, 23) := (2,9, 2),
we have

w(de® Adt) = da? Ade® and  x(dz' Ada?) = —da® A dt .

Proof Let (eo,e1,e2,e3) be the canonical basis of Rf 5. Then
g(eo,e0) =1 and g(ej,ej) =—1 for1<;j<3.
This implies ' _
(dt]dt)gs =1 and (dz’|dz’)g1=—1.
Therefore
(dt Ada? |dt Ada')go=—1 and (dz’ Ada”|da? Ade")go=1 for1<j<k<3.
Now the claim follows from Remark 2.19(c). m
(b) Let E;,H; € S(Ri3) and
= (Brda' + Exda® + Esdax®) A dt
+ Hidx® A dz® + Hada® A dat + Hsdz!' A da?

Then )
xa = —(Hydz' + Hodx? + Hsdx®) A dt

+ Eida® A da® + Eadz® A da' + Esdat A da?

Proof This is an immediate consequence of (a) and the £(R{ 3)-linearity of the star
operator. m

(c) The « from (b) satisfies
RO L 0B OH, OH;\ . .
T T g > (Gor ~3at) &

J=1 k= (4,,k)

where the last term is summed over all cyclic permutations of (1,2, 3).
Proof From (b), we know that

ZH de' Ndt+ Y Epda’ Ada”
= (4,4,k)
This implies
; 5. 3L OH,
*a:—ZZ D2 da? Adz' A dt

i=1 j=1

7&

+(2€)( ati J k ZE dz* A da? /\dm).
i,




XI.5 Riemannian metrics 355

From Remark 2.19(c), we derive
w(dt Adz' Ada?) = —da®  and  x(da’ A da? A da®) = dt
With this we get

OEy

OH; OH;
*dko = — Z (81'] 8$Z>d —dt
(:3,k)
Now the claim follows because m = 4 and sign(g) = —1. m

Exercises
1 Let (Mj,g;,) for 7 = 1,2 be pseudo-Riemannian manifolds with M7 = @), and denote
by m; : M1 x Ma — Mj the canonical projection onto M;. Prove these statements:

(i) (M1 X M2, mig1 + 75g2) is a Riemannian manifold, the product of M1 and M.
(ii) Two points (p1, p2) yield submanifolds M; x {p2} and {p1} x M2 of M1 X Mo>.
(i) Tips, Pz)(Ml X Mz) = TP17P2)(M1 X {pz}) & T(Plvpz)({pl} x MQ)'

(iv) WMy x My = 7T1W]V[1 A 7T2CUM2-
2 Let M be an oriented hypersurface in R™*!. We call v: M — TR™"! a positive
unit normal field when v is a unit normal of M such that, for every p € M and every
positive basis (v1,...,vm) of T, M, the (m + 1)-tuple (I/(p), v, .. ,vm) is a positive basis
of T,R™T,

(a) Show that v is well defined and unique.

(b) Determine the unit normal on these surfaces in R3:

(i) graph f, with X open in R* and f € £(X), (ii)Rx S, (i) S*, (iv) Ta,. .
(Hint: (iv) Exercise VII.10.10 and Example VIL.9.11(f).)

3 Let M be an oriented hypersurface in R™*!, provided with the standard metric.
Denote by v the positive unit normal of M. Show these facts:
(i) v defines a smooth map from M to S™, the Gauss map (which is also denoted by v).
(ii) For p € M and v € T,M, we have ((Tpv)v|v(p))ymys = 0. Therefore (Tpv)v
belongs to T, M.
(iii) The map

RM+

L:M— U L(T,M) € L(T,M), p— Tpv
peEM

is well defined. This is called the Weingarten map of M.
(iv) For p € M and v,w € T,M, we have

9(p)(L(p)v,w) = g(p) (v, L(p)w) ,

that is, L(p) is symmetric on the inner product space (7,M,g(p)). The tensor
h € T (M) defined by

h(p)(v,w) := g(p)(L(p)v,w) for p€ M and v,w € T,M

is called the second fundamental tensor of M.
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(v) In local coordinates (U, o), with the natural embedding i : M — R™%! and with
f=1i0¢ ! we have

hjk = (O;v | O f) = —(v|0;0kf) ,
where hjj, := h(9/027,0/0z").
4 Calculate the second fundamental forms of R?, $%, R x S!, and Tg,r as submanifolds
of R3.

5 Suppose [ is a compact interval in R and M is a Riemannian manifold. Also let
v € CHI,M). Let i: M — R™ be the natural embedding, and put 5 := i o~. Then the
length L(7) of 7 is defined as in Section VIIL.1. Show that if 4(¢) := (Tyy)(¢,1) for t € I,

then
L(v) = /I g(37(®), (1)) dt .

When L(¥) = L(I), we say + is parametrized by arc length.

6 Suppose M is an oriented surface in R® and v € C?(I, M) is parametrized by arc
length. Also denote by v the positive unit normal bundle of M. Then we call

rg(7) = det[},5, V]

the curvature of v in M or the geodesic curvature of ~.

(a) Verify in the Euclidean case M = R? that the geodesic curvature is the same as the
(usual) curvature from Section VIII.2.

(b) Suppose M = S? and (z,y,z) are the Euclidean coordinates in R®. Also let .
for 2 € (—1,1) be a parametrization by arc length of L, := /1 — [2]2.8" x {2} (see
Example 1.5(a)). Show then that

kg(yz) = 7@ .

Therefore the geodesic curvature is constant on the circle L, and vanishes at the equator.

7 Prove the equality p*wgm =~ (™+D

m = 2 and 3.

o from Example 4.13(c) by direct calculation for

8 Prove the statements made in the proof of Example 5.5(b).

9 Show that
{zeC;Imz>0}—D, z— (1+iz)/(1—iz)

gives a diffeomorphism from the “upper half of complex half plane” to the unit disc.
Then use this map to show that

(n (do)® + (dy)2>
) y2
is a model of the hyperbolic plane, the Klein model.

10 Show that the Lobachevsky plane from Example 5.5(m) is a model of HZ.



XI.5 Riemannian metrics 357

11 For a € Q" (M) and 8 € Q" (M), show

dlaAN*8) =daAxB+aA*if .

12 Show that the codifferential does not depend on the orientation of the underlying
Riemannian manifold.

13 Suppose M is oriented, (N, g) is another oriented m-dimensional Riemannian man-
ifold, and f: M — N is an isometric diffeomorphism. Show that f*wny = fwar. Also
show that f*wny = wa if and only if f is orientation-preserving.

14 Suppose M and N are as in Exercise 13 and f: M — N is an orientation-preserving
isometric diffeomorphism. Show that the diagram

*

Q" (M) Qm=T(M)
f f
@) ——— Q)

is commutative for 0 < r < m.

15 Suppose M and N are as in Exercise 13, and f: M — N is an isometric diffeomor-
phism.® Show that the diagram

)
Q" (M) QY (M)
I [
)
Q"(N) QLN

commutes for 0 < r < m.

8Note Exercise 12.



6 Vector analysis

Vector fields and Pfaff forms can be interchanged using the Riesz isomorphism.
While vector fields have an immediate geometrical interpretation, the calculus
of differential forms is of great value in calculations. The exterior product and
derivative obey relatively simple rules, which themselves stand for a more compli-
cated set of prescriptions for how to change from one system of local coordinates
to another. In this section, we will use the Riesz isomorphism to translate some
of the concepts and theorems of differential forms into the language of classical
vector analysis. In so doing, we will learn about the divergence and curl of vector
fields, which are of fundamental significance in physics and the theory of partial
differential equations.

For the entire section suppose the following:
e M is an m-dimensional manifold; N is an n-dimensional manifold.

e The indices 7, j, k, £ always range from 1 to m unless stated otherwise, and
>_; means that j is summed from 1 to m.

The Riesz isomorphism

Let g be a pseudo-Riemannian metric on M. Then we define the Riesz isomor-
phism, O, by
Qy: V(M) — Q' (M), v+ Oy (6.1)

and
(O4v)(p) = Oypyv(p) forpe M,

where ©(,) : T,M — T M is the Riesz isomorphism of (2.12) (or Remark 2.18(b))
and is defined by

(Ogpyu, w) = g(p)(u,w) for u,w e T,M .
When no confusion is expected, we may write © instead of O,.

6.1 Remarks (a) The map (6.1) is well defined.
Proof We must show that ©v belongs to Q' (M) for v € V(M). In local coordinates,

we have o
_ Jj_Y
lU=3 v 55
with v/ € £(U). From this and from Remarks 2.14(a) and 2.18(b), it follows that
0

0up) = 0,0 Y D) 5] = XV DO |
=D W)Y, aiw®)da"(p) = a;(p) d’(p) ,
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where ‘
ag = Z]' gk]"UJ c S(U) .
Now the claim follows from Remarks 4.5(c) and 5.4(e). m

(b) In local coordinates,

@(Zj fuj%) = Zj a; dz? with a; := Zk girv® . (6.2)

Instead of Ov, we often write v” or ¢g°v, because, as seen in (6.2), © effects a
“lowering of indices” (see Remark 2.14(d)).

Proof This was shown in the proof of (a). m
(¢) The map ©: V(M) — QY(M) is an £(M)-module isomorphism.

Proof Let a € Q'(M). Then a(p) € Ty M for p € M. From Section 2, we know that
O4(p) is a vector space isomorphism. Therefore Gg_<lp)a(p) € T, M is well defined. We set

(B40)(p) := @g(p)a(p) for pe M and o € Q' (M) .

In local coordinates, we know from Remarks 2.14(a) and 2.18(b) that
Oga(p) = Oy D as(P)da’ () = 3 a5 (p)Oy () da’ ()
; 0 ; 7]
— ) JkV_ 2| — J(m) 2
=X, Y, I Ogr| =X v 0)gs|

P

vl = Z gFay, € EWU) .
Thus it follows from Remark 4.3(c) that G)ga belongs to V(M). From the definitions of
0, and Oy, it follows immediately that ©,0, = idg1(pp) and 0,0, = idy(ary. Therefore

O, is bijective, and ©, " = O,.
Finally we see that for a € £(M) and v € V(M), we have
O4(av)(p) = Og(pya(p)v(p) = a(p)Oy(p)v(p) = (aOyv)(p) forpe M .

Therefore © is an £(M)-Module isomorphism. m

I

where

(d) In local coordinates,

@*1(2 a; dx]) Z ngx with o/ = Zkgjkak. (6.3)

-1 «

Instead of © o, we often write af or gfa, because © raises indices”.

Proof This was shown in the proof of (c). m

(e) (orthogonal coordinates) If (z!,...,2™) are orthogonal coordinates, that is,
if
0o 0 .
9505 5ax) =0 Fori £k
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then (6.2) and (6.3) simplify respectively to
o !
Ou = o) dxd d 671qg= JI g, ——
v Zj g;;v’ dz?  an a ng how
for v=737.079/927 and a« =Y a; da’.

(f) Let (N,g) be a pseudo-Riemannian manifold, and let ¢ € Diff (M, N) with
p«g = Ag for some A # 0. Then the diagram

)

V(M) V)
OMm | ¥ =NIPXCIN
o
QY (M) QY(N)

1%

commutes. Therefore © 0" = Ap*O .

Proof Using the definition and properties of the push forward and the pull back of
vector fields and forms (see in particular (4.25)), we find for v, w € V(N) that

AG(v,w) = @ug(v,w) = g(™v, o w) = (Om v, e w)m = (P+Omp v, W) N
= §(ON P Oume v, w) .
Because g is nondegenerate and R-linear, it follows that
M =0Ox'0.0np v for ve VM),
which proves the claim. m

(g) (regularity) Suppose k € N and M is a C**! manifold. Then the definitions and
statements above remain true when smooth vector fields, differential forms, and functions
are replaced by C* vector fields, C* differential forms, and C* functions. m

6.2 Examples (a) (Euclidean coordinates) Let M be open in R™. We denote
Euclidean coordinates by (z',...,2™), that is, (-|-) = > (dz7)?. Then

@(Zj fuj%) = Zj a; dz?  for a; = v

The last assignment means that in the Euclidean case we do not need to introduce
new notation; instead we normally write v’ dz’ for the image of v’ 9/0x’

under ©. That is, © allows us to regard the components vJ of the vector field
>_;v? 0/027 as those of the Pfaff form }_; v7 dz’.

Proof Because g;i = 0;, this follows from Remark 6.1(b). m
(b) (spherical coordinates) Let V3 := (0,00) x (0,27) x (0,), and let

fiVs=R . (r,0,9) 0 (z,y,2)
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be the spherical coordinate transformation of Example VII.9.11(a). Then with
respect to the standard metric, we have

@(vl 82 +v? 82 +v? %) =o' dr + r?sin?(9)0? dp + r*0* di .
r ¥

Proof This follows immediately from Remark 6.1(b). m
(¢) (Minkowski metric) On Ri?), we have
) (ZB Ol i) =10da® — 23 v’ da?
INE—p=0 " Qg j=1

for g = (-] )1. m

The gradient

If f € E(M), then df belongs to Q*(M). Therefore
grad, f = @;1 df e V(M)

is a well-defined vector field on M, the gradient of f on the (pseudo-)Riemannian
manifold (M, g) (or with respect to g). We may also write it as grad,, f or grad f if
no misunderstanding is expected. Therefore grad f is defined by the commutativity
of the diagram

E(M) = Q°(M)
wa / . N (6.4)
V(M) QY (M) .

6.3 Remarks (a) The map grad: E(M) — V(M), f+ grad f is R-linear.
(b) For f € £(M), the vector field grad f is characterized by the relation

g(grad f,w) = (df,w) forwe V(M) .
(c) In local coordinates, we have
. Of\ 0
_E : § ’ Jk —_
grad f = j( kI 83:’“) Oxd (6:5)

Proof Because we know from (4.5) and (4.8) that df =} df/dx? da? | the claim follows
from Remark 6.1(d). m
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(d) (orthogonal coordinates) In orthogonal coordinates, (6.5) simplifies to

8f 0
grad f = Z &W 907

Because in this case g has the form

g=>_ 9 ('), (6.6)
that is, because the fundamental matrix is diagonal, we have ¢%7 = 1/g;;. Thus
the coefficients g7 can be read directly from the representation (6.6).

(e) Suppose (N, g) is a pseudo-Riemannian manifold and ¢ € Diff(M, N) with
w+g = Ag for some A\ # 0. Then the diagram

Agrad,,
£(M) M)
Lp* (p*
grad 5
E(N) V(N)

commutes. Therefore grad,; o p* = A~ 1¢* o grad .

Proof Because the relation A\@,}'¢* = ¢ O follows from Remark 6.1(f), we find for
f € E(N) that

Agrady (¢"f) = A0y d(¢" ) = X0y ¢ df = ¢ Oy df = ¢"grady f ,
where we have used (4.19). m
(f) (regularity) Let k € N. For f € C***(M), we have grad f € V*(M). Here it suffices

to assume that M is a C**! manifold. m

6.4 Examples (a) (Euclidean coordinates) Let M be open in R™. Denoting

Euclidean coordinates by (z',...,2™), we have gj; = d;; and therefore
of o
d )
grad f = Zy Oz Oxi

This representation obviously coincides with that of Proposition VII.2.16. For
an arbitrary locally Riemannian metric, we have already confirmed (6.4) in Re-
mark VII.2.17(c).

(b) (spherical coordinates) Let V3 — R®, (r,¢,9) — (x,y,2) be the spherical

coordinate map. In these coordinates, the gradient with respect to the standard

metric reads

o1 1 o0 10/ 0
r2

af = - .
grad f = 25in2 9 Oy Dp 99 00

9
r or

Proof Because spherical coordinates are orthogonal, this follows from Example 5.5(g). m
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(c) (spherical coordinates) Suppose hy: Wo — R3 (p,9) — (z,y,2) is the
parametrization of the open subset Us := S?\ Hy of the 2-sphere. Then for
f € C1(Us,R), we have

1 8f 0 of 0

grads: [ = 295 55 80 T 09 90 -

Proof This can be read from the representation of gg2 in Example 5.5(h). m

(d) (Minkowski metric) Suppose X is open in Ri?, and f € C'(X,R). Then,
with respect to the Minkowski metric, we have

of 0 o0f o of 09 Of 0
ot ot Ox dxr Oy Oy 0Oz 0z’

as we see immediately from the definition of (-|-)1,3. m

The divergence

Now suppose M is oriented and that wy; denotes the volume element of (M, g).
Then the maps

cwyt EM) - Q™M) , a— awpy (6.7)

and
Swp VM) = QY M), v v Swy (6.8)

are defined pointwise.

6.5 Lemma The maps (6.7) and (6.8) are well-defined £(M)-module isomor-
phisms. If ((xl, coo ™), U) is a chart of M, then

awn |U = £a/|Gldz' A - A dax™ (6.9)

and

.0
(Z'vj —) wypr
i Ox - (6.10)
= Zj(—l)j_lvj\/|G| de' Ao Adxd A Ade™
where the positive sign is used in (6.9) when the chart is positively oriented, and
the negative is used otherwise.

Proof (i) From the pointwise definition of « wjs and from Remarks 5.4(c) and (g),
the truth of (6.9) follows immediately. From this and Remark 4.5(c), we conclude
that awps belongs to Q™ (M) for a € E(M). Therefore the map (6.7) is well defined.
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It is clearly £(M)-linear. By Remark 4.14(a), every a € Q™ (M) has exactly one
a € E(M) such that o = awps. Thus (6.7) is also bijective.

(ii) The validity of (6.10) follows from Remark 4.13(b) if the chart is positive.
Otherwise we replace! ! by —z'. Then v! is substituted by —v'. This shows that
(6.10) is independent of the chart’s orientation.

Because /|G| € E(U), (6.10) and Remark 4.5(c) show that v — wps belongs
to Qm=Y(M) for v € V(M). Thus the map (6.8) is well defined and clearly &(M)-

linear.

Let o € Q™ Y(M). Then it follows from Example 3.2(b) and Remark 4.5(c)
that there is a unique a; € £(U) such that

a|U=Zj(—1)j—1ajdx1A---A@A---Admm.

Then v/ := a;//|G| belongs to £(U). Therefore

_Z U]%EV )

and (6.10) shows (v — wy)|U = a|U. This implies that the map — wj is
surjective. Because its injectivity is clear, we see that it is an isomorphism from
V(M) to Q™~Y(M). m

6.6 Remarks (a) Let (N, g) be an oriented pseudo-Riemannian manifold, and
suppose ¢ € C*°(M, N) with ¢*wny = pwys for some p # 0. Then the diagram

p(s war)
£(M) Q™ (M)
" "
ey — o anw)

commutes, that is,
u(p*a) swpy = p*(a-wy) foraec&(N).

Proof This follows immediately from the behavior of (exterior) products under pull
backs. m

LConsider how this proof should be modified for the case of a one-dimensional manifold with
boundary.
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(b) Let (N, g) be an oriented pseudo-Riemannian manifold, and suppose ¢ belongs
to Diff (M, N) and satisfies p*wy = pwps for some p # 0. Then

p(— war)
V(M) — QmH(M)
©" ©"
V) ——N L gmein

1%

is a commutative diagram, that is, p((¢*v) = war) = ¢* (v = wy) for v € V(N).
Proof We derive from Remark 4.13(a) that

1((e™) dwn) = @"v 2 (pwnm) = "0 2 P wN = P (e DwN) = " (v D wN)
forve V(N). m

(c) (regularity) Let k € N. Clearly then
cwar s CF(M) — QU (M)

and
—wn VEM) = QM)

and these maps are C*(M)-module isomorphisms. Thus it suffices to assume that M is
a C**! manifold. m

With help of the isomorphisms (6.7) and (6.8), we define a map
divg: V(M) - E(M), v divgu (6.11)

by demanding that the diagram

divg
V(M) E(M)
—wnm | = = | ewm (6~12)
d
Q™ (M) Q™ (M)

commutes. In other words, for v € V(M), the divergence div, v of a vector field v
on an oriented pseudo-Riemannian manifold (M, g) (or, with respect to g) is de-
fined by the relation

(divg v)wapr = d(v = war) - (6.13)

Instead of divy, we may also write divy, or, if no confusion is anticipated, simply
div.
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6.7 Remarks (a) The map (6.11) is R-linear.
(b) Let ((z',...,2™),U) be a chart of M. For v := > v §/027 € V(U), we have

dive = \/EZJ 5‘x] \/_vj) . (6.14)

In orthogonal coordinates, we also have /|G| = \/[g11 - g22* =+ * Gmm|.

Proof Let ¢ := 1 if the chart is positive; use € := —1 if it is negative. From (6.9), (6.10),
and (6.13), we obtain (on U) that

diviv)wny =dv 2 wn) = 5d<2 (=1 |Gldat A A dwi A A dmm>
J

(v /]G] _ -
:EZM(*I)J 1%@@\@1/\.“/\@”\.“/\@

:€<2j%>dxl/\~~/\dxm

Nl
<\/|%|Zj (axj )>“’M

forveV(M). m

(c) Suppose (N, g) is an oriented pseudo-Riemannian manifold and a map ¢ €
Diff (M, N) satisfies p*wn = pwys for some p # 0. Then

divar
V(M) E(M)
Lp* (p*
divy
V(N) E(N)

is a commutative diagram, that is, divas o p* = ¢* o divy.
Proof From Remark 6.6(b) and from (6.13) we obtain, by using d o ¢* = ¢* o d, that
pdivar (" v)wn = pd(e"v S wyn) = dp" (v 2 wy) = ¢ d(v = wn)
= ¢"[(divy v)wn] = ¢" (divy V) wn = pe” (diva v)wn
for v € V(IN). Now the claim follows from Lemma 6.5. m
(d) (regularity) Let k € N. Then divv belongs to C*(M) for v € V*™'(M), and the
map
div: V¥ (M) — (M), v divo
is R-linear. So it suffices to assume that M is a C**2 manifold.
Proof This is a consequence of Remarks 4.11(b) and 6.6(c). m

As we shall see in the next chapter, the divergence of a vector field has
interesting geometric and physical interpretations.
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6.8 Examples (a) (Euclidean coordinates) Suppose U is open in R™. Denoting
Euclidean coordinates by (x!,...,2™), we have

ov’
dive = Zj e
for v =3, v? §/0x7. This formula also holds when ((z!,...,2™),U) are any
other orthonormal coordinates on (M, g).
(b) (plane polar coordinates) Let V5 := (0,00) x (0,27), and let
fo: Va = R?,  (r,9) — () := (rcos,rsinp)

be the plane polar coordinate map. Then with respect to the standard metric, we
have

Sy o o T T T

1 1 2 1 1 2
div(vl % e 5%) _10(vY) | Ov vl vt v

Proof This follows from /G = r, as can be read off the representation of g» given in
Example 5.5(¢). m

(c) (spherical coordinates) Let V3 := (0,00) x (0,27) x (0,7), and let
f3:‘/é—)R3, (T7¢’19)H(x7y’z)

be the spherical coordinate map of Example 5.5(g). With respect to the standard
metric g3 := (dz)? + (dy)? + (dz)?, we have

. 0 0 0 1 a(r?vt) = ov? 1 9(v3sind)
19 20 30y _ 1 Y
div(v! 5+ op 7Y 55) =17 "o 9p smo 09
2 ot ov? ov?

£.01 ., YV Yv 34, 27
v + o +830+C0t(19)v + 59 -

Proof Example 5.5(g) gives 1/|G] = r?sind, as the claim requires. m

(d) (Minkowski metric) Let M := R%,P) and g := (dt)? — (dz)? — (dy)? — (dz)%.
Then
5 0

0 0
(09 [ 10 o
d1v(v 8t+v 8x+v 8y+v 0z

3 ﬁ) ot o o?
for v7 € E(Rig) with0<j<3. m

The Laplace—Beltrami operator

By combining the two first order differential operators grad and div, we obtain
the most important second order differential operator, the Laplace-Beltrami op-
erator A,.
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Let (M, g) be an oriented pseudo-Riemannian manifold. Then we define A,
by
Ay = divg grad,

or, equivalently, by requiring that the diagram
Ay

E(M) E(M)
gradg\‘ /(;ivg
V(M)

commutes. Instead of Ay, we may also write Ays or simply A if ¢ is clear from
context.

6.9 Remarks (a) The map Apr: E(M) — E(M) is R-linear.
(b) If ((z',...,2™),U) is a chart of M, then

\/I?Z Oz (\/_ " o 1«) for f € £(U) - (6.15)

In orthogonal coordinates, (6.15) simplifies to

Apf=

Anrf = ViGle L) wrpeew),  a0)

1 0
NilE Zj %(
where /|G| = \/]g11 - g22* *** * Gmml.

Proof This follows from Remarks 6.3(c) and (d) and Remark 6.7(b). m

(c) Suppose (N,g) is an oriented pseudo-Riemannian manifold. Also let ¢ €
Diff (M, N), and suppose there are A\ # 0 and p # 0 such that p.g = Ag and
¢*wn = pwpr. Then the diagram

AA N

E(M) (M)
90* o~ I~ 90*
AN
E(N) E(N)

commutes: AA s o0 @* = ¢* o Ap.
Proof This is a consequence of Remarks 6.3(e) and 6.7(c). m
(d) (regularity) Let k € N. Then obviously

Anr: CHF2(M) — CH(M)

and this map is R-linear. Here it suffices to assume that M is a C**2 manifold. m
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6.10 Examples (a) (Euclidean coordinates) Suppose M is open in R™, with
Euclidean coordinates ((z',...,2™),M). Then Ay is the same as the (usual)

m-dimensional Laplace operator

A, = Zj 8]2» .
See Exercise VIL5.3.
(b) (circular coordinates) With respect to the parametrization
h:(0,21) = R*, ¢ — (cosp,sing)
of S'\{(1,0)} (and the standard metric), we have Ag1 = d2.
Proof Remark 6.9(b) and Example 5.5(f). m
(c) (plane polar coordinates) In plane polar coordinates
(0,00) x (0,27) = R? | (r,¢) > (rcosg,rsing) ,

the Laplace—Beltrami operator (with respect to the standard metric RQ) is

1 ]. 2 2 1 1 2 ]' 2
Bo =000 )+ 550, =0+ L0+ 50 = 5 [0+ As] -

r2

Proof This follows from Remark 6.9(b), Example 5.5(e), and (b). m

(d) (m-dimensional spherical coordinates) For m > 2, the Laplace—Beltrami
operator of S™ (with respect to the standard metric) in the spherical coordinates

of Example 5.5(h) assumes the form

pon 1 >
T in? 91 o -sin® 9,1 02
m—1
1 0 & 0
T — (sin® ¥ ——
; sin® 9y, sin® Opqp - -+ -sin? 0,1 819k( b 5‘19k)
In particular,
Agr = — 02 4+ L 0,(sin0ay-) = —=— 02 + 2+ cot 90
57 sin?9 ¢ sing Y VT inZy e Y v

Proof From Examples 5.5(g) and (h), it follows

»

m—2 m—1

m—1
G = H Amt1,k = H H sin®9; .
k=0 k=0 i=k+1 M e Z

Exchanging the order of the two products gives

m—1
G = H sin% ’191 = [wm+1(19)]2 s (617)
i=1

where we use the abbreviated notation intro- 1 m—1
duced in Proposition X.8.9.
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From the orthogonality of the spherical coordinates, it also follows from the given
examples that

. 1 1 .
g’ = = for1<j<m.
Am+1,5—1 Hizj sin® 19;
From this we read off

m—1 m—1 1

VG g = ( sin® ¥, —) sin? ~t 9,

g H H sin? 94 it

i=1 k=j
i#j—1

for 2 < 5 < m. Thus we find
e ()
\/_ aﬁj 1 091

1 d (. i d
= S 19_ —_—
sin] J 1 Hm .1 511’1 19 819] 1 <bln i-t 8193'_1)

for 2 < 5 < m. Now the claim is clear. m

(e) (m-dimensional polar coordinates) In m-dimensional polar coordinates with
m > 2, the m-dimensional Laplace operator reads

1
Am: 8T(Tmilar)+—Asm 1 —824-7(9 + Asm 1

Tm—l
1
2

[(r0,)? + (m = 2)rd, + Agna] .

Proof From Examples 5.5(g) and (h), we read off gm = (dr)?® + 72ggm—1. This then
implies G = 2™ VG gm_1. It also implies g'* = 1 and

. 1 v
g7 = 595,07 for2<j<m.

Now the claim follows from (6.16) because of the orthogonality of the coordinates. m

(f) (Minkowski metric) In orthonormal coordinates, the Laplace—Beltrami oper-
ator of the Minkowski space ng has the form 02 — Az, where Az is the three-
dimensional (Euclidian) Laplace operator. That is, the Laplace—Beltrami operator
in the Minkowski space is just the wave operator.?

Proof This is an immediate consequence of (6.16). m

In the next proposition, we list some basic properties of differential opera-
tors used in vector analysis. Here and in the following, we denote the pseudo-
Riemannian metric of M by (|- ).

2See Exercise VII.5.10.
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6.11 Proposition Suppose (M, (-] )M) is an oriented pseudo-Riemannian mani-
fold, f,g € E(M), and v,w € V(M). Then

(i) grad(fg) = fegradg + ggrad f;

(ii) div(fv) = fdive + (grad f |v)m

(ili) A(fg) = fAg+2(grad f| gradg)m + gAf;
(iv) fAg—gAf = div(fgradg) — div(ggrad f).

Proof (i) Because © is a module isomorphism, it follows from (6.4) that (i) is
equivalent to

d(fg) = fdg+gdf . (6.18)
Because (6.18) is a local statement, it suffices to prove this formula in local coor-
dinates. In this case, it is an immediate consequence of the product rule.

(ii) From (fv) wwy = f(v wwar) = f A (v = wpr) and the product rule of
Theorem 4.10, it follows that

d((fv) mwn) =d(fA (0 swar)) =df A(v = wpy) + fdlv swa) . (6.19)

Because this is also a local statement, we can use local representations. Then,
with v = 3,07 0/027 and a positive chart, we obtain from (6.9) and (6.10) that

df A (v = wpr)
= (Z] 883{] ) /\Zk(—l)’“*lv’“\/@dxl Ao Adzh A A da™ (6.20)

, of
= — )4/ L., m o_ E 2
( jaa:jv) |G|dz* A -+ ANdx i 97 VM -
We then read from Remark 6.3(b) and (4.4) that

(ot flo)ar = (df,0) = 3 (a5 o =30 2L o)

Therefore it follows from (6.19)—(6.21) and the definition (6.13) that
div(fv)wy = d((fv) — wM) = (grad f |v)mywn + fdivown

which implies the claim.
(iii) This we get immediately from A = divgrad and (i), (ii).
(iv) From (ii), it follows that

div(feradg) = fAg+ (grad f| grad g) s - (6.22)

Exchanging f and ¢ and subtracting the result from (6.22) then yields (iv). m
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The curl

Suppose now (M,g) is a 3-dimensional oriented pseudo-Riemannian manifold.
Then we define the curl® curlv of the vector field v € V(M) by requiring that
the diagram

V(M) — Q' (M)
curl l d (6.23)
— WM
VM) e a2
commutes, that is, by requiring
(curlv) —wpr = d(Ov) for v e V(M) . (6.24)

The definition is clearly only possible in the case m = 3.

6.12 Remarks (a) The map curl: V(M) — V(M), v+ curlv is R-linear.
(b) Let ((z',22,2%),U) be a chart of M. Then

0

0
curlv = \/I?Z Z Slgnj,kfa (griv )W

i=1 (j,k,0)ES3

forv = Z?:1 v/ 0/0x7. If the coordinates are orthogonal, this expression simplifies
to

0

n(j, k, 0) 75— 92t

curlv = (grev™)

0
i

\/ﬁzmz

1 [(82(933U ) — 03(ga20v” )) 881 (83(9111)1) - 31(93303)) %

V@l

+ (01(g220°) = Ba(g110")) 883}

with /|G| = v/|g11922933]- If the coordinates are orthonormal, this becomes

0

0
(83’() — 81’() ) ) + (811]2 - 82’()1) @ .

ox

curlv = (821)3 — 050%) 881

Proof Remark 6.1(b) and the properties of the exterior derivative give

d(Ov) = de <Zi9kwi) da’ = Zk Z#k % (Zl g’”vi> da’ ndo* .

3Sometimes written rot, short for “rotation”.
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From (6.10), we read off

curlv — wy = /|G| ((Curlv)1 de’ Adaz®+(curlv)? de® Ada' + (curl v)? dml/\de) . (6.25)
Therefore the claim follows from (6.24). m

(c) (regularity) Let k € N. Then curlv € V*(M) for v € V¥+1(M). So it suffices here

to assume that M is a C**2 manifold. m

In the case m = 3, there are important relations between the operators grad,
div, and curl. These are summarized diagrammatically in the following theorem.

6.13 Theorem Let (M,g) be a three-dimensional oriented (pseudo-)Riemannian
manifold.

(i) The diagram

grad curl div
E(M) V(M) ——— V(M) £(M)
H > | Op > | JwMm >~ ews (626)
d d d
Q°(M) Q' (M) Q% (M) Q*(M)
commutes.

(ii) curlograd = 0.
(iii) divocurl =0.

Proof (i) follows immediately from the commutativity of the diagrams (6.4),
(6.12), and (6.23).

(ii) and (iii) are now direct consequence of d> = 0. m

6.14 Corollary Let X be open and contractible in R®. Also let v be a smooth
vector field on X.
(i) If curlv = 0, then there is an f € £(X) such that v = grad f, a potential
for v.
(ii) If dive = 0, then there is a w € V(X) with v = curlw, a vector potential
for v.

Proof (i) From (6.26) we learn that curlv = 0 is equivalent to d(Oxv) = 0.
Therefore the 1-form ©pv is closed, and the Poincaré lemma (Theorem 3.11)
guarantees the existence of an f € Q°(X) = £(X) such that © xv = df. From this
it follows that v = ©3' df = grad f.

(ii) Analogously to (i), it follows from dive = 0 that the 2-form v — wx
is closed and therefore exact, again by the Poincaré lemma. Thus there is an
a € QY(X) with da = v 0 wx. Then w := O3'a € V(X), by the commutativity
of the middle “loop” of (6.26), satisfies curlw = v. m
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6.15 Remarks Suppose X is open in R3.

(a) In Euclidean coordinates, the equality curlv = 0 is equivalent to the integra-
bility conditions
8jvk =0pv! for1<j,k<3,

which can be seen from Remark 6.12(b). Therefore Corollary 6.14(i) is a special
case of Remark VIIL.4.10(a).

(b) (classical notation) In Euclidean coordinates, we know from Example 6.4(a)
that grad f agrees with the V f from Proposition VII.2.16. The physics and engi-
neering literatures, and many mathematical texts, use the formal nabla vector

o 0 0
V= (55 55)

With the notation z - y for the Euclidean scalar product in R® and z x y for the
vector product, the nabla vector notation leads to the (formal) relations

divv=V-v, culv=Vxv, Av= (V- -V)v=: V.

These follow easily from the corresponding local representations of these operators
and from Remark VII1.2.14(d). In particular, the components of the vector curlv
can be found by expanding the (formal) determinant

€1 2 s
0/0x 0/0y 0/0z
vt v? v?

in its first row. Here €, €, & are the standard basis vectors of R, and d/0x,
0/0y, 0/0z are not interpreted as tangent vectors, but as differential operators.

Because the symbol V has another meaning in the context of Riemannian
geometry, we will rarely use the nabla vector in the rest of this book.

(¢) (the physical meaning of the curl?) We

consider a rigid body rotating at constant @
(angular) velocity about a fixed axis. We /
then choose an orthonormal basis (€1, €2, €3)

and the coordinate origin so that €3 points

along the rotation axis. Also let w be the

angular velocity, that is, w is the speed of 7 U
any point P fixed in the rotating body at
unit distance from the axis of rotation. If 0

7 is the radius vector of the point P, that

1A deeper interpretation of the curl of a vector field is given in Section XII.3.
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is, the position vector of the point P in the coordinate system (O; €7, €, €3) (see
the statements after Remarks 1.12.6) and if 0 is the angle between €3 and 7 (in
the plane spanned by €3 and 7), then the distance a from P to the rotation axis
satisfies a = || sin§. Therefore the modulus of the velocity vector ¥ of the point P
is given by
|U] = wa = w || sinf .

Denote by W := we3 the “angular velocity vector” and orient it so that the body
rotates clockwise about it. Then it follows from the properties of the vector product

that

T=wWXT, (6.27)
since the point P moves with constant speed w in a circle centered at and in a
plane orthogonal to the &3-axis.?

Let (z,y, z) be the coordinates of P with respect to (O; €7, €, €3). Then

F—xiJr ngz— and w—w2
“Tor Yoy T Yo
Therefore
17zu7><f':fwya—+wxa—

For the curl of the vector field ¥, we find curl ¥ = 2w d/9z = 2. In words, for a
rigid body rotating about a fixed axis, the curl of the velocity vector is a vector
field whose elements are parallel to the rotation axis and have absolute value twice
the angular velocity.

(d) (regularity) The statements of Theorem 6.13 and Corollary 6.14 can be proved with
weaker differentiability assumptions that are easily derived from earlier remarks about
regularity. m

The Lie derivative

Now suppose M is again an arbitrary manifold. For f € E(M) and v € V(M), we
set
Ly f := (df,v) € E(M)

and call L, f the Lie derivative of f with respect to v.

6.16 Proposition

(i) The map L, : E(M) — E(M), the Lie derivative with respect to v, has the
properties that

(o) L, is R-linear;
(B8) Lo(fg) = Luo(f)g + fLuvg for f,g € E(M).

5We leave the formal proof of (6.27) to you.
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(ii) In local coordinates,
af )
— j — E y
vafg jv D and v = jv 907

Proof (i) follows immediately from the properties of d (see (6.18)).

(ii) is a consequence of (4.4). m

6.17 Remarks (a) Proposition 6.16(ii) makes it clear that the Lie derivative
generalizes the directional derivative of Section VII.2.

(b) Let A be an R-algebra. A map D: A — A is said to be a derivation (of A) if
D is R-linear and satisfies the product rule

D(ab) = (Da)b + a(Db) fora,be A .
Therefore the Lie derivative with respect to v € V(M) is a derivation of the
algebra E(M).
(c) If A is an algebra with unity e and D is a derivation of A, then De = 0.
Proof The product rule gives
De = D(ee) = (De)e + e(De) = De + De = 2De

and hence the claim. m

The next theorem shows that every derivation of £(M) is given by a Lie
derivative.

6.18 Theorem Let D be a derivation of E(M). Then there is exactly onev € V(M)
such that D = L,,.

Proof (i) We show first that D is a “local operator”. Let U be an open and K
a compact neighborhood of p € M with K CC U. Remark 1.21(a) guarantees the
existence of a x € £(M) with x | K =1 and supp(x) CC U.

Let f € E(M) with f|U =0. Then f = fx+ f(1—x) = f(1 — x), and thus

Df(p) =Df(p)(1—x(p)) + f(p)D(1 - x)(p) = 0.

Because this is true for every p € U, it follows that D(f)|U = 0. If x; € £(M)
is another function with supp(x1) CC U and which is identically equal to 1 in a
neighborhood of p, then fx—fx1 € E(M) for f € E(U) vanishes in a neighborhood
of p. Then it follows from the above that D(fx) = D(fx1) for f € £(U). Hence
the “restriction of D to U” is well defined by

Dyf:=D(fx) for fe&U)

and is independent of the special choice of y.
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(ii) Suppose now (p,U) is a chart with ¢ = (z!,...,2™). We can assume
that X := ¢(U) is convex. For every fixed p € U, it follows from the mean value
theorem in integral form (Theorem VII.3.10) with a := ¢(p) that

(s f)(x) = (¥ +Z (27 — a?) f] x) forze X,

where we have set

J?](x) ::/Olajf(a—i-t(x—a))dt forze X .

Therefore af
fi=¢"fje&), fj(P):@(P) ,

and

+Z i(p)) fi(q) forqeU.

From this, the properties of D, and Remark 6.17(c), it follows that

p)=>_, D¢ p) % (p) forpeU, (6.28)

where we have written D instead of Dy .

(iii) Let (1, V) be a second chart around p with v = (y!,...,y™). Now define
the transition function k := 1) o ¢~1. Then, in analogy to (ii) and because we can
assume U =V, we have

ki (x) =k (a) + Zz(xé - aé)k'g(x) forz e X, (6.29)

with k'g € £(X) and kg(a) = 0ok’ (a). Because p*k = 1, applying ¢* to (6.29)
gives

¥ (q Z ‘(p))h)(q) forqeU, (6.30)
with R} := ¢*k) € E(U) and

This and (6.30) imply

. J
Dy (p) = Zk Dy (p) 5t (p) forpeUand1<jk<m. (6.31)

Now we set

) -0
Vg 1= Zj Dy’ P and vy = Zj Dy’ EY (6.32)
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Then it follows from (6.31) and Proposition 4.7 that

oyl 0 0
_ A k 9 _
vwajZchp Oxk 3yj*ZkDSO ok Ve

This shows that (6.32) defines a vector field vy € V(U) on U that is independent
of the coordinates chosen. From (6.28), (6.31), and Proposition 6.16(ii), we read
off Dyf = Ly, f for f € £U).

(iv) Suppose now { (¢a,Us) ; @ € A} is an atlas for M. Then it follows
from (iii) that for every a € A there is an v, € V(U,) such that Dy, f = L, f
for f € £(Uy). Moreover, the observations in (iii) show that there is exactly one
v € V(M) such that v|U, = v, for @ € A. Now (i) and Proposition 6.16(ii) give
D=L,

(v) Suppose v,w € V(M) with D = L, and D = L,,. Then L,f = L,,f for
every f € £(M). In an arbitrary local chart ((xl, coo ™), U), we then have

Zj(vj —w’) % =0 for fe&(U).

Choosing f := z*, we find 0f /027 = (5;? and therefore v¥ — wF = 0. That this is
true for 1 < k < m implies v |U = w | U and hence v = w. Thus we are done. m

6.19 Lemma For L,L,, — L, L, is a derivation of E(M) for v,w € V(M).

Proof Clearly L,L, — L,L, is an R-linear map of £(M) to itself. For f,g €
E(M), we know because £(M) is commutative that

Lva(fg) =L, (Lw(f)g + fng)
= gLvaf + vang + ngwa + vang .

The claim is now obvious. m

Let v,w € V(M). Then it follows from Theorem 6.18 and Lemma 6.19 that
there is exactly one smooth vector field [v, w] on M such that

Liyao) = LoLuy — L Ly - (6.33)
We call [v, w] the Lie bracket or the commutator of v and w.

6.20 Proposition
(i) The map V(M) x V(M) — V(M), (v,w) — [v,w] has the properties that
(«) (bilinearity) [-,-] is R-bilinear.
(8) (skew-symmetry) [v,w] = —[w,v] for v,w € V(M).
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(v) (Jacobi identity) w,v,w € V(M) satisfy the relation
[u, [v,w]] + [v, [w, u]] + [w, [u,v]] = 0.

(ii) In local coordinates,

ow? oviN 0
_ kZZ k2 2
o w] = Z]’,k(v ozt 8xk) Oz’ (6:34)
forv =73, v §/0z7 and w = > w’l §/0z7.
Proof The simple proofs are left to you. m

6.21 Remarks (a) Suppose M is open in R™ and (x!,...,2™) are Euclidean
coordinates on M. Using the nabla vector V, (6.34) can be written symbolically
in the intuitive form

[v,w] = (v-V)w— (w-V)v.

(b) Suppose V is a vector space and [-,-]: VXV — V is a map with the properties
(a)~(7) of Proposition 6.20(i). Then (V,[-,-]) is called a Lie algebra. Because
of (8), the “multiplication” [-,-] is generally not commutative. It follows from

(8) and () that
[a, b, d] = [[a,b],c] = [[c,a],b] fora,b,cEV .

So the multiplication is generally not associative either. Thus a Lie algebra is gen-
erally a noncommutative, nonassociative algebra.® Therefore (V(M),[-,-]) is a
Lie algebra.

(¢) (regularity) Let k € N and v,w € V¥(M). Let M be a manifold of class C**'. Then
L, is not a derivation on E¥+1(M), because L, f for f € £E*1(M) generally only belongs
to £F(M). Therefore the Lie bracket cannot be defined through (6.33) either. We are
left to choose local coordinates and to define [v,w] for v,w € V¥(M) through (6.34).”
Then [v,w] € VF"1(M). m

The Hodge-Laplace operator
In the rest of this section, we use the codifferential and the star operator to derive
some more important relations from vector analysis.

Let (M, (-|-)as) be an oriented pseudo-Riemannian manifold. First we write
the divergence in terms of the codifferential.

6In the trivial commutative case in which [a,b] = 0 for a,b € V, it is of course commutative
and associative.
"You may want to consider why [v,w] so defined is well defined on all of M.
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6.22 Proposition The diagram

V(M) Q'(M)
div\ /6
E(M) = Q°(M)

is commutative, that is, div =9 0 ©.

Proof If suffices to prove this equation locally. So let ((331, coo ™), U) be local
coordinates. Then for v = 3~ v7 0/027 € V(U), Remarks 6.1(b) and 5.11(b) imply

F) dod — 9 J
5®vzézj(zkgjk.v )dx —\/%Zj@(\/Ev)

Therefore the claim follows from (6.14). m

Using the exterior derivative and the codifferential, we define for 0 < r < m
an R-linear map on Q" (M) by

A i=ds +5d: Q" (M) — Q" (M) . (6.35)

This is the Hodge-Laplace operator. For a € £(M), it follows from (6.4) and
Proposition 6.22 that

(dé + dd)a = éda = 6©(0~'da) = divgrada .

Therefore the Hodge-Laplace operator on Q°(M) = &(M) is the same as the
Laplace—Beltrami operator, which justifies the notation. When M is clear from
context, we write A for Ay m

6.23 Remarks (a) *A = Ax.
Proof Remarks 5.9(b) and 5.11(a) give

*A = xdd + *dd = 0d* + do* = Ax

and therefore the claim. m

(b) dA = Ad =ddd and 6A = A§ = 6do.
Proof From d* = 0 we get

dA = ddé + déd = déd = déd + édd = Ad .

The second claim follows analogously. m
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(c) Suppose M is open in R™ and (x!,...,2™) are Euclidean coordinates. Then

A(ZU)@T ) de)) - Z(j)eﬂr Aagy) da?)

forl1<r<m.

Proof Because of the linearity, it suffices to show the statement for o := adz") with
(j) € J,.. Using Example 5.10(e), we find

déa = d<Z(—1)k_18jkadxj1 Ao Adain A A da;jr)
k=1

=SR] 0y, ada’ AT A Adae Ao A daT
k=1 =1

T ™ m
:Zafkadm(j)+2(fl)k_l Z 0D adz’ Ndx?t A Ndaik A N da?T
k=1 k=1 =1
Lg{j1,--»dr}
Analogously, we get
m . m .
dda =46 Z dpadz’ A dz? = Z 02adz
=1 £=1
Lg{j1,--»dr} Lg{j1,--5dr}
— Y S 0o 0ada’ Ade? A Adaik A AdT
=1 k=1
Lg{j1,5dr}

This implies®
Apa = (dd + dd)a = <Zk aia) dz'9 = (Aa) dz'?
and therefore the claim. m

(d) (regularity) Clearly Aps is an R-linear map from Qfy) (M) to Qf,_,) (M) when
0<r<mandk €N with ¥ > 2. In this case, it suffices to assume that M is a C**+2
manifold. m

Finally, we define the Laplace operator for vector fields, namely, 3, by
A=Ay =073} oAy 0Oy V(M) — V(M)

and therefore by the commutativity of the diagram

A
V(M) V(M)
e e
A
Q' (M) QY(M) .

8We chose the sign in the definition of § to be (—1)™("*1) 5o that this formula would take this
form. For the sign convention typically used in geometry, the formula is (dé+dd)a = —(Aa) dz(9).
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6.24 Remarks (a) Proposition 6.22 and (6.4) give A = graddiv + ©~16dO.

(b) Suppose M is open in R™, and (x!,...,2™) are Euclidean coordinates on M.

Then 9 9
2" ) = 22,5 5
If we identify as usual the vector field v = 3~ v/ §/0z7 with (v',... ,v™), then
Av means that the Laplace operator can be applied componentwise
Av=(Av',...,Av™) .
In this case, we usually write A, not A.
Proof This follows from Example 6.2(a) and Remark 6.23(c). m

(¢) (regularity) Let k € N. Then A maps the R-vector space V**2(M) linearly into
VE(M). So here it suffices to assume that M is a C**2 manifold. m

The vector product and the curl

In this last section, we derive the most important properties of the curl operator.

9

Let (M, (-|-)ar) be a three-dimensional oriented Riemannian? manifold with

volume element wjy.

On V(M), we define the vector product or cross product,
X: VM) x V(M) - VM), (vw)r—uvxXw, (6.36)

by
v X w:= 0y wy(v,w,-) . (6.37)

Clearly this map is well defined.

6.25 Remarks (a) Suppose (M, (-|-)ar) = (R® (-|-)). Then in the case of a

constant vector field, (6.37) agrees with the definition of Section VIII.2.

(b) The vector product is bilinear, alternating (skew symmetric), and satisfies
(u]v xw)y =wp(u,v,w) for u,v,w e V(M) . (6.38)

For p € M, the vector product (v X w)(p) is orthogonal to v(p) and w(p) with
respect to the inner product (-|-)a(p) of Tp,M. Letting |v|ar := /(v |v)ar, we
have

o x wlar = /1ol [wldy — (0] w)3, = lolar fwlas sing

where ¢(p) € [0, 7] is the angle between the vectors v(p) and w(p) for p € M and
v,w € V(M).

9For simplicity, we will restrict here to Riemannian metrics, as they are the most important
in applications.
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The vector product satisfies the Grassmann identity
vy X (v2 X v3) = (v1 |v3) M2 — (V1 |v2) M3
the Jacobi identity
vy X (V2 X v3) +vg X (v3 X v1) +v3 X (v1 X v3) =0
and the relation
(v1 X v2) X (v3 X v4) = wpr(v1, V2, va)v3 — wpr(v1, V2, V3)Vg

for vy, ve,v3,v4 € V(M). In particular, (V(M), ><) is a Lie algebra.

Proof All of these reduce easily to pointwise statements already proved in Exercise 2.3. m
(c) Suppose ((xl, 22, 2%), U) are positive orthonormal coordinates'® on M. Then
tﬁe ;ross product of vector fields v = >7,v79/027 and w = 3w’ 0/0z7 takes
the form

. . 0 5. 0
vxw= (vViw® —v3w?) Eys) + (3w —vtw?) 922 + (v'w? —vPwt) —
Proof Exercise 2.3. m

(d) (regularity) For k € N, the statements above remain true for C* vector fields, and
it suffices to assume that M is a C*™! manifold. m

The next theorem shows how the vector product is related to the exterior
product of 1-forms.

6.26 Proposition For v,w € V(M), we have v x w = O~ x(Qv A Ow), that is, the
diagram

O x0O
V(M) x V(M QM) x QY (M)
\A
(M) (M) Q* (M)

commutes.

Proof It suffices to prove the equality locally, where we can choose positive or-

thonormal coordinates ((z!,22,2°%),U). If (v!,v% v%) and (w',w? w?) are the

components of vector fields v, w € V(M), then it follows from Remark 6.1(e) that
@v/\@w:z‘vjdxj/\z w” da®

= (V*w?® — v3w?) da® A dz® + (vViw! — vlw?) dad A da?
+ (vtw? = v*w') dat A da?

10That is, (9/0x!,0/0x2,0/0z3) is a positive orthonormal frame.
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From the proof of Example 5.7(d), we know that

#(de? Nda®) = dat,  #(de® Ada') =da?,  #(det Ada?) =da® . (6.39)
Now the claim follows from Remarks 6.1(e) and 6.25(c). m

We next derive a representation of the curl operator.

6.27 Proposition The diagram

commutes, that is, curl = O~ 1xdO.
Proof It again suffices to prove the equality locally in positive orthonormal
coordinates ((ml,mQ,x3),U). Then for v = Z?‘:l v? §/0x7, we find using Re-
mark 6.1(e) that
d(Ov) = d(z v dxj) = Z ai dz® A da?
J &k Oxk

:(8_“3_236)61 Adz +(a“ ‘%)d A dat

0x? ox3  Oxl
o Ovt
(891: p 2) dz' A da?

Then the claim follows from (6.39) and Remarks 6.1(e) and 6.12(b). m

We are now ready to deduce several important differential identities involving
three-dimensional vector fields.

6.28 Proposition For f € £(M) and v,w € V(M),
(1) div(v x w) = (curlv |w)p — (v| curlw) s
(ii) curl(fv) = fcurlv + grad f x v;
(iii) curl(v x w) = (divw)v — (dive)w — [v, w];
(iv) curl(curlv) = graddivv — Awv.

Proof (i) Putting m = 3 in Remark 5.9(d), we obtain

¥ = (—1)m(’"+1)**d*a =dxa fora € QQ(M) .
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Now we use Propositions 6.22 and 6.26 to deduce
div(v x w) = 6 (07 '(Ov A Ow)) = §x(Ov A Ow)
= *xd(Ov A Ow) = *(dOv A Ow — Ov A dOw) .

From Proposition 6.27, it follows that © curl = *d®. Now Remark 2.19(d) implies
that dO = %O curl, because m = 3 and r = 2. Hence we get

div(v x w) = #((*O curlv) A Ow — Ov A %O curlw)
= %(Ow A %0 curlv — Ov A %O curlw) ,

where we have used 0 curlv € Q?(M). Now (2.22), with r = 1, and (2.13) give
div(v x w) = [(w| curlv)pr — (v| curlw)]wnys
The claim now follows from *wp; = 1.
(ii) Proposition 6.27 gives
curl(fv) = 07 'dO(fv) = O xd(fO0)
= O x(df A Ov + fdOV)
= O '«(Ograd f A Ov) + fO  xdOV
=grad f X v+ fcurlv .

Here we have also made use of Proposition 6.26 and properties of d.

(iii) It suffices to prove the statement locally. We can use positive orthonor-
mal coordinates. Then the claim follows from the local representations of Remarks
6.12(b) and 6.25(c) and from Proposition 6.20 after a simple calculation, which we
leave to you.

(iv) It follows from Proposition 6.27 and the definition of ¢ that
curl curlv = ©7'%dOO~'xdOv = O 'xdxdOv
= (-1)*CHe"15dov = —015dOw .

Now the claim follows from Remark 6.24(a). m

To demonstrate the power of the new calculus, we proved part (i) using the
properties of the codifferential and the star operator. Of course, we could also
have worked in the orthonormal coordinates of a positive chart. In other words,
we can assume that M is open in R® and (-|-)s is the standard metric (-|-).
Using the (formal) nabla operator in (6.38), we obtain

V(v xw) =det[V,v,w]
= 01 (V*w? — v3w?) + Op (v — v'w?) + O3 (viw? — viw!)
by expanding the (formal) determinant in its first row. By using the product rule,

we see easily that the last row agrees with the expression w - curlv — v - curlw, as
claimed in (i).
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However, the formal calculus with the nabla operator must be used with
caution. For example, if we formally calculate curl(v x w) = V x (v X w) using
the Grassmann identity, we find the false statement

Vx@wxw)=(V-wv—(V-vw.

Where was the mistake?

Exercises
1 Find the representation of the Laplace—Beltrami operator with respect to
(i) the cylindrical coordinates (0,27) x R — R3, (¢, 2) — (cos ¢, sin ¢, 2);

(ii) the parametrization
0,27)> - R*, (a,f)— ((2 4 cosa) cos B, (2 4 cos a) sin B, sin «)

of the 2-torus T3 ; of Example VIT.9.11(f);
(iif) the parametrization X — R®, x — (=, f(z)) of the graph of f € £(X), when X is
open in R?.
2 Let (Mj,g;) for j = 1,2 be Riemannian manifolds with M7 = @, and let 7; denote
the canonical projection My x My — M;. Show that

* *
Anyxmy = 71 ANy + T3 AM, .

3 Suppose M and N are Riemannian manifolds and f: M — N is an isometric diffeo-
morphism. Then for 0 < r < m, show that the diagram

Am
Q" (M) Q" (M)
fr [
An
Q"(N) Q"(N)

commutes.
4 Let (M, g) be a pseudo-Riemannian manifold. Show the commutativity of the diagram

*

QM) Q™ (M)

NS

(M)

and derive the relations
(i) div = *d*©;
(ii) curl = ©7'%dO (m = 3);
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(iil) An = xdxd,
where Ay is the Laplace—Beltrami operator of M.
5 Let Q be open in R®. For E,B,j € C®[R x Q,R?), p € C°(R x Q,R), and ¢ > 0,
set
F:=0.EA(cdt)+*(0cBA(cdt)), J:=0.j—pdtecQRis),
where E, B, and j are seen as time-dependent vector fields, p is seen as a time-dependent

function on Q, and O, : V(R?) — Q'(R®) denotes the (Euclidean) Riesz isomorphism.
Also let dt be the first standard basis vector in Q'(R] 3). Now show these facts:

(a) The statements
(i) dF = 0;
(ii) OB/8t + ccurl E =0 and divB =0

are equivalent. (These are the homogeneous Maxwell’s equations.) That is, the 2-form F'
is closed if and only if the vector fields E' and B satisfy these two of Maxwell’s equations.

(b) The statements
(i) dF = 4n J;
(ii) OFE/0t — ccurl B = 4xj and div E = 47p
are equivalent. (These are the Maxwell’s equations with sources.)
(¢) The statments
() AR‘I{SF =0;
(i) O0B/Ot+ccurl E =0, OE/0t —ccurl B=0, divE =0, divB=0

are equivalent. Therefore the 2-form F' is harmonic if and only if the vector fields F
and B satisfy the homogeneous Maxwell’s equations.

(d) If dF = 0, then j and p satisfy the continuity equation
Ap/ot+divj =0,
which can also be written gradR% . J=0.

(e) These two statements are equivalent:
(i) F is exact;

(ii) There are an A € C*°(R x 2, R), a vector potential, and & € C*°(R x Q,R), a scalar
potential, with
curlA=B and —0A/0t—grad®=F .

6 Suppose X is open in R?® and contractible. Also suppose f,g € £(X). Show:
(i) There is a v € V(X)) such that grad f x grad g = curlv.
(ii) If f(x) # 0 for z € X, then there is an h € £(X) with (grad f)/f = grad h.
7 Verify that
AM(fgrad f) = graddiv(fgrad f) = A f grad f + grad |gradf|?vf + ferad An f

for f € £(M), where |v|3; := (v|v)ar for v € V(M).
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8 Show that a € Q' (M) and v, w € V(M) satisfy

da(v,w) = Ly{o, w) — Lu{a,v) — (o, [v,w]) .

9 Let M and N be m-dimensional manifolds, and let ¢ € Diff (M, N). Show that

o[V, w] = [psv, psw]  for v,w € V(M) .

10 Let T2 := S* x §% C R?, and let o, 3 € Q' (T?) with
a:=—zidat + 2t de?, Bi=—atda® + 2P dat .
Show that Aa = AB = 0.

11 Show that for H € £(R®™) the vector field sgrad H € V(R®*™) is divergence free.



Chapter XII

Integration on manifolds

In the first two chapters of this book, we developed the basics of measure and
integration theory, and, in the third, we deepened our knowledge of manifolds and
introduced the theory of differential forms. We are now ready to extend integration
theory to manifolds, which means we will be able to integrate over “curved spaces”.

In Section 1, we introduce the Riemann—Lebesgue measure on manifolds. Its
construction is based entirely on the properties of the Lebesgue measure, which we
“lift up” from R™ to the manifold using local charts. The transformation theorem
plays a principal role, because it guarantees that the construction is independent
of the local coordinates. We show that Riemann—Lebesgue volume measure is
a complete Radon measure, which makes available the entire integration theory
developed in the second chapter. As a first application of the general theory, we
calculate the volumes of several manifolds.

In Section 2, we generalize the theory of line integrals which tells how to
integrate 1-forms over curves and therefore over 1-dimensional manifolds. We
now show how to integrate m-forms over m-dimensional manifolds. To make
the calculus more powerful, we extend the transformation theorem and Fubini’s
theorem so that they can be used with integrals of differential forms. Then we will
be ready to treat more complicated integration problems, as we demonstrate in a
series of examples.

We also give physical and geometric interpretations to integrals of differential
forms, and we present the basic idea of the flux of a vector field. As an application,
we prove the transport theorem and derive some of its consequences.

The high point of the differential and integral calculus of manifolds is un-
doubtedly Stokes’s theorem, to which the last section, Section 3, is devoted. We
prove a version for manifolds with singularities; this version will suffice for most
cases seen in practice. Of course, we show several classical application of Stokes’s
theorem and also give a first glimpse at its topological consequences. However,
in the framework of this introduction, we must forgo any deeper explorations. It
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is the goal of this work to give you the basics for your further progress into this
fascinating branch of mathematics. Should you choose to take further courses
in analysis or delve deeper into its literature, you will learn a great number of
applications and generalizations of the theory developed here.



1 Volume measure

In Section VIII.1, we learned how to calculate the length of a curve. We also know
how to find the area under graphs and the volume of simple shapes. Now we turn
to the problem of determining the area of curve surfaces and the content of general
manifolds.

In this section, we introduce the Riemann—Lebesgue volume measure of a
pseudo-Riemannian manifold and show that it is a complete massive Radon mea-
sure. Then the entire theory of integration developed in Chapter X will also be
available for manifolds. With the help of local representations, we can explicitly
calculate integrals on manifolds in many cases, as our examples will show.

In the entire section

e M is an m-dimensional manifold with m € N*.

The Lebesgue o-algebra of M

Because a manifold locally “looks” like an open subset of H™, it is clear that
measurability can be “lifted up” from H" to M using local charts.

A subset A of M is said to be (Lebesgue) measurable if around every p € A
there is a chart (¢, U) such that ¢(A N U) belongs to L(m), that is, p(ANU) is
Am-measurable. We set

Ly :={ACM; Aismeasurable} .
The following remarks shows that this definition is meaningful.

1.1 Remarks (a) The definition is coordinate-independent.

Proof Suppose A C M and (¢p,U,) is a chart around p € A with p,(ANU,) € L(m).
Further let (1, V) be a chart of M, and let ¢ € ANV. Because the set ¢,(U; NV) is
open in H™, it is A,,-measurable and therefore so is

Pa(ANV NUg) = pa(ANUg) Npg(V NUg) -
By Corollary 1X.5.13, it now follows from
YANVNU) =P oo, (p(ANV NTY))

that ¥ (A NV NUg) belongs to £(m). This holds for every ¢ € ANV, and according to
Remark IX.5.14(c), measurability is a local property. Hence (AN V) € L(m), and we
are done. m

(b) If M is open in R™, then £Lj; = L(m)| M. Therefore the notation introduced
here is consistent with that of Section X.5.

Proof This follows by using the trivial chart (id, M). m
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1.2 Proposition L, is a o-algebra over M, the Lebesgue o-algebra of M. It
contains the Borel o-algebra B(M).

Proof Let (p,U) be a chart of M. If A € Ly, then o(ANU) belongs to L(m).
Because L£(m) is a o-algebra, we have p(A°NU) = o(U)\@(ANU) € L(m).
Because this is true for every chart, it follows that A¢ € L.

If (A;) is a sequence in Ljps, then we analogously find

(U, 45) nv) = ¢(U, (4 n0)) = U, w4, n0) € £Gm)

which implies | ; Aj € L.

Finally, it is obvious that M belongs to L3;. Thus we have shown that £,
is a o-algebra.

If O is open in M, then ¢(O NU) is open in H™ and therefore belongs to
L(m). Therefore O belongs to Ly, which implies Ly D B(M). m

The definition of the volume measure

Suppose now g is a pseudo-Riemannian metric on M and (¢, U) is a chart of M
with ¢ = (z!,...,2™). Then the Gram determinant G = det[g;x] with gjr =
9(8/027,0/02") is well defined, and /|G| € E(U). For A € Ly with A C U, we

set
o/1G] A =/

©

voly 7(A) == /

v(A)

" v/ |G| dx . (1.1)

1.3 Lemma For A € Ly, the volume vol, 7(A) is independent of the chart (¢, U)
when A C U.

Proof Suppose (¢, V) is another chart with A C V and v = (y!,...,y™). We
can assume V = U. Now we regard U as an oriented manifold with positive atlas
{(gp, U)} Then, according to Remark XI.5.4(g),

wr = V/|Gldzt A Ada™ € Q™(U)
is the volume element of U. Also

wy = +V|Gldyt A Ady™ |

where the positive sign is chosen if ¥ positively oriented and the negative is chosen
otherwise. Because f := 1o ¢! € Diff (p(U),¥(U)) and ¢ = f~! o1, it follows
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from Example XI.3.4(c) that

euV/1Gldat A+ A da™ = puwy = (f71)ethewr = fruwy
= £ (0V/1Gldy" A= A dy™)
= £ " (1 /|G]) det(Df) dz' A -+ A da™
= £ (¢u/|G]) [det(Df)| dzt A -+ A da™

because f is orientation-preserving if and only if 1) is positively oriented, and f is
orientation-reversing otherwise. Therefore

0:\/|G] = (+\/]G]) o f|det(Df)] -

Because p(UNOM) = o(U) NOH™ is a Ap,-null set and p(U\OM) = p(U)\OH™
is open in R™, and because f(cp(U)) = ¢(U), it follows from the transformation
theorem in the version of Corollary X.8.5 that

/ our/10] dz = / $u/IC] dy |
e(U) P(U)

This proves the claim. m

By Remark XI.1.21(b) and Proposition IX.1.8, M is a Lindelof space. There-
fore M has a countable atlas A := { (p;,05) ;5 j € N}. For A € Ly, we set

n
Ao=ANUy and Apii = (AﬁUn+1)\ JA4w forneN.
k=0

Then (4;) is a disjoint sequence in Ly with A; C U, and A = [J; A;. Therefore
volg(A) =3 voly v, (4;) (1.2)
J=0

is a well-defined element of Rt.

1.4 Lemma The definition (1.2) is independent of the special choice of an atlas.

Proof Let 2 := { 5 ) i J € N} be another countable atlas, and let A
be defined in analogy to A under the application of U rather than Uj. Now
volg,y; and vol 4.0, are measures on U; and U, ks respectlvely, and they are therefore

o-additive. Then it follows from (J; A; = U, A, = A that
VOlg’Uj (Aj) = VOlg’Uj (Aj N A) = VOlg’Uj (A] n Uk Ak)

= VOlg,Uj (Uk(AJ N Avk)) = Zk VOl‘q’U‘7 (Aj N Avk) .
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By exchanging the roles of 2 and QNl, we find analogously that
volg v, (Zk) = Zj vol, tru,, (Zk NA4;) .
Because A; N /Tk cU;n ﬁk, Lemma 1.3 results in
volg,u, (A; N Ax) = voly g, (Ax N A4;) .
Then from Remark X.3.6(b), we obtain

Zj VOng]j (A]) = Z]‘ Zk VOng]j (A] n Avk) = Z]‘ Zk VOlg’f]Uk (Avk N A])
= Zk Zj VOlgvijk (gk N AJ) = Zk VOlngUk (gk) )

as desired. m

Clearly, vol,(A) should represent the “volume” of A C M, measured with
respect to the measure tensor g. We will now think about how this is to be
understood.

Definition (1.2) shows that an arbitrary measurable subset A of M is decom-
posed into countably many pairwise disjoint parts A; and that the “volume” of
A is just the “sum” of the volumes of these parts. The definition requires that
every A; is contained in a chart of an atlas. Therefore it suffices to understand
how volg(A) is to be interpreted when A is contained in the domain U of a chart
(0, U).

Solet Z € p(U) and p := »~1(F), and let £1, ..., ¢™ be positive numbers such
that

m

Q=[] 2+,

j=1
the rectangle with “lower left corner” =
and volume A\, (Q) = £*- - M still lies
entirely in ¢(U). If the side lengths ¢/
are sufficiently small, the parallelepiped
Q = Tz~ Y(Q) spanned by the vectors

(18 ma

ozlls’ " Oxmlp

in T; M will approximate well the image A := p=1(Q) of Q in M.
We can assume that (¢, U) is a positive chart of U. Then it follows from
Remark XI.2.12(c) that the volume of @) satisfies

o) (0 ,s""’fmaximlﬁ) =) (| | Y e

ox!
= VG (0)Mn(Q) = 0. V/IG] () A (Q) -
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Now we decompose @ into finitely many rectangles @Q; (with edges along the
Cartesian axes) that intersect at most along their common sides.

Ty ! A\}

@, — Q

|

We denote by Z; the lower left corner of @; and set p; := ga’l(fj). We let @j be
the image of @; in Tj; M under the tangential map 7%, @~ 1. Then it follows from
the considerations above that

vol, (4) = /Q e[0Tz = Y 0o /1G] @)Mn(@))

This shows that vol, (4,0_1(62)) is approximately equal to the sum of the volumes
of the parallelepipeds that approximate A C M. By “unlimited refinement”, these
sums approach the integral and therefore voly(A), while at the same time @; gets
arbitrarily close to the A. This shows that vol,(A) does agree with our usual
understanding of the volume of A.

In the following, we set A(p74) := vol,. We may also write this as Ay or Ay
if the context allows it. Also

vol(M) := A (M)
is the volume of M or, in the case m = 2, the area of M.

1.5 Proposition \j; is a Radon measure of M, the Riemann-Lebesgue volume
measure of M.

Proof (a) It is clear that Ay; maps the o-algebra L to [0, 00] and assigns the
empty set the value 0.

Suppose {(goj, Uj); je N} is a countable atlas and (Ay) is a disjoint se-
quence in Lps. Then (A N Uj)ren is disjoint sequence in U;. Therefore Proposi-
tion 1.2 with A := (J, A and Ay, := voly u; gives

Mo, (ANU) = M, (AN ;) -
Because Ay (Ax) = 35 Amu, (Ax N Uj), we find
A (A) = Zj AM,U; (ANT;) = Zj Zk AM,U; (AN Tj)
=, Zj A, (A0 = Aua(Ax)

where we have again referred to Remark X.3.6(b). Thus Ay is a o-additive function
and therefore a measure.
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(b) Let A € Ly, and suppose (¢, U) is a chart with A C U. Then it follows
from Corollary IX.5.5 that there are a Gs-set G and an F,-set F in »(U) such
that F C p(A) C G and Ay, (F) = An(9(A4) = A, (G) This gives

/}EW*\/@CM:/ W*\/EMZ/GQO*\/@M.

»(A)
Therefore we find an increasing sequence (ﬁj) of compact subsets ﬁj of F with

Uj ﬁj = F. Then F; = ga_l(Fj) is a compact subset of A, and the monotone
convergence theorem gives

i (Fy) = /ﬁ puy/Gl da 1 /ﬁ per/[Gl dz = / e[z = s (4)

e(A
Therefore

A (A) =sup{ Ay (K) ; K C A, K is compact in M } . (1.3)
Analogously, we show
A (A) =inf{ Ay (0) ; O D A, Oisopenin M} . (1.4)

(c) Suppose now A is an arbitrary set in £7. Then the proof of Lemma 1.4
shows that there is a disjoint sequence (A;) in Ly with A; C Uj and |J; 4; = A.
If Au(Aj,) = oo for some jo € N, then A\y(A) = oco. Also, (b) then shows
that to every o > 0 there is a compact set K such that K C A;, C A and
A (K) > a. From this it follows that (1.3) is true in this case as well. Therefore
suppose )\M(A ) < oo for j €N, and let & < 8 < Ap(A). Then there is an N

with ijo A(A4;) > 8 > a. According to (b), we find for every j a compact
subset K of A; with Ay (K;) > Am(4;) — (B —a)277~1. Then K := U;vzo K; is
a compact subset of A, and
N N N
= AuKG) > Y du(Ay) = (B-a)Y 277 > - (f-a)=a.
3=0 §=0 §=0
Because this it true for every av < Apr(A), we see that (1.3) also holds in this case.

From (b) it also follows that to every e > 0 and j € N there is an open set O;
with A C O; C Uy and Ay (0;) < An(A4;) +e27771 Then O := |J; O; is open
in M and satlsﬁes O D A and

<Z >\M <Z >\M +€_)\M(A)+E.

This shows that (1.4) is also true.

(d) Let p € M, and let (p,U) be a chart around p. Then there is a compact
neighborhood K of p in M with K C U. Because ¢(K) is compact in H™ and
therefore in R”, it follows from (1.1), the continuity of ¢. /|G|, Theorem X.5.1(i),
and Corollary X.3.15(iii) that ¢./|G] is integrable over (K ). Therefore Ay (K)
is finite, which shows that A, is locally finite. Thus it is a Radon measure. m
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Properties

The next proposition characterizes Ap;-null sets.

1.6 Proposition Let A € L);. These statements are equivalent:
(1) )\JM(A) = 0,‘
(i) Am(¢(ANU)) =0 for every chart (¢,U);
(iii) M (¢(ANU)) =0 for every chart of a countable atlas of M.
)

Proof “(i)=(ii)” Because ANU € Ly and ANU C A, it follows that

O:/\M(A)z/\M(AﬁU)z/ ¢/|G| da .

p(ANU)

Because w*\/@ is continuous and pointwise strictly positive, Remark X.3.3(c)
gives A\, ((ANT)) = 0.

“(ii)=-(iii)” This is clear.

“(iil)=>(1)” From A, (9(ANU)) = 0 and (1.1), it follows that Ap; (ANTU) = 0.
Let { (¢;,U;) ; j € N} be a countable atlas. Then A = AN U; U; = U;(ANTy),
and the claim follows from the o-subadditivity of A\p;. m

This proposition shows that the concept of a A\p/-null set is independent of
the particular pseudo-Riemannian metric. Therefore we may simply call Ajs-null
sets null sets or Lebesgue null sets of M.

The next theorem lists the basic properties of Riemann—Lebesgue measures.

1.7 Theorem Let (M, g) be a pseudo-Riemannian manifold.
(i) (M, L, Ayr) Is a o-compact complete measure space.
(ii) A is a massive Radon measure.

(iii) All n-dimensional submanifolds of M with n < m are null sets in M, and
OM is also a null set in M.

(iv) If M is an m-dimensional submanifold of R™, then Ay = A\py,.

Proof (i) Since M is a locally compact metric and a Lindel6f space, (M, Lar, Anr)
is o-compact by Remark X.1.16(e). Its completeness follows from Propositions 1.5
and 1.6 and the completeness of the Lebesgue measure.

(ii) Let O open in M and nonempty, and let (¢, U) be a chart with UNO # 0.
Then ¢(ONU) has positive Lebesgue measure. Because ¢.+/|G| is continuous and
pointwise strictly positive, Remark X.3.3(c) gives

At (0) zAM(OﬁU):/ o/[Glde >0 .
p(ONU)

Thus we get (ii) from (i) and Proposition 1.5.
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(iii) This follows from Proposition 1.6 and Example IX.5.2.
(iv) Using the trivial chart, we get

)\M(A):/dx:)\m(A) for Ae Ly,
A

as desired. m

Integrability

Let E := (E,|-|) be a Banach space. By Theorem 1.7, we can use the en-
tire integration theory developed in Sections X.1-X.4. In particular, the spaces
Ly(M, Ay, E) and L,(M, Ay, E) are defined for p € [1, 00] U {0}.

1.8 Proposition For f: M — E, these statements are equivalent:
(i) f € Lo(M, A, E);

(i) ¢sf € Lo(o(U), E) for every chart (¢,U) of M;

(iii) @«f € Lo(p(U), E) for every chart of a countable atlas of M.

Proof “(i)=-(ii)” Suppose f is Apr-measurable. Then by Theorem X.1.4, f is
An-almost separable valued and L£js-measurable. From Proposition 1.6 and the
definition of Ly, it now follows easily that . f: p(U) — E is \j,-almost separable
valued and L, ;7)-measurable. Therefore Theorem X.1.4 implies that . f belongs
to Lo(p(U), E).

“(ii)=-(iii)” This is trivial.

“(iii)=-(1)” Let { (¢;,U;) ; j € N} be a countable atlas of M, and suppose
wi«f € Lo (cpj(Uj), E) for j € N. Proposition XI.1.20 guarantees the existence of
a smooth partition of unity {7; ; j € N} subordinate to the cover {U; ; j € N}
of M. Then @;.m; belongs to C*(g;(U;)) for j € N. Hence it follows from
Remark X.1.2(d) that

@ix(mi f) = (9jemi) (s f) € Lo(@;(U;), E) for jeN.

As in the first part of the proof, we can deduce w;f € Lo(M, Ay, E) for j € N.

Because f = (Z]oil ) f = > i1 i f, the Ap-measurability of f now follows

from Theorem X.1.14. m

Because Ajps is a massive Radon measure, we can use the convention we set
after Proposition X.4.17. This is to be noted in the next proposition.

1.9 Proposition

(a) In the sense of vector subspaces, the following are true:
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(i) C(M,E) C Lo(M, 1, E).
(ii) C.(M,E) is dense in L,(M, \p, E) for 1 <p < 0.
(b) If K is a compact subset of M, then

[ ranl < [ 191a0r < Il (K for f € COLE).
K K
Proof Because of Theorem 1.7, the proposition follows from Theorem X.4.18(i)

and Corollary X.3.15(iii). m

We now show how the calculation of [ a J dAnr can be reduced to integration
in local coordinates. So first we consider the local case.

1.10 Theorem Suppose (p,U) is a chart of M and f € Lo(U, Ay, E). Then f

belongs to L1(U, A, E) if and only if (¢, f)p«y/|G| lies in L1 (p(u), Am, E). In
that case, we have

[ rivi= [ (opeiGlds. (1.5)
U »(U)

Proof (i) Let f = x4 for some A € L with A C U. Then
/ fd)\M:/ d\y = cp*\/|G|dx:/ (e« |G| dx
U A »(A) »(U)

because . f = @.«Xxa = Xp(a). Now it follows that (1.5) holds for simple functions.

(ii) Let f € L1(U, A, E). Then there is an £4-Cauchy sequence (f;) of
simple functions such that f; — f Apr-a.e. and

/Ufjd)\M—>/de)\M. (1.6)

Further (¢, f;) is a sequence in S(¢(U), E), and
(pxfi) e VIGl = (0uf)px V|Gl Am-ae. in o(U) .

In addition, it follows from the validity of (1.5) for simple functions that

/|fj—fk|dAM:/ |sa*fj—so*fk|sw|a|dx:/ \hy — bl d
U o (U) w(U)

where h; := ¢.(fj\/|G|). Therefore (h;) is a L£;-Cauchy sequence in F :=
L1(¢(U), E). By Theorem X.2.10(ii), we find an h € F such that h; — h in F.
Then it follows from Theorem X.2.18(i) that there is a subsequence (hj, Jxen of
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(hj) such that h;, — h Ap-a.e. as k — co. Because f; — f Aar-a.e. implies that

hj = 0. (fV/IG]) Am-a.e., we find that h agrees Ap,-a.e. with . (f1/|G|). Then
Theorem X.2.18(ii) implies

[ o= [ i [ egiED)
U e (U) e (U)

Hence the claim follows from (1.6). m

We now treat the general case. We first introduce a useful abbreviation:
Suppose { (¢;,U;) ; j € N} is a countable atlas for M, and let {7; ; j € N} be a
smooth partition of unity subordinate to the cover {U; ; j € N} of M. Then we
call { (p;,Uj,mj) ; j € N} a local system for M. The existence of such systems is
secured by Proposition XI.1.20.

1.11 Proposition Let {(gpj,Uj,wj) ;] € N} be a local system for M. Then
f € Lo(M, v, E) belongs to L1(M, Ay, E) if and only if m; f lies in £4(Uj, Amr, E)
for every j € N and

Z/U 7 |fldAn < oo . (1.7)
j=0""%4

In this case, we have

/MfdAM—;)/UJ 7 f dAar - (1.8)

Proof (i) Let f € Li(M, Ay, E). Then f = (372 7;) f = Y72, m; f holds with
pointwise convergence, and

|7ka|§2|ﬂ'jf|22ﬂ'j|f|§|f| for0<k<n<oo.

=0 =0

Therefore 7 f € L1(Uk, A, E) follows because supp(mg) CC Uy. Theorems X.3.9
and 1.10 and Lebesgue’s theorem now imply (1.7) and (1.8).

(ii) Let 7 f € L1(Uj, A, E) for j € N, and suppose (1.7) holds. Letting
hy =31 mj f for n € N, it follows that

k
/ hyj — b ddar <) / mi|fld\a for 0<j <k <oo.
M i=j+1 7/ Ui
Therefore (h;) is an £4-Cauchy sequence in L1 (M, Ay, E). Because (h;) con-
verges pointwise to f, it follows from the completeness of L1 (M, Ay, E) and from
Theorem X.2.18 that f is integrable with respect to the measure \y;. m
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1.12 Remark (regularity) Obviously all the definitions and propositions above remain
true when M is a C'' manifold. m

Calculation of several volumes

Of course, Proposition 1.11 is chiefly of theoretical importance. In practical cases,
one is often in the comfortable situation that M can be described, except for
perhaps a null set, by a single chart. In this case, Theorem 1.10 can be used. In
the following examples, we consider such cases in the special case f = 1.

1.13 Examples Unless we say otherwise, we use the standard metric on M.

(a) (curves) Let y: J — R™ be an embedding of a perfect interval J C R. Then
M :=~(J) is an embedded curve R™, and vol(M) = L(M), where L denotes the
arc length. More generally, f € £1(M, Ay, E) satisfies

| ran = [Gonplar.

In this case, we set ds := /G dt and call ds the arc length element, as motivated
by Theorem VIII.1.7.

Proof This follows from Example XI1.5.3(e) and Theorem VIIL.1.7. m
(b) (graphs) Let X be open in R™ and f € C*°(X,R). Then!

vol(graph(f)) = /X V14 |Vf2de .

Proof Example XI.5.3(d). m
(c) (spheres) Let m € N* and r > 0. Then
rvol(rS™) = (m + 1) vol(rB™ 1) .

In particular, vol(rSt) = 277, vol(rS?) = 4mwr?, and vol(rS3) = 272r3.

Proof From Remark 1X.5.26(b), we know that
vol(rB™ ) = ™ vol(B™ 1) . (1.9)
Then by Example VIII.1.9(c), we can assume m > 2. Let
he B =R, z+— /12— |z|?

be the parametrizations of the upper and lower half spheres rSY'. For these we find
Vhy(x) = —x/hs(z) and therefore |Vhy (2)|* = |z|*/(r? — |2|?) for 2 € rB™. Therefore

1See Example VIIIL.1.9(a).
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it follows from (b) and the transformation theorem that

vol(rST) = /B S0 = 2P dw = ™ /Bm VA=) dy = ™ vol(ST) .

Because S™ = ST U ST U 8™~ 1 where S™! is identified with the “equatorial sphere”
S™1 x {0} of S™, and because Agm (S™ ') = 0, we find

vol(rS™) = r™ vol(S™) . (1.10)
Due to (1.9) and (1.10), it suffices to show

vol(S™) = (m + 1) vol(B™ ") .

We apply the parametrization A, : W, — R™T! of ™\ H,, that we considered in
Example XI.5.5(h) and denote its chart by 1. Then we may read from the formula given
there for gsm (because the fundamental matrix is diagonal) that

m—1 m—1 m—1
PG = H Amt1,k = H H sin® 9; = w3n+1(19) )
k=0 k=0 i=k+1
where
Wim41(9) := sin sin?dy - - -sin™ 19,1 for ¥ = (W1,...,9m-1) €0, W]mfl .

Because of Wi, = (0,27) x (0,7)™ ", Example X.8.10(c), and Fubini’s theorem, we get

Ao (S"\H) = [ 0uVG ) =2 [ o ()0 = (m+ D

Wi, (0,m)ym—1
where w41 := VOl(Bm+1). Because S™ N Hy, is a null set of S™, the claim follows. m

(d) (helicoids) Let 0 < o < 3 < o0 and a > 0.
Let T > 0, and define

h: (o, 8) x (0,T) — R?
by

h(s,t) := (scost, ssint,at) .

Then h is a parametrization of a helicoid F'. It is
generated by beginning at ¢ = 0 with the “rod”
consisting of the interval («, ) lying on the z-axis and then rotating it with angular
velocity 1 around the z-axis, while simultaneously raising it with velocity a. It

satisfies
B

vol(F) = % [8\/ s2 +a® +a’log(s + /s + aQ)}

[e%
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In particular, for « =0, =1, and T = 2r —that is, for the complete rotation
of a rod of length 1 about its endpoint — we have

vol(F —77[\/1+a2+a log(1+v/1+a?) — aQIOga}
— [ V1% +a?log(v/T+ 1/a + 1/a)] .

This formula gives what we would expect in several special cases: When a = 0,
we obtain the unit disc of area m, whereas vol(¥') > « for a > 0.

Proof A simple calculation shows that p.v/G = v/s2 + a2, where ¢ is the chart belong-
ing to h, that is, h =i 0 o~ '. Because

[5\/52 + a2 +a’log(s + /s +a2)] =252+ a2,
the claim follows from Fubini’s theorem. m

(e) The volume of the disc RB? in the hyperbolic plane H? satisfies

oly,,(RB?) = 2r(\/1+ R2—1) .

As R gets larger, this expression behaves approximately as 2w R, while in the
Euclidean case the volume grows as RZ.

Proof Using polar coordinates, we recall Example XI1.5.5(k) that

(dr)2 2 2
9gH2 1+T2 +r (dSD)
From this we read
Wz = ————dr A dy .
" V1472

Because a single point set of H? is a null set, it follows that

R
" drdy rdr

27
vol, , (RB?) // —on [ A

as desired. m

Exercises

1 Let N be an m-dimensional manifold and f € Diff*(M, N).
Show that A € Lar <= f(A) € Ln.

2 Determine wys for the hyperboloid H := { (z,y,2) € R® ; 2® +y* — 2* = 1} with
respect to the standard metric and the parametrization

(t, ) — (coshtcos g, coshtsin p,sinht) .
Also calculate the volume of the part of H satisfying 0 < z < 1.
3 Let Z:=S" x (—1,1) be a cylinder in R®. Calculate [, |z|> d\z.
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4 Calculate the integral f52 2?y? 2% dhge.

5 The solid cut out from the ball RB® by the
cylinder

Zr ::{(x,y,z)eRs; Jc2+y2:Rx}

is called the Viviani solid Vg.
Show

(i) vol(Vr) = 2(m — 4/3)R*/3;
(ii) the area of the intersection Dg of Zr with RS? (the left and right “caps” of Vg in
the figure) equals 4R*(r/2 — 1).
6 Show that vol(M x N) = vol(M)vol(N) if N is an n-dimensional manifold without
boundary.

7 Suppose v: [0,1] — (0,00) xR, ¢+ (p(t),a(t)) is a smooth embedding, i: S* — RZ,
and

fo8tx[0,1] = R* . (g,t) = (p(1)i(g),0(t)) -
Finally denote by Zg = f(S1 x [0, 1]) the surface of revolution in R* generated by 7.
Show that

vol(Z2) =2 [ p(t) /0]t

8 Let E,; be an ellipsoid of revolution R? with semiaxes a > b > 0. Also let k :=

Va? — b2/a. Then?
/2
vol(Eqp) = 47rab/ V1—k2sintdt .
0

9 Show that a torus T2 ; with a > 1 satisfies vol(T2 ;) = 47°a.

10 Let o € (1/2,1] and r(z) := 2~ for z > 1.
Show that the set

{(m,y,z) € [1,00) x R?: > +2%2< TQ(.T)}

has finite volume, even though its surface area is
infinite.

11 Let H* := {(z,y) € R* ; y > 0} and i: §' < R* Also let M be a compact
submanifold of H? with dim(M) = 2. Then

Ry = {(z,u) e RxR*; (z,|u) e M} CR®
is the rotationally symmetric solid generated by rotating M about the z-axis.
Show these facts:
(a) R — M x S', (z,u) — ((z,|ul),u/|u|) is a diffeomorphism, and
Mx 8" =Ry, ((2,y).0)— (2.yi(0))

is its inverse map (“cylindrical coordinates”);

2See Remark VIII.2.3(b).
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(b) VOI(R]V[) =27 f]\/f yd)\M;
(c) Guldin’s first rule says

vol(Rar) = 2wS2 (M) vol(M) ,

where S2(M) denotes the second coordinate of the centroid S(M) of M and therefore
the distance of this point from the rotation axis (see Exercise X.6.4). That is, the volume
of a solid of revolution is equal to the product of the area of a meridional slice and the
circumference of the circle whose radius is the distance of the centroid of that slice from
the axis of rotation.
12 Use the notations of Exercise 11, but let dim(M) = 1. Show:
(a) Statements (a) and (b) of Exercise 11 also hold in this case.?
(b) With the centroid

1

SIM) = S5an

/ idgs dA\y € R® |
M
we have Guldin’s second rule

vol(Rar) = 2wS2 (M) vol(M) |

that is, the volume of the surface of revolution is equal to the product of the arc length
of a meridional slice and the circumference of the circle whose radius is the distance of
the centroid of that slice from the axis of rotation.

13  Determine the centroid of the half disc RB? NH>. (Hint: Exercise 12.)

14 Suppose N is a pseudo-Riemannian manifold and ¢ € Diff (M, N). Let p € [1, 0],
and let E be a Banach space. For f € EV, define J,f € EM by

TJof(s) = p " f(s)detTsp for s€ M .
Prove these claims:
(a) Jp maps L,(N,d\n, E) linearly and continuously to £,(M, dAu, E).
(b) For f € Lo(N,dAn, E), the statements
(i) f =0 An-a.e. and
(il) Jof =0 An-ace.
are equivalent.

(¢) Suppose J,[f] := [Jof] for [f] € Lp(N,dAn,E). Then J,[f] is well defined in
L,(M,d\n, E), and J, itself is an isometric isomorphic map from L,(N,dAn, E) to
Ly(M,d)\r, E).

15 For p € [1, 0], give an isometric isomorphism from L, ((0,00) x 5™~ ') to L,(R™).
16 For f € Lo(R™) and s € S™ !, define a function Tof(s) : (0,00) — R by
Tof(s)(r) := f(rs)r™ " for r € (0,00) .

Also let p € [1, 00).

3See Exercise 7.
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Show:
(a) If f € E.(R™), then To f belongs to Lo(S™ ", Ly(0,00));
(b) Let f € E(R™). Then the class [Tof] of To f belongs to L, (S, L, (0,00)).

(c) There is a unique extension
T € Lis(Lp(R™), Lp(S™ ", Lp(0,00)))

of E(R™) — Lp(S™ ", Lp(0,00)), f— [Tof], and T is an isometry.
(Hint: Study the proofs of Lemma X.6.20 and Theorem X.6.22.)



2 Integration of differential forms

In Section VIII.4, we introduced the important concept of the line integral, an
integral of a 1-form over an oriented curve and therefore over a 1-dimensional
manifold. In this section, we introduce higher-dimensional analogues, namely,
integrals of m-forms over oriented m-dimensional manifolds.

After we have introduced the basics, we prove generalizations of the transfor-
mation theorem and Fubini’s theorem for differential forms. Through examples,
we show how these ideas can be used in concrete cases.

Finally, we discuss fluxes on manifolds and prove the important transport
theorem. The latter is not only significant in continuum mechanics, but also gives
us a geometric interpretation of the divergence of a vector field.

In this section, let

e M be an m- and N be an n-dimensional oriented manifold
with m,n € N*.

Integrals of m-forms

Let g be a pseudo-Riemannian metric on M, let wp; be the volume element, and
let Aps be the associated Riemann-Lebesgue volume measure. If w is an m-form
of M, then, because dim(/\mT;M) =1 for p € M, there is exactly one f € RM
such that w = fwps. Then the m-form w on (M, g) is said to be integrable if f is
An-integrable, that is, if f belongs to £1(M, Apr). In this case, we set

/Mw = /Mfd)\M (2.1)

and call ||  w the integral of the m-form w over M.

2.1 Remarks (a) (local representation) Suppose (¢,U) is a positive chart of M
such that ¢ = (z!,...,2™). The m-form w := adz A--- Adz™ is integrable over
U if and only if ¢.a belongs to £1(¢(U)). If this is the case, then

/w:/adml/\---/\dxmz/ ga*adx:/ Pl . (2.2)
U U »(U) »(U)

Proof Tt follows from wy = /|G[dz' A --- A dz™ that w = (a/\/m)wu Therefore w
is integrable if and only if a//|G| belongs to £1(U, Ar). By Theorem 1.10, this is the

case if and only if -
pea = .(a/\/G]) /1G] € L1((U)) .
Now the claim follows from (1.5) and (2.1). m
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(b) (reduction to local representations) Suppose w is an m-form on M, and
suppose that { (¢, Uj,m5) 5 § € N} is a local system for M whose charts are all
positive, a positive local system. For j € N, let a; d:c} A+ Adz" be the local
representation of w|U; with respect to the chart (¢;,U;), and let w; := mjw|Uj.
Then w is integrable over M if and only if

oo o0
Z/ 5 |aj|dxj1-/\---/\dx?“=Z/ wjx(mjlaj]) de < oo . (2.3)
j=0"Uj =0 (U;)

If (2.3) is satisfied, then

[o=S ] u o)

j=0vUi

Proof This follows from (a) and (the proof of) Proposition 1.11. m

(c) Every continuous m-form on M with compact support is integrable over M.

Proof Suppose w is a continuous m-form with compact support. Then there is a positive
local system { (¢5,Uj,m5) 5 j € N} and a k € N such that

supp(m;) Nsupp(w) =0 for j >k .

Therefore the series in (2.3) reduces to a finite sum, and 7, |a;| € Cc(U;) for j € N.
Proposition 1.9(b) implies the integrability of these functions. m

(d) From (a) and (b), we see that the integral of an m-form on M is independent of
the special pseudo-Riemannian metric. We therefore lose no generality by always
taking the standard metric. Indeed, we require no metric for the integration of
differential forms. That is, we can define [,, w by the formulas (2.2)-(2.4), and
thereby only use the Lebesgue integral in R™. From the considerations above, for
which we can take some Riemannian metric, for example, the standard metric, it
follows that these definitions are meaningful, that is, independent of the chosen
local system. In particular, the integral of a continuous m-form with compact
support is defined over an arbitrary' oriented m-dimensional manifold.

(e) (linearity) Let Q7"(M) be the set of all smooth m-forms on M with compact
support. In particular, £.(M) := Q%(M). Then Q™ (M) is an £(M)-submodule of

Q™(M), and
/:QZ”(M)—>R, wH/w
M M

is well defined and R-linear.

Proof The first statement is obvious. Because of (c), the given map is well defined, and
its linearity follows from the linearity of integrals with respect to Aas. ®

I This fact is significant when one considers abstract manifolds. One can show that Riemannian
metrics always exist on such manifolds.
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(f) (orientability) The integral of m-forms is oriented, that is, if the orientation
of M is reversed, then the sign changes:

/ W= / w.
(M,—Or) M

Proof This follows from w(y,—or) = —wn. M

(g) An m-form w on M is integrable if and only if yaw is integrable for every
A € L. In this case, we set

/w:z/ xaw for Ae Ly .
A M

Proof This follows easily from (a) and (b). m
(h) (regularity) It suffices to assume that M is a C'' manifold. m

Suppose (M, g) is a pseudo-Riemannian manifold. Then A € L) satisfies
A (A) < oo. Thus yawys is an integrable m-form on M, and

Am(A) = /AWM : (2.5)

If Apr(A) = oo, we set [, wyr := oo. This definition makes (2.5) hold for every
Ae L.

Restrictions to submanifolds

Suppose M is either a submanifold of NV or the boundary ON of N;leti: M — N
denote the natural embedding. Also suppose w is an m-formon N and w | M = i*w
is integrable over M. Then we set

oo [ . (2.6)

2.2 Remarks Let (p,U) with ¢ = (21,...,2™) be a positive chart of M, and put

h:=iopl

(a) An m-form w on N satisfies

if w|U is integrable.
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Proof From (2.6) and Remark 2.1(a), it follows that

ok Sk —1\* % . —1\* *
/w:/zwz/ ga*zw:/ (¢ )zw:/ (iog )w:/ hw.
U U e(U) e(U) »(U) @(U)

The claim follows. m

(b) (line integrals) Let X := N be openin R", and let w := 77, a; dz/ € Q'(X).

Also let m = 1. Then
/w—/ apdzt + - + a, dz™
M

Proof This follows from Section VIIL.4 (by an obvious extension of its results about
noncompact curves) and Theorem XI.1.18. m

is a line integral.

(c) (vector line elements) Suppose X is open in R"™ and m = 1. In physics,
w =y 0 ajda’ € QY(X) is often written as the formal inner product @ - ds of

the vector field @ := (a1, . . ., a,) and the vector line element? ds := (dz, ..., dz").

Then
/w—/ @-ds .
M

Let J := @(U). Then J is an open interval in R. Because M is one-
dimensional and oriented, there is for p € M exactly one positive unit tangent
vector t(p) of M at p, that is, there is exactly one t(p) = Zj te; € T,M such
that [t(p)] = 1 and wp(p)(t(p)) = 1. Then t := ¢(p) € J satisfies (. t/)(t) =
hi(t)/|h(t)|. Therefore it follows from (a), Example 1.13(a), and Theorem 1.10

that
/ w:/ h*w:/Z(ajoga_l)hj dt:/ Z(p*a] @t |h|dt
U o(U) 754 e(U) j=1
:/ @MTuuwwﬁﬁz/@*mqw.
P(U) U
Therefore

/a&:/@m@,
M M

which is also expressed by ds = tds.

(d) (surfaces in space) Let m =2, and let N be open in R®. Also let (x,y,z) be
the Euclidean coordinates of R3, and put

w:=adyNdz+bdzNdr+cdxANdy .

2See Remark VIIL.4.10(b).
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Denoting by (u,v) the local coordinates of U, we have

/w:/ady/\dz—i—bdz/\dx—i—cdx/\dy
U U

B L) O .
‘/W 70 Gty + Y Bare) M By )

:/ (h*d) - (R x X) d(u,v)
»(U)

with @ := (a, b, ¢) and X := h.

Proof This is a consequence of Example X1.3.4(d) and Remark XI1.6.25(c). m

(e) (vector area element) We use the assumptions and notations of (d). We
define the positive (unit) normal v := v); of M by demanding that (I/(p), U1, 1}2)

is a positive ONB of Tp]R?’ for every p € M and every positive ONB (vy,v3) of
T,M. If (u,v) are positive coordinates on U, then

SRSy

124
In physics, the triple (dy A dz,dz A dx,dx A dy) is dF/
often called the oriented vector area element. It is
dF

written dF and understood as an “infinitesimal area
element” together with its orientation, as specified by
the normal v.

We also set

/Ei-d_F::/ ady Ndz+bdzANdx+cdx ANdy .
M M

Then, by using the scalar area element dF := /G dx A dy A dz, we find

/6-d77:/ a-vdF (2.8)
M M

which is also expressed by dF = vdF.
Proof As in the proof of Example XI.5.3(g), we see that v is well defined. We set
wy = 9/0u and wy := 9/0v. Then (w1(p), w2(p)) is a positive basis of T,M C T,R>.
Therefore w1 (p) X w2 (p) # 0. We define v | U as the right side of (2.7). Then v | U belongs
to C°°(U,R?). Remark XI.6.25(b) implies

wgs (V, w1, w2) = wga (w1, w2, V) = (V]| w1 X w2) = |w1 X wa| . (2.9)

Therefore (w1 (p), w2(p), 7(p)) is a positive basis of T,R?, and (p) is orthogonal to w1 (p)
and w2 (p). This implies that the positive normal on U is given by (2.7).
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Remark XI.6.25(b) and Example XI.5.3(f) imply

|w1 X w2| = \/|w1|2 |w2|2 — (w1 |w2)2 = \/EG* F2 .

Therefore wi x wa = vvEG —F? on U, which again follows from Example XI.5.3(f).
Now (2.8) is a consequence of (d) and the definition of Ay;. m

(f) Suppose either M is a submanifold of N or M := ON. By a vector field of NV
along M, we mean a map

vi M —TN with wv(p) € T,N andp € M .

Note that v(p) is not necessarily a tangent

vector of M, that is, v is generally not a

vector field on M. If k € NU {0}, we say -

v is a CF vector field (a smooth vector field M
in the case k = o0) of N along M if every N

p € M has a submanifold chart (¢, U) of N

for M such that v € C*(p(UNM),R").

It is easy to verify that this definition is
chart-independent.?

Now suppose (-|-) is a Riemannian metric on N and M is an oriented hy-
persurface in N, that is, m = n— 1. Then there is exactly one smooth vector field,
v := vy, of N along M with the properties

(i) v(p)LT,M for p € M;
(ii) |v(p)| =1 for p € M; and
(iii) if (vy,...,vm) is a positive basis of T, M, then (I/(p), U1, ... ,vm) is a positive
basis of T,N.

We call v a positive unit normal field along M or, for short, a positive normal
of M.

Proof The claim follows an obvious modification of the proof of Example XI.5.3(g). m

(g) Suppose (N, (-|-)) is a Riemannian manifold and either M is an oriented
hypersurface in N or M := ON. Then every vector field v of N along M satisfies

v Jwn = | V)wr .

Proof Let p € M, and let (vi,...,vm) be a positive ONB of T, M. Then the vectors
(v(p),v1,...,vm) are a positive ONB of T,N. Therefore v(p) € T,N has the basis

representation
m

v(p) = (v(p) [v(p))v(p) + Y (v(p)|vs)v;s .

j=1

3See Remark XI1.4.2(a).
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Therefore we get from the alternating property of wy that

v(p) — wn(P)(v1,-..,vm) = wn(p)(v(p),v1,...,vm)
(U(p) | l/(p))CUN(p) (V(p),’Ul, v ,’Um)
(v(p) [v(p) (v(p) — wn (p)(v1,...,vm)) -

Now
v(p) = wn(P) (V1. .., vm) = wn(P)(V(P),v1,. .., 0m) =1

and v —wy € Q™(M) imply v — wy = wum, and we are done. m

(h) Suppose (N,(-|-)) is a Riemannian manifold and either M is an oriented
hypersurface in N or M := ON. Also let v be a vector field of N along M with
(v|v) € L(M,dXpr). Then it follows from (g) that

/MUAWNz/M(my)dAM .

This integral is called the flux of the vector field v through M (in the direction
of the positive normal). In the situation of (e),

/@'-JF
M

is the flux of the vector field @ through M.

To motivate this idea, we consider the situation of (e) with N = X and
assume that X is filled with a (fictitious) flowing fluid (or, more generally, a
continuously deformable medium). We consider an (infinitesimal) fluid element,
which at time ¢ = 0, goes “through the point z”. We denote by x!(z) := x(x,t)
its position at time t. Therefore ¢ — x*(z) is the trajectory of the element located
at z at time ¢t = 0.

Now suppose v(y, t) is the velocity vector of the element located at y at time ¢.
Then

where dx!(x)/dt is the derivative of s — x*(z) at s = t.

We assume that the flow has a well-defined (smooth) mass (or charge) density
p(x,t) > 0 at every time. This means that the total mass (or charge) of the fluid
contained in the (measurable) subset A of X is given at time ¢ by

pd.0):= [ plant)de.

We now consider a vector area element dﬁz attached to the point z. Then the
fluid that flows outward (and thus in the direction of the positive normal) through
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dF, in the time interval [t, ¢+ At] approxi-

mately fills an inclined cylinder of base area v(z,t)
dF, and height At(v(z,t) | vp(2)). vr(T)
Thus
Atp(x,t)(v(z,t) | v(z)) dF; dF,

is approximately the fluid mass (or charge)

transported outward through dF), in the interval [¢,t 4+ At]. (See Exercise X.6.1.)
These considerations show that the flux of the vector field (pv)(-,t) through M,
that is,

[ (oo ) dna
M
specifies the rate at which total mass (or charge) flows out of M at time ¢.

(i) Suppose (N, g) is a pseudo-Riemannian manifold and either M is a hypersurface
in N or M := 9N. Also let v be a vector field of N along M. Then we call

/UAWN
M

the flux of v through M if v — w), is integrable over M. We have

/v#wN:/ *Ou .
M M

Proof This follows from Exercise XI1.6.4. m

The transformation theorem

The transformation theorem for the Lebesgue integral, one of the most important
aids both for concrete calculations and for theoretical purposes, has a globalization:

2.3 Theorem (transformation theorem) Suppose f € Diff (M, N) is orientation-

preserving. Then an n-form w is integrable on N if and only if f*w is integrable
on M.* Then Jyw= [y ffw.

Proof (i) Suppose w is integrable on M and (p, U) is a positive chart of M. Then
(¥, V) = (chffl, f(U)) is a positive chart of N, and f is an orientation-preserving
diffeomorphism from U to V. Also ¥(V) = p(U) and ¢, = (po f 1) = p. f*.
For an integrable differential form w € Q™(V'), we get from Remark 2.1(a) that

/vw ~ Juw v = /¢(U> Pl = /Uf*w '

Therefore the m-form f*w is integrable on U.

4Note that M = N also implies m = n.
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(ii) Let {(¢;,Uj,m;) ; j € N} be a positive local system for M. Then
{ (¥, Vj,p)) ; j €N} with

(5, Vi p5) i= (@i 0 f71 F(U;), w0 f71)

is a positive local system for N. If w is an integrable m-form of N and j € N, then
p;jw|V; is an integrable m-form on V;. It follows from (i) that

[ = [ 7= [ opre= [ mre wren.

J

Thus we get from Remark 2.1(b) that

Aw=§/‘/jpjw=§/ljjﬂjf*w=/Mf*w-

In particular, f*w is integrable over M.

iii) Now the claim follows by applying (ii) to 1. m
y applying f

Fubini’s theorem

Next we prove a global version of Fubini’s theorem for the case of a product
manifold. More precisely, we now assume that M or N is without boundary and
set L := M x N and ¢ := m + n. In addition, we provide L with the product
orientation (see Example X1.4.17(b) and Exercise X1.4.3).

For every (p,q) € M x N the product manifolds {p} x N and M x {q} are
oriented, n- and m-dimensional, respectively, and submanifolds of L. Clearly the
natural diffeomorphisms

{p}x N—=N, (pg)—~q and M x{q} =M, (p,q)—p (2.10)

preserve orientation.
Because
Tp) L = Tp.g) (M x {q}) ® T(p.q) ({p} x N)

(see Exercise XI.5.1), the diffeomorphisms (2.10) induce natural vector space iso-
morphisms
Ty, L — TyM x TyN for (p,q) € M x N .

In the following, we identify {p} x N with N and M x {q} with M by virtue of
(2.10); thus T{; 4 L is identified with T;,M x Ty N, so that we can write

Tyl =TM&TyN for (p,q) € M x N, (2.11)

if the meaning is clear from context.
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Let w be an ¢-form on L, and let (p,q) € M x N. For aq,...,am € T, M,

(b1,...,bn) — w(p,q)(ar,...,am,b1,...,by)
belongs to \"TN. Therefore
Wp, - )(ar,...;am) == w@, ) (@1, ey Qmyyeneys)
is an n-form on N. The map
&(p,-) = ((a1,...,am) — @(p, )(a1,...,am))

is m-linear, alternating on (T, M)™, and assumes its values in the vector space of
n-forms on N. Therefore it is an n-form-valued m-form on M. In addition, we
say W(p, - ) is integrable over N if the n-form &(p,-)(as,...,an) is integrable over
N for every m-tuple (a1,...,am) € (Ip,M)™. Then it is clear that

/Na(p,-);: ((al,...,am)H/N@(p,~)(a1,...,am))

belongs to A" T M.
Analogously,
O q) (b, b)) i =w(, @) (oo oy b1,y by) forby,...,b, € TyN

defines an m-form-valued n-form &( -, ¢) on N, and (-, q) is integrable over M if
the m-~form &(-,q)(b1,...,b,) is integrable over M for every n-tuple (by,...,b,)
of vectors in T, NV. In this case,

/Ma(.,q) - ((bl,...,bn)H/M@(-,q)(bl,...,bn))

belongs to A\"TN.

We can now prove a useful analogue of Fubini’s theorem for differential forms.

2.4 Theorem (Fubini) Suppose w is an integrable ¢-form on L. Then these three
statements are valid:

(i) @(p,-) is integrable over N for Apj-almost every p € M, and @&(-,q) is
integrable over M for A y-almost every q € N.

(ii) The m-form
Jo=(r= [ 56.))

which is defined \j;-a.e., is integrable over M, and the n-form

Aw:@HAﬁ«my

which is defined \y-a.e., is integrable over N.
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EERE

Proof (a) Let (¢,U) be a positive chart of M with ¢ = (z!,...,2™). Let (v, V)
be a positive chart of N with ¢ = (y!,...,4™). Then (x, W) := (¢ x ¥, U x V) is
a positive product chart of L. Finally, suppose

wi=ads! A Ade™ ANdyt A A dy"

is integrable over W. Then y.a belongs to £ (ap(U) x Y(V), /\m+n). It therefore
follows from Theorem X.6.9 that

x«a(x, ) € Ly (w(V)7 )\n) for \,,-almost every z € o(U) , (2.12)
that
/ x«a(-,y) dy € L1(o(U), Am) (2.13)
(V)

(where this function is only defined A,,-a.e.), and that

/ X5 A\t = / (/ x«a(z,y) dy) dx . (2.14)
x(W) o(U) (V)

For (p,q) € U x V and v1,...,v, € T,U, it follows that
fu(p,-)(vl,...,vm):a(p,-)dxl/\---/\da:m/\dyl/\---/\dy”(vl,...,vm,-,...,-)
= a(p)alp,-)dy* A--- Ndy"

with
ap) :==dz' A Adz™(p)(v1, ...y Um)

as, because of (2.11), one may read from (XI.2.3). Therefore we get

1/)*@(177 ! )(vlv s 7vm) = a(p)¢* (a’(pa : )) dyl TARERRA dyn .

Now we note the relation

Ui (alp, ) (y) = alp, v ' (v) = ale” " (2), v (y)) = x.alz,y)

for x = p(p) and y € (V). With this and by means of Remark 2.1(a) we find
because of (2.12) that

[ o= [ oot dyds nende” o) € NPT
14 (V)
is well defined for Ajs-almost every p € U. Also, it follows from (2.13) that
~ _ -1 -1 1 m
o [ B.)@) = [ e @0 W) dydst Ao nd
v Y(V)

= / xsa(z,y)dydzt A--- A dx™
Y(V)
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for Aps-almost every p € U with © = ¢(p). Hence (2.14) and Remark 2.1(a) imply

//w=//am»=/ / x«a(z,y) dy dx
vJv UJv e(U) JPp(V)
:/ X*ad/\m+n:/ w .
x(W) w

We get the remaining statements in this case by exchanging the roles of U and V,

(b) Let { (¢;,Uj, ;) ; j € N} and { (¥;,Vj,p;) ; j € N} be positive local
systems for M and N, respectively. Then, with 7; ® pi(p,q) = 7;(p)pr(q) for
(p,q) € M x N,

{(pj X i, Uj x Vie,7; @ pi) 5 (. k) € N* }

is a positive local system for L. We get from (a) that

/ Wj@pkw:/ 7rj/ prw for (j, k) € N?
UjXVk U] Vk

Now the claim follows from Remark 2.1(b). m

2.5 Corollary Let L := M x N, and let m;: L — M and wo: L — N be the
canonical projections. If « is an integrable m-form on M and 3 is an integrable
n-form on N, then y := w{a A 73 (3 is integrable over L, and [, v = [,, a [, B.

2.6 Remark (regularity) It suffices that M and N are C' manifolds and that the f in
Theorem 2.3 is a C* diffeomorphism. m

Calculations of several integrals

Formula (2.5) and the theorems of this section lay the foundation for calculating
volumes. We illustrate this with some examples, in which we always use the
standard metric.

2.7 Examples (a) (A,B) € Ly x Ly satisfy )\]wa(A X B) = /\M(A)/\N(B). In
particular, it follows that

vol(M x N) = vol(M) vol(N) .

Proof We consider the (m+n)-form w := xaxpwr = xawm A xpwn on the product
manifold L := M x N (see Exercise XI.5.1). Then the claim follows (in consideration of
the convention 0 - co := oo - 0 := 0) from Corollary 2.5. m

(b) (spheres) For m > 1, the canonically oriented m-sphere S™ in R™*! satisfies

m+1
/ g (=17 el det Ao ANdad A - Ade™ T = vol(S™) .
m =
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In particular,®
/ xdy —ydr =2m (2.15)
Sl

and
/ rdyNdz+ydz ANdx + zdx ANdy = 47 .
52

Proof This follows from Examples XI.5.3(c) and 1.13(c). m

(c) (star-shaped domains) Let m > 1, and define f as the “polar coordinate
diffeomorphism”

(0,00) x S™ — R™MN\{0} , (r,0) — ro :=ri(o)

with the canonical embedding i: S™ < R™T!, R(y/lyl)
Then

Fr(dy* A Ady™ ) =™ dr Awgm . (2.16)
Also let R € £,(S™,R") and “
A= {y eR™N{0} 5 [yl < Ry/ly) } -

Therefore A is star shaped (with respect to 0), and its “outer boundary” is
parametrized over the m-sphere. It satisfies

1

Am+1(A) = p——

/ Rm+1 d)\Sm . (217)

Proof Let (p,U) be a positive chart of S™ with h := io o™ *: p(U) — R™"! the
associated parametrization. Then f has the local representation

fu: (0,00) X p(U) = R™ ' (r,2) v rh(z)
with respect to the positive chart
(¥, V) == (id x ¢, (0,00) x U)
of M := (0,00) x S™ and the trivial chart of R™**\{0}. Therefore
dfi(r,x) =W (z)dr+rdh’(z) for1<j<m+1.
By an easy induction, this gives

foldy' Ao Ady™TYY = dfg A AdT!
m+1

=™ S (=1 W dr AdhP A AdRT A AR
j=1

+ ™ gRE A A dR™ T

5We already calculated the line integral (2.15) in Example VII1.4.2(a). Now we understand
this formula.
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From |h|*> = 1, we get Z;ntl h?dh? = 0, that is, the covectors dh'(z),...,dh™ ! (x)

are linearly independent for every @ € @(U). Therefore dh' A --- A dh™! = 0. From
Example XI.5.3(c), it follows that

m—+1
foldyt Ao Ady™ ) =0T dr A (=17 R AR A AdhI Ao A dRT
j=1
=7"dr AR wsm = (r" dr Awgm) .

Because this is true for every positive chart of S™, we get (2.16). This also implies that f
is an orientation-preserving diffeomorphism from M to N := R™T\ {0}.

We set w := yawn = xady' A---Ady™ . Then the transformation theorem gives

)\m+1(A):)\N(A):/Nw:/M f*w:/M Foxar™ dr Awsm

:/ " dr Awsm .
F=1(A)

Because f~'(A) = {(r,0) € (0,00) x 8™ ; 0 < r < R(0)}, it follows from Fubini’s
theorem that

R(o) 1
/ " dr Awsm = / (/ r™ dr)wsm (o) = el / R™ M wgm
F1A) sm \Jo sm

1
= R™d)s,, . m
m+1 Jom

(d) (conical slices of spheres) Let B be a
measurable subset of S™ for m > 1. Then

K(rB):={toc;0<t<1, o0€rB}

is a cone whose tip is at the origin and whose
base is the subset of rB of the sphere rS™.
We have®

(m+1)vol(K(rB)) = rvol(rB) .

For B := S™, we again find the formula rvol(rS™) = (m + 1) vol(rB™"!) of
Example 1.13(c).

Proof With R := ryp, this follows from (c) because of (1.10). m

(e) (integration using polar coordinates) Let g € Lo(R"). Then g is integrable if
and only if

(r— g(ro)r™=*) € £1((0,00)) for almost every o € S~

6The formula is the analogue of the statement of Exercise X.6.1 for cones with “flat bases”.
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and

(O’ — /000 g(ro)r™t dr) €Li(s™ ).

Then we have the formula’

o0
/ gdx:/ / g(ro)r™tdr dhgn-1 . (2.18)
R™ Sn—1J0o

If g is rotationally symmetric with g(x) = g(|z|) for 2 € R", then g is integrable
if and only if g(r)r"~! is integrable over (0,00). In this case, (2.18) reduces to

/ gdx = vol(S”fl)/ g(r)yr"tdr
n 0

as we already know from Theorem X.8.11.

Proof We consider the n-form w := gdy' A--- Ady™ on N := R"\{0}. Then w is inte-
grable on N if and only if g belongs to £1(R™). With the polar coordinate diffeomorphism
of (c), we get from (2.16) that

ffo=(fgr" dr Nwgn-1 .

Now the claim follows from Theorem 2.3 and Corollary 2.5. m

Flows of vector fields

By a (global) flow on M, we mean a smooth map

X: MxR—- M, (p,t)HXt(p) = x(p, 1)

for which
X’ =idy and Yt =x*ox' fors,teR. (2.19)

From (2.19), it follows that
X' € Diff(M, M) and (x')"'=x"" forteR.

Because x(p,-) € C*°(R, M) for p € M, the vector v(p) := Tox(p,-)(0,1) € T,M
is well defined, and v is a smooth vector field on M. It also follows from (2.19)

that .
dx'(p)
dt

This means that the trajectory x(p,-) is a global solution of the initial value
problem (in R™)

=v(x'(p)) forpe M andteR. (2.20)

y=v(y) and y(0)=p (2.21)
for every p € M.

7See Proposition X.8.9.
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In the following, we denote by V¥(M) the C*(M) submodule of V¥(M) of
C* vector fields with compact support. We put V(M) := V°(M).

Conversely, suppose v € V.(M) and M is without boundary. Then it is
shown in the theory of ordinary differential equations® that there is exactly one
flow x on M, the flow generated by v, that satisfies (2.20). Regarding x(p,-) as
the trajectory of a “fluid element” that is found at the point p at time t = 0,
we see that v(p) is the velocity” at which this element passes through p. In this
interpretation, x* is a snapshot of the entire flow field at time ¢.

We will now derive a connection between the divergence of a vector field
and the flow it generates. So we first prove a result about linear, nonautonomous
differential equations.

2.8 Proposition (Liouville) Suppose A € C(R,E(Rm)) and X € C! (R, E(Rm))
is a solution of the homogeneous linear differential equation

Y = A(t)Y forteR
in L(R™). Then W := det(X) is a solution of the scalar equation
y=tr(At))y forteR. (2.22)

Therefore
Wi(t) = W(to)efto AN ds ot tg € R .

Proof Let r € R. For n € R™, we consider the initial value problem

y=A(t)y forteR, y(r)=n. (2.23)r,

From the Picard-Lindel6f theorem (Theorem VII.8.14), it follows easily that this
problem has a unique global solution u(-,7,7) € C*(R,R™).1% Then

u(~,s,u(s,r,n)) for r,s € R "

is the unique solution of (2.23); (s,r,n). In other
words, we follow the solution u(-,r,n) of (2.23),,,
until time s. Then we “start again”, that is, we ;
solve the differential equation § = A(t)y anew by u(t,r,n) = u(t,s,u(s,r,n))
now taking the value u(s, r, ) as the starting value

8For example [Ama95], if M is open in R™. This carries over to the general case by means of
local charts (see[Con93], [Lan95]).

9Note that, in contrast to Remark 2.2(h), we consider here “stationary”, that is, time-
independent vector fields.

10See Exercise VII.8.13.
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at the time point s. However, we can also follow the solution u( -, r,n) until time ¢.
Then that (2.23),, has a unique solution for every (r,n) € R x R™ implies

u(t,r,m) = u(t, s,u(s,r, n)) for r,s,t € R and n € R™ . (2.24)

The linearity of the differential equation y = A(t)y and that it has a unique
solution imply easily that 1 — u(t,,7) is a linear function for any pair (¢,7) € R2.
Therefore

u(t,r,n) =U(t,r)n for t,r € R and n € R™ , (2.25)

with U(t,r) € L(R™) = R™*™. Hence we read from (2.24) that
Uut,r)y=U(,s)U(s,r), Ult,t)=1, forrsteR. (2.26)

Finally, it follows from (2.25) and because u(-,r,n) is the solution of (2.23),.,, for
every n € R™ that

nU(t,r)=A@)U(t,r) forteR, U(r,r) =1p . (2.27)

This shows that U(-,r) is the unique global solution to the initial value problem
in £ := L(R™) given by!!

Y =A@t)Y forteR, Y(r)=1,.

Suppose now B = [by,...,by] € R™*™. Then these considerations imply
that
U(-,r)B= [U(~,r)b1,...,U(~,r)bm}

is the unique global solution of
Y =A@t)Y forteR, Y(r)=B
in E. If X is some solution of Y = A(t)Y, then it follows with B := X (r) that
X@t)=U(t,r)X(r) forrteR. (2.28)
We fix r and set a(t) := det( (t,r ) Then Example VII.4.8(a), together

with (2.27) and the relation U(t,r) = [u(t), um(t)], give

a(t) =

NE

det[ug(t), ..., uj—1(t), 4 (t), uj1(t),. .., um(t)]

<.
I

(2.29)

I
NE

det [u1(t), ..., uj—1(t), A(t)u;(t), ujp1(t), ..., um(t)] .

<.
I
—

110n the other hand, see Exercise VII.8.13.
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For t = r, we read from U(r,r) = 1,, that u;(r) = e; for 1 < j < m, where
(e1,...,em) denotes the standard basis of R™. Thus (2.29) gives

NE

a(r) = det[el,...,ej_l,aj(r),ej+1,...,em}

<.
Il
—

(2.30)

M-

ag (r) = tr(A(r))

<.
Il
—

with A(r) = [a1(r), ..., am(r)]. Finally, X(t) = 0,U(t,r) X (r) follows from (2.28),
and therefore )
W(t)=at)W(r) forteR.

From this and (2.30), we get
W(r) = tr(A(r))W(r) forreR,

which shows that W satisfies Equation (2.22). The claim is now a consequence of
Example VII.8.11(¢). m

2.9 Remarks (a) The proof of Proposition 2.8 has generated results for the
initial value problem (2.23),., which generalize the corresponding results from
Section VII.1 for the linear differential equation & = Az with constant matrix
A € L(R"). In particular, this case has

=4 =U(t,s) forsteR.

In the time-independent case, Theorem VII.1.11(ii) says that ¢ — e*4 is a group ho-

momorphism; in the nonautonomous case, that is, in the case of “time-dependent
coefficients”, this statement is replaced by (2.26).

(b) If X is a matrix solving the differential equation Y = A(t)Y in L(R™), then
W := det(X) is called the Wronskian or Wronski determinant. From the explicit
form of W given in Proposition 2.8, we learn that W(t) is distinct from zero for
every t € R if and only if W(t) # 0 for some ¢ty € R. In this case, the columns
Z1,..., 2Ty, of X form a fundamental system of the differential equation y = A(t)y
in R, since we can easily check that every solution of this equation can be written
as a linear combination of z1,...,Z,,. m

Now we can make the aforementioned connection between the flow of a vector
field and its divergence.

2.10 Proposition Let M be without boundary and pseudo-Riemannian. Also
suppose v € V.(M) and that x is the flow on M generated by v. Then

d

div(v)wn = (x")e= [(X*) wn]

I forte R,

s=t
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and therefore in particular

div(v)wy = % [(X")*wn]

t=0

Proof Because the claim is a local statement, it suffices to prove the claim in
local orthonormal coordinates. Therefore we can assume that M is open in R™
and define w := wy; = dzt A -+ Adx™.

We take the derivative of (2.20) with respect to p. The chain rule then gives
Ox'] = ((x")"0v)ox" forteR,
with 0 := 0p. Thus Liouville’s theorem (applied to every fixed p € M) gives
[det(dx")] = tr[(x")*Ov] det(dx") forteR . (2.31)

Then Example XI1.6.8(a) gives
tr[(x) 0] = (x")* Y _ 05’ = (x')* div . (2.32)
j=1

By Example XI.3.4(c), we know that
(x")*w = det(dx")w fort R .
From this, it follows from (2.31) and (2.32) that
[(X")*w] = [det(0x")] w = ((x*)* divv) det(dx")w
= (x")"dive (x') ' = ()" (div()w)

forteR. m

The transport theorem

Proposition 2.10 makes possible a geometric interpretation of the divergence of
a vector field. To explain this, we first prove the important transport theorem,
which is particularly useful in continuum mechanics.

2.11 Theorem (transport theorem) Suppose M is without boundary and pseudo-
Riemannian. Also suppose v € V.(M) and x is the flow on M generated by v.
Finally let f € E(M x R). Then for every relatively compact set A € L we have

di f(-,t)dAM:/ [O2f (-, t) +div(f(-,t)v)]dA\y forteR,
t At At

with A := x'(A).
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Proof Because x! € Diff(M, M), it follows that A* € Ly, whenever A € Ly

(see Exercise 1.1), and also At = (Z)t. Therefore A! is relatively compact, and
Proposition 1.9(b) implies that f(-,¢) is integrable over A*. Thus the m-form!2
wy = xaef(-,t)wp is integrable over M, and the transformation theorem gives

Atf(-,t)d)\M:/th:/M(Xt)*wt:/A(Xt)*(f(.’t)wM) |

The theorem about the differentiability of parameter-dependent integrals (Theo-
rem X.3.18) then gives

G sCod = [ G060 () (239
Because (x)*(f(-,t)wn) = f(X',t)(x")*war, Proposition 2.10 says
L0 (FCtonr) = (4 O D) 6 war + 7 1) % () )

= ({0 dr ), )+ Oy T (1)) ) e
+ OG0 (div(v)war) -
Considering (2.20), we now find

% (Xt)*(f('vt)wM) = (Xt)*[(<df('vt)av> +82f('at) + f('vt) divv)WM]
= (Xt)*Kan('at) + (gradf('vt) | U)M + f('at) divv)ij}
= () [(O2f (-, t) + div(f(-,t)v))wn]

where we have used Proposition XI.6.11(ii) in the last step. Now the claim follows
from (2.33) and the transformation theorem. m

2.12 Corollary Let t € R. Then for every relatively compact set A € Ly and
every v € V.(M), we have

% volps (AY) = divvdhy  forv e V.(M) .
At

A vector field v € V(M) is said to be divergence free if diveo = 0. If v has
compact support, then the flow y generated by v is said to be volume preserving
if

volpr (AY) = volp(A) fort € Rand A€ Ly .

From Corollary 2.12, we find that for relatively compact measurable subsets A
of M, the volume of the transported set A! increases with time if divv > 0; when
divv < 0, this volume decreases.

12y 4¢ is the characteristic function of Af.
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2.13 Proposition Suppose M is without boundary and pseudo-Riemannian. Also
let v € V.(M). Then v is divergence free if and only if the flow generated by v is
volume preserving.

Proof “=-" Suppose divv = 0. Then it follows from Corollary 2.12 that
vol(A") = vol(A) fort € R (2.34)

for every compact subset of A of M. Because M is o-compact and Aj; regular,
we find that (2.34) holds for every A € L.

“«=" Suppose x is volume preserving. Then Corollary 2.12 shows in partic-
ular that

/divvd/\M =0 forAde Ly withAcc M. (2.35)
A

Because div v belongs to C.(M), (2.35) implies
/ fdivodiy =0 for f e S(M, ) - (2.36)
M

Because divv € Lo(M, Apr) and since S(M, Apr) is dense in Lo(M, Apr) according
to Proposition X.4.8, there is a sequence (f;) in S(M, Apr) such that f; — divo
in Lo(M,Apr). Therefore it follows from the continuity of the scalar product
in Lo2(M, Apr) (that is, the Cauchy—Schwarz inequality) that

/ (dive)?dApy = lim / fidivediy =0.
M J—= Jm
Now the claim follows from Remark X.3.3(c). m

2.14 Example (continuity equation) Suppose X is open and bounded in R?
and v € V.(X). Also let x be the flow generated by v. As in Remark 2.2(h),
we interpret y as a flowing fluid in X with (smooth) mass density p. In fluid
mechanics, it is frequently assumed that mass is neither created nor destroyed
in X and hence it obeys the law of mass conservation: The mass contained in the
domain A at time ¢ = 0 stays constant as it is transported by the flow. This means
that p(A%,t) = p(A,0) for t € R and therefore

d

—/ p(-,t)de =0 forteRand Ae Lx .
dt J 4

The transport theorem shows that this is equivalent to
/ (Oep + div(pv))dz =0 fort € Rand A€ Lx . (2.37)
At

Therefore law of mass conservation is equivalent to the continuity equation

Op + div(pv) =0 in X . (2.38)
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(Here and in analogous formulas, in which we treat “time-dependent” vector fields,
divergence operators only operate on the “position variables”.)

In the special case of a constant density p > 0, that is, an incompressible fluid,
the law of mass conservation is equivalent to dive = 0, that is, to the vanishing
divergence of the velocity field. For this reason, we also call divergence-free vector
fields incompressible.

Proof The equivalence of (2.37) and (2.38) follows as in the proof of Proposition 2.13. m

2.15 Remarks (a) For simplicity, we have concentrated on the case of global fluids.
If one relaxes the assumption that the vector fields have compact support, then
v € V(M) generates a local flow. Then corresponding local versions of Theorems
2.10, 2.11, and 2.13 and of Corollary 2.12 remain true.

Proof Compare this, for example, to Section 10 and Theorem 11.8 in [Ama95]. m

(b) (regularity) The statements about the flows generated by vector fields and their
associated theorems remain true when M is a C? manifold and v is a C! vector field.
Of course, we then only have x € C*(M x R, M). In this case, the transport theorem
requires the assumption that f € C*(M x R). m

Exercises

1 Prove the following form of Lebesgue’s theorem for differential forms: Suppose w is an
integrable m-form on M and f, f; € Loo(M, Arr) with f; — f Am-a.e. and sup; || fileo <
00. Also let w; := fjw for j € N. Show that [, w; — [,, w as j — co.

2 Let a € R® and R > 0, and define M := a + RS?. Calculate fM w for

wi=zdyNdz+y*dz Ndz + 22 dz A dy .

3 Suppose v € V.(M), and denote by x the flow on M generated by v. A function
f € E(M) is said to be a first integral of v if

d

E(xt)*fzo on M xR .

Show that these statements are equivalent:
(i) f is a first integral for v.
(i) (x")*f=ffortcR.
(ifi) Lof = 0.
4 Let H € £.(R*™). Show that the statements
(i) f is a first integral of sgrad H and
(ii) {f, H}=0

are equivalent. In particular, H is a first integral of sgrad H.
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5 Let v € V.(M), and let x be the flow v generates. For a € Q(M),

d t *
Lo(@) = 4 [(¢)" o] o,
is called the Lie derivative of a.
Prove the following.

(i) If o« € Q" (M) then L, () belongs to Q" (M), and in the case r = 0, the definition
above agrees with that of Section XI.6.

Lyod=doL,.

The forms «, 5 € Q(M) satisfy the product rule L, (A B) = L, (o) AB+a A Ly(8).
(iv) Ly(a) =d(v — @) + v — da for a € Q(M).

(v) Ly(wm) = div(v)was.

(vi) If w € V(M) then Oy [v, w] = L, (O pw).

(ii

(iii

)
)
) L
) L

6 Describe the flows generated by the vector fields
(i) x08/0x+yd/dy € V(R?);

(ii) —y8/0z + 2 8/dy € V(R?);

(ii) —y9/0z +x90/9y € V(R?);

(iv) (z—1y)9/0z + (z +y) 8/dy € V(R?);

(v) (z+y)0/0z + 2% 8/dy € V(R?);

(vi) (x+1vy)0/0x + (x —y)0/Oy + 20/0z € V(R?).



3 Stokes’s theorem

In this section, we combine the differential and integral calculus on manifolds and
prove the general Stokes’s theorem. It is a higher-dimensional generalization of the
fundamental theorem of calculus and has numerous applications in mathematics
and theoretical physics. In particular, it forms the basis for theoretical explorations
in topology and geometry, but we shall not go into these subjects here.

We show how Stokes’s theorem can be used to calculate volume and that it
provides physical interpretations to the operators div and curl. As a topological
application, we prove the Brouwer fixed point theorem.

We close this section by making a connection between the exterior product
and the coderivative, though we leave the full significance of this connection to
further courses on global analysis.

In the entire section suppose
o m>2
e M is an m-dimensional oriented manifold.

If M is with boundary, then M will be oriented by the outward normal (with
respect to the metric induced by the surrounding space R™).

Stokes’s theorem for smooth manifolds

We denote by i: OM — M the natural embedding and recall the definition

/ WI:/ z*w:/ w|aM fOI‘uJGQmil(M)v
oM oM oM

which is meaningful if w|9M is integrable. In addition, we set f@ w:=0.

3.1 Theorem (Stokes) Any w € Q*~(M) satisfies [,, dw = [, w.
Proof (i) We consider first the case M = R™. Then M = (), and w has the

representation

w:Z(—l)jflajdxl/\~~/\d/§/\'~/\dxm (3.1)
j=1
with a; € D(R™), as we know from Example XI.3.2(b). Example XI.3.7(b) implies

dw = (i 8jaj) dz' Ao Ada™ . (3.2)

j=1
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Hence it follows from Remark 2.1(a) that

/ dw:/ Zajajdx:Z/ djajdr =0,
M =1 j=17R"

where, since 0ja; = 10;a;, the last equality follows from integration by parts,
according to Proposition X.7.22. Therefore the claim is correct in this case because
Joprw= Jgw=0.

(ii) Let M = H™. Then (3.1) and (3.2) likewise hold, were now the a;
belong to C>°(H™). From Fubini’s theorem and Proposition X.7.22, we obtain
with ' = (z1,...,2™"1) that

5‘jajdx:/ (/ 8jajdx')dxm:0 for1<j<m-1. (3.3)
Hm 0 R™—1

Fubini’s theorem and the fundamental theorem of calculus imply

/_ O G, dex z/ (/ Omam, dxm) de' = —/ am(2',0)dz’ . (3.4)
m ]Rm_l 0 ]Rm_l

Because i(z') = (2/,0), it follows from Example XI.3.4(j) that
i*w=(=1)""ti*a, det Ao Ada™ T (3.5)

Because of the standard orientation of 9H™ (see Example XI.5.3(h)) and by (3.2),
(3.3), and (3.5), we can write (3.4) in the form

/dw— 8mamdx——/ i a, dx’
Hm RM— 1

=(-1)"" 1/ (@) dz' A - /\dxm_lz/ i*wz/ w .
o™ oM oM

Thus the claim holds in this case also.

(iii) Suppose now OM = () and M is described by a single (positive) chart
(¢, M). Because w has compact support, ¢.w belongs to Q7 1(R™). From ¢, =
(¢™1)* and Theorem X1.4.10, it follows that ¢. o d = d o .. Therefore, (i) gives

/dw:/ w*dw:/ d(psw) = d(go*w)zoz/w:/ w
M P (M) p(M) R™ 0 oM

(iv) Suppose OM # () and M is described by a single (positive) chart (¢, M).
Then {(pa, M)} with gy := ¢|OM is a positive atlas of M. Also p,w has
compact support in H™, and i o gogl =ploi o7m- Therefore

(0)ui" = (igzn) o
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Thus it follows from (ii), in analogy to step (iii), that

/ dw—/ Dx dw—/ d(p.w ):[ d(p.w)
w(M) (M) H™
= m(p*w—/ ey zw—/ i*w:/ w .
/SH "o SHm( ) oM oM

This proves the claim in this case.

(v) Finally, let {(¢;,U;,m;) ; j € N} be a local system for M. Because
K := supp(w) is compact, we can choose it so that there is a k¥ € N such that
supp(mj) N K = 0 for j > k. Letting w; := mjw|U; € Q™ Y(Uj;), it follows that
w= Z?:o w;. Hence from (iii) and (iv), we get

k k k k
dw = dw: = dw: = _ _

Here we have used that { (pj.0,0U;,i%m;) ; § € N} is a local system for OM with
supp(i*m; )N K =0 for j > k. m

Manifolds with singularities

For many applications, the assumption that M is a manifold is too restrictive.
One would also like to apply Stokes’s theorem to “piecewise smooth manifolds”
such as cylinders or cones.

3OO0 A

Were it not for “singularities”, that is, edges, corners, pointy tips, etc., the sets
above would be manifolds with boundary. In fact, these exceptions consist of sets
that, relative to the boundary, are “thin”. Thus it is to be expected that, as far
as integration is concerned, the singularities make no difference.

We now introduce a class of “manifolds with thin singularities”, which con-
tains the examples above, and we show that Stokes’s theorem also holds for these
objects.

Suppose B is a closed subset of M with a nonempty interior. Then we denote
by Mp the set of all p € B for which there is an open neighborhood V}, of p in M
such that B NV, is an m-dimensional submanifold of V,. Then Mg is an m-
dimensional submanifold of M, the support manifold of B. The set S := B\Mp
is called the singular set of B, and B is an m-dimensional submanifold of M
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with singularities. Clearly Sp is closed in M.

By the boundary of B, we mean that of Mp; /

that is, 0B := OMp. Do not confuse 0B with = w
the topological boundary, RA(B), of B in M. —

Finally, we provide Mp with the orientation M
induced canonically by M.

Let H® be an s-dimensional Hausdorff measure on M (where M carries the
metric induced by R™). Then we say that the singular set Sg of B is thin when
is an H™~!-null set. In this case, B is a manifold with thin singular set.

If we only require that the set Mp is a submanifold of class C* for some

k € N*, then we naturally call B a C* submanifold of M with singularities. Here
it suffices that M is a C* manifold.

3.2 Examples (a) Every m-dimensional submanifold of M that is topologically
closed in M — and thus in particular M itself—has a thin (indeed empty) singular
set.

(b) If the Hausdorft dimension has dimg(Sp) < m — 1, then Sp is thin.

Proof This follows from the definition of dimy in Exercise IX.3.5. m

(c) Suppose (Ji) is a sequence of intervals in R™ 2 and f, € CV(J, M) with
Uieo fx(Jx) = Sp. Then Sp is thin.

Proof From Exercises IX.3.6(a) and (f), it follows that dimg (fx(Jk)) < m — 2. There-
fore fi(Jx) is an H™ '-null set for every k € N, and the o-subadditivity of the Hausdorff
measure finishes the proof. m

(d) (piecewise smooth domains) Let © be a nonempty domain in M, that is,
a nonempty open and connected subset of M. Then S5 and Mg, and therefore
also 90 = OMg, are defined. Let B! = (—1,1)™"! be the open unit ball in
(R™ |- |). We say Q is a piecewise smooth domain in M there are finitely
many functions!

hy € C* B L M)NC®BE ' M) for0<j<n
such that
(i) h; |BZ! is a parametrization of a subset of 9Q for 0 < j < n;
(i) 90 = Uy hy (B "):
(i) RA(Q) = Uj_o by (B ).

Then Q is an m-dimensional submanifold of M with a thin singular set, and we
set 00 := 0. More precisely, we have

U (RABL™) and Mg=QuU | JhBL "),
iZo =0

LIf  is only a C* submanifold of M with singularities, we call Q a piecewise C* domain in M.
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and Q has a compact boundary Rd(€2). In addition, 9Q = Rd(Q) if and only if
the singular set of ) is empty.
Proof The mean value theorem and M < R™ imply that h; € C* (B2, M) (see

Remark VII1.3.11(b)). Therefore h; | RA(BZ™!) is also locally Lipschitz continuous, and
the claim follows from (c). m

(e) Every open polyhedron in R™ with a nonempty interior is a piecewise smooth
domain in R™. The boundary consists of “open” (m — 1)-dimensional “faces”. In
other words, the singular set consists of all points that lie in “edges” of dimension
< m — 2. So, for example, the singular set of a cube in R® consists the 12 edges
and 8 corners.

Proof This follows from (d). m

(f) Let M and N be m- and n-dimensional, topologically closed submanifolds of
R™ and R", respectively. Then B := M x N is a submanifold of R™" with thin
singular set. More precisely,

Sp=0M xON , OB=(MxON)U(OM x N), Mp=(MxN)UIB .

Proof It is easy to see that Sp, Mp, and JB are the given sets. From Exercise XI.1.8,
we know that dimg(0M) < m — 1 and dimyg(ON) < n — 1. Therefore Exercise 1X.3.8
shows that dimyg (OM x ON) < m + n — 2. Hence Sg is thin. m

(g) Let B be an m-dimensional subman-

ifold of S™ with thin singular set and f

r > 0. Then the cone K(rB) of Exam- rB
ple 2.7(d) is an (m+ 1)-dimensional sub- -
manifold of R™*! with thin singular set.

To be more precise, (with K(0,r) := 0)

we have ( d(rB)
Skrm) = {0} U K(S,5) Ud(rB) k(s

and
OK(rB) =int(rB)U{ti(c); 0<t <1, c €90(rB)}

with i: rB «— R™"!,

Proof We leave it to you to justify the given representations of the singular set and the
boundary of K(rB). By dimg(0B) < m — 1 and Exercise IX.1.4(b), 70B = 9(rB) is an
H™-null set.

As a closed subset of the compact set S™, the set Sp is compact in R™"!. Let
e € (0,1] and p > 0. Because Sg is an H™ '-null set, there are open sets Oo,...,0
in R™*! such that diam O; < € and

J
Z[diam o, <p.
=0
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Let K € N* with Ke < r < (K + 1)e. Then the intervals
Ji = [ks, (k+ 1)5] for0<k<K
cover the interval [0, 7] and satisfy diam(Jx) = e. Therefore
{QixJi; 0<j<J 0<k<K}
is a cover of Sg x [0,7] in R™T! x R with subsets of R™*! for which
diam(Q; x Ji) < V2ediam(Q;) < V2 diam(Q;) < V2¢ .

With this we get

K

J J
303 [diam(Q; x Jix)]™ < (K 4+ 1)2™/* Y "[diam Q,]™

=0 k=0 =0

J
< (r+41)2m/? Z e~ diam Q;]™
J=0
J
< (r+1)2"2 ) [diam Qy)™ T < (r+1)2™p .

§=0

Because this holds for every € € (0, 1] and every p > 0, we read off from Exercise IX.3.4(a)
that S x [0, 7] is an H™-null set in R™ " x R. Clearly K(S,5) is the image of Sg x [0, 7]
under the Lipschitz continuous map

R™ xR - R™ | (2,t) — ta .
Therefore Exercise 1X.3.4(b) implies that K(S,g) is also an H™-null set. Now it follows
that Sk (,p) is a thin singular set. m

(h) Let N be an m-dimensional manifold, and let f € Diff(M,N). If B is a
submanifold of M with thin singular set, then f(B) is a submanifold of N with
thin singular set.

Proof This follows easily from Remark XI.1.1(g) and Exercise 1X.3.4(b). m
b )

f
L
L f(B)
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Stokes’s theorem with singularities

We now generalize Theorem 3.1 to the case of C? manifolds with thin singular
sets.?2 We first need a lemma. Here we denote by B™ (A, r) the open neighborhood
of A C R™ with radius r > 0, that is,

r) = U B™(z,r) = {z € R™; dist(z, A) <7}
z€A

if A#0.

3.3 Lemma Let K be a nonempty compact H™ '-null set in R™. Then for every
pair g,7 > 0, there are open sets U and V and a x € E(R™) such that

KccUccVccB™(K,r) (3.6)

and
x|l U=0, x|Vé=1, 0<x<1, / [Vx|dz <e. (3.7)

Proof We fix a ¢ € E(R) with 0 < ¢ < 1, let ¢|[0,1] =0 and ¥ |[2,00) = 1,
and set £ := 2" vol(B™) ||¢’|| oo-

Because H™~(K) = 0, we have H;* ' (K) = 0 for every § > 0. Since K is
compact, there are open set W; for 0 < j < n with K C U?:o W;, KNW; #0,
and p; = diam(W}) < r/3, and

n
Zp;"_l <e/k. (3.8)
=0

We choose z; € W; N K and set U; := B"(z;,p;) and V; := B"(z;,2p;) for
0 <j <n Then U :=j_ Uj and V := |J;_, V; are open and satisfy (3.6)
because U; D W for 0 < j < n.

Now we set
n
:H (|a: le) for x € R™ .

Then y belongs to £(R™) and satisfies x |U = 0 and x| V¢ = 1. We also have

Zw (|a: .xj|) gw(|x—xk|)

|$_5EJ| PJ

20ur proof follows the ideas presented in [Lan95]. For another approach, see [HR72]
and [AMRS3].
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for x € R™, and therefore
n
-1
VX< 19 lloe Y 27 Xipy<lo—aj1<2,] -
§=0
Then this and the translation invariance of the Lebesgue measure give

/ Vxlde <[]0 3 5t vol(2p,B™)
RT’L

7=0
= 2™ ol(B™) ¢/ o0 3T =63 gL
7=0 :
Because of (3.8), this implies the last statement of (3.7). m

We can now prove the advertised generalization of Stokes’s theorem.

3.4 Theorem (Stokes’s theorem with singularities) Let B be an m-dimensional
submanifold of M with thin singular set, and let w € Q" Y(M). If w|OB is
integrable, then [, dw = [, w.

Proof (i) Suppose M is open in H™ and K := Sp Nsupp(w). Because supp(w)
is compact and Sg is closed in M, we know K is a compact H™1-null set in R™.
Therefore, it follows from Lemma 3.3 that there are a constant « > 0 and open
sets Uy and Vj, for every € > 0 and k € N*, such that

KccU,ccVi, cCCB™K,1/k) .

There is also a x; € E(R™) with
XelUe=0, xe|Vi=1, 0<xp<1, / |Vxrlde <e.

In particular,

We set wy := yrw. Then wy belongs to Q™1 (Mpg). Thus because B\Mp =
Sp is a A,,-null set, Theorem 3.1 gives

/dwk:/ dwk:/ wk:/ wy for ke N* . (3.10)
B Mg oM p oB

With ¢ := 1 — xg, it follows that
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Because w | OB is integrable and supp(¢x) C Vi, (3.9) and Lebesgue’s theorem
(see Exercise 2.1) imply that (faB d)kw) is a null sequence. Therefore

lim wkz/ w . (3.11)
k—oo JoB oB

Further, Theorem X1.4.10(ii) gives the equality

/dwk:/d)(k /\w—&—/xkdw. (3.12)
B B B

Since B\Mpg is a A,,,-null set, we have

/Xkdwz/ Xk dw for ke N* .
B Mp

Because dw € Q™(M) has compact support, dw is integrable over Mp. Also
Xk(x) — 1 for € Mp. Again using Lebesgue’s theorem, we find

lim [ ygdw :/ dw . (3.13)
B B

k—o0

Now w has the representation w = Z;n:l(—l)j_laj Azt A+ Adzd A- - Ada™ with
a; € D(M). From this we read off that dxs A w = bywgrn, where

by, == Zajank for k € N* .

Jj=1

Therefore we get

‘/ka/\w‘:‘/ bkdx‘gc/ |Vxk|de < ce for ke N* |
B M R™

where ¢ is a constant independent of k. As k — oo, results (3.10)—(3.13) now

imply
‘/dw—/ w‘gcs.
B B

Because this is true for every € > 0, the claim is proved in this case.

(ii) Now suppose M is described by a single chart (p,U). Then the claim
follows from (i) by “moving down” to ¢(U) C H™.

(iii) Finally suppose M is arbitrary and { (v, Uj,mj) ;5 j € N} local system
for M. Then we see as in step (v) of the proof of Theorem 3.1 that it suffices to
prove the claim for w; := 7jw and B; := BNUj; for j € N. Their validity in this
case follows from (ii). We are done. m
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3.5 Corollary
(i) Ifw is closed, then [, w = 0.
(ii) [y, dw =0 if M is without boundary.

We again point out that Theorem 3.4 contains the “regular case” of Theo-
rem 3.1, namely, the case B = M.

3.6 Remarks (a) (the one-dimensional case) We consider a connected one-
dimensional compact oriented manifold I". According to Theorem XI.1.18, T" is
either a 1-sphere embedded in R™ or diffeomorphic to I := [0,1]. Therefore T is
an oriented smooth curve that is either closed or has an initial point A and an
endpoint E. Because Q°(T') = £(T') and m := dim(T") = 1, we know w € Q°(T)
is a function on I'. Then it follows from Remark 2.2(b) and Example VIII.4.2(b)
(when one considers that the proof only uses the values of f and I') that

/Fdw =w(F)—-w(4), (3.14)

where we set £ = A in case I' is an embedded 1-sphere. By stipulating that
the volume measure of a 0-dimensional manifold is the 0-dimensional Hausdorff
measure (the counting measure), and by providing the boundary 0T, if nonempty,
with the orientation given by +1 at F and —1 at A, we can write (3.14) in the
form fr dw = farw' In the special case that T' is the interval [a,b], equation
(3.14) is nothing other than the fundamental theorem of calculus. This shows
that Stokes’s theorem is a higher-dimensional generalization of—and is indeed
based on — Theorem VI.4.13..

(b) Corollary 3.5(i) implies a higher-dimensional generalization of “half of” the
fundamental theorem of line integrals, that is, the statement (i)=-(ii) of Theo-
rem VIII.4.4. The “second half” is likewise true in the general case (for example,
Theorem XIII.1.1 in [Lan95]).

(c) (regularity) An analysis of the proof shows that Stokes’s theorem (with singularities)
remains true if we only assume that w belongs to Qg;l(MB) and has compact support
in M, and that w|9B and w | Mp are integrable. In addition, it suffices to assume B is a
C? submanifold of M with thin singularities and that M is itself only a C? manifold. m

Planar domains
To
Suppose € is a piecewise smooth domain in R2.
Then there are finitely many closed piecewise
smooth curves I'g,I'y,...,T,, that are pairwise
disjoint, free of self-intersections, and are such
that RA(Q) =T :=To+--- 4+ T',. Here every
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curve I'; is oriented by the outward normal of 0N I';. This means that every I';
is oriented so that in traversing I';, the part of € adjacent to I'; lies to the left.
For short, we say I' is the oriented boundary curve of (.

3.7 Proposition (Green—Riemann) Let (2 be a bounded piecewise smooth domain
in R? with oriented boundary curve I'. Also let X be an open neighborhood of €
in R?, and let a,b € C*(X). Then?

ob  Oa
/Fadx—l—bdy—/ﬂ(%—a—y)d(%y)'

Proof Let ! cC U cC X, and let x be a cutoff function for U. Also define

a := adzr + bdy. Then « belongs to Q(ll)(X), and da = (01b — Oqa) dx A dy.

Therefore w := ya lies in Q%l)(X), has compact support in X, and agrees on U
with «. Because the line integral fr « exists, a is integrable over 02, and

/adm—i—bdy:/ a:/ w .
r o0 a0

Because Az (RA(€2)) = 0, we have

/ﬁdw:/ﬁda:/ﬂda:/Q(ﬁgb—ﬁla)d(x,y).

Now the claim follows from Theorem 3.4 and Remark 3.6(c). m

3.8 Corollary  Under the assumptions of Proposition 3.7, we have the Leibniz
area formulas*

A(Q) ::)\Q(Q):/dey:—/rydx:%/dey—ydx.

Proof As required, set (a,b) := (0,X), (a,b):=(-Y,0), or (a,b) :=(-Y,X). m

3.9 Examples (a) Let Q2 be a bounded piece-
wise smooth domain in R? with oriented bound-
ary curve I'. In polar coordinates (r, ¢), we have

A(Q):%/Fﬁd@.

This formula has a simple geometric interpre-
tation: From Example XI.4.6(b), we know that

3See Exercises 6 and 7 in VIII.1 and Example VIIL.4.2(a).
4 A(-) stands for Area.
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dy is the volume element of the unit circle S'. Thus we can interpret rdy as
the length of an® infinitesimal, positively oriented line segment which is tangent
to rSt. Then r% dp/2 can be interpreted as the area of the triangle whose vertices
lie at the origin and the ends of the position vectors r and r 4+ rdp. The sum of
these “infinitesimal” oriented areas, that is, the integral, then gives the total area.

Proof With the plane polar coordinate map f2 (see Section X.8), we can verify that
f3(x dy — ydzx) = r*> dp. Therefore the claim follows from Corollary 3.8. m

(b) (Leibniz’s sector formula) Let  be
a piecewise smooth domain R? whose
boundary curve I is oriented and satis-
fiesI"' = ¥ +1I'g, where X consists of line
segments with endpoints at 0. Then

A(Q) = %/F xdy —ydx .

Proof It follows immediately from (a) 0
that the integral over 3 vanishes. m

(c) (Cauchy’s integral theorem) We identify C with R? and consider a piecewise
smooth domain € in C with oriented boundary curve I'. Let X be an open
neighborhood of Q in C, and suppose f: X — C is holomorphic. Then Cauchy’s
integral theorem holds,® that is, fr fdz=0.

Proof We decompose z = x + iy and f = u + iv into their real and imaginary parts.
This gives us fdz = a+ i with a := udr — vdy and 8 := udy + vdx. Then the
Cauchy—Riemann equations imply

da=—(uy +vg)dzAdy=0 and dfB = (ugz —vy)dzAdy=0

(see Remark VIIL.5.4(c)). Now the claim follows from Proposition 3.7 (or, by using a
cutoff function, directly from Theorem 3.4). m

(d) Let7B::{(x,y)€R2; 0<z<1,0<y< f(z)} with

1 ifx=0,
fa) = { 1 + zsin(r/2?) ifx#0.

Then Sg = {(0,0),(0,1),(1,0),(1,1)}, and with w = (xdy — ydz)/2 we find
A2(B) = [z de Ndy = [ dw < co. Along the curve graph(f), we have

w=ady—ydr = (2f'(z) - f(x)) do = (_1 - 2% COS%) -

5See Remark VI.5.2(c).

6Compare Theorems VIIL.5.5 and VIII.6.20, and note that I can now have multiple compo-
nents.

"See Example I11.B.10 in the fourth volume of [SW96].
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Therefore w | OB is not integrable, and the Leibniz area formula does not hold. This
shows that Theorem 3.4 does require the assumption that w| 9B is integrable. m

Higher-dimensional problems

In the following examples, we consider generalizations of the results above to
higher-dimensional cases.

3.10 Examples (a) (calculation of volumes) Let £ be a bounded piecewise
smooth domain in R™. Then

_ 1 Ui o —
vol(§2) = vol(2) = — /m S (=1 el dat A Adad A Ada™
j=1

Proof We set
o= Z(—l)j_lxj dz' A~ ANdai A Ada™ € Q" HR™)
j=1

and w := @a, where ¢ is a smooth cutoff function for a compact neighborhood U of Q.
Then w belongs to Q71 (R™), agrees on U with «, and satisfies

dw | ﬁ = MwWprm |§ )

which follows from Example XI.3.7(b). Because H™~'(Sg) = 0 and by Theorem 1.7(iii)

and (iv), we see RA(Q2) = S5 U 0 is a Am-null set. Therefore we get

mvol(Q):mvol(f‘z):/ﬁdaz:/ﬁdw:/mw:/ma,

where the last equality follows from Stokes’s theorem in the form of Theorem 3.4. m
(b) (spheres) For Q =B™, we again get the formula
vol(S™™ 1) = mvol(B™) ,
which was already derived in Example 1.13(c).
Proof This follows with Example XI1.5.3(c) from (a). m

(c) Let N be a nonempty compact hypersurface in R™\ {0} such that every half
ray going out from 0 intersects N at most once. Also let K(NN) be the cone with
base N and tip 0. Then, in a (partial) generalization of the Leibniz sector formula,
we have

1 e . ) —
VOI(K(N))ZE/N g (=12l det Ao Adxd A Ada™
j=1
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Proof We check easily that B := K () is an m-dimensional compact submanifold of R™
with thin singular set for which 0B = int(N)U S and S := {ti(p) ; pE N, 0<t <1},
where i : N — R™. Example X1.4.13(b) gives

o= (fl)jflmjdxl/\~~/\d/:1;/\~~/\dxm:vAme

Jj=1

with v(z) := (z,z) € T-R™. Then Remark 2.2(g) shows that a = (v|v)wap. Because
v(p) € TS for p € S, we find «| S = 0. Then because da = mwgm, Theorem 3.4 gives

mvol(B):/da:/ a:/ a:/a
B OB int(N) N

and therefore the claim. m

Homotopy invariance and applications

Let I :=[0,1] and r € N, and suppose M is compact and without boundary. As
in the considerations prior to Fubini’s theorem for differential forms, we denote
by &(-,p), where w € Q"F(I x M) and p € M, the 1-form-valued r-form on M
induced by w. It is defined by

w(-,p)(vr, ..., vp) i=w(-,p)(- 01, 0p) foror,... v, € T,M .

Since the 1-form &(-,p)(v1,...,v,) is continuous for every r-tuple (v1,...,v,) €
(T,M)" and is therefore integrable over I, it follows that

Jo= (o= [aC.0)

is a well-defined element of Q" (M) for every w € Q"F1(I x M). Therefore the
linear map

K: QY IxM)—Q (M), w— /w (3.15)
is defined. As in Section XI.3, we denote by i, the embeddling
io: M —IxM, p— ({p)
for £ € {0,1} = 9I. Then Lemma XI.3.9 has a global generalization:

3.11 Lemma Kod+doK =i} — 1.

Proof Because the statement is local with respect to M, it suffices to verify it in
local coordinates. But this is exactly what Lemma XI1.3.9 does. m

As an application of this lemma, we can now prove a higher-dimensional
generalization of Proposition VII1.4.7, which was about the homotopy invariance
of line integrals.
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3.12 Theorem Let M and N be compact m-dimensional oriented manifolds
without boundary. If fy, f1 € C*°(M, N) are homotopic, then

/fow_/flw for w e Q™(N) .

Proof By assumption, there is an h € C*°(I x M, N) such that h(j,-) = f; for
j=0,1. Now let g := K o h*, where K is the map (3.15). Then, because d and h*
commute, we have

dog+god=doKoh*+Koh*od=doKoh*+Kodoh*
=(doK+ Kod)oh" =i]h* —iih" = f7 — f§ .
From dw = 0 for w € Q™(N), it then follows that
filw—fow=(dog)w—godw=d(Kh*w) .

/M fiw= /M fow= /M dER W) =0

from Corollary 3.5(ii). m

Therefore we get

In the following, we demonstrate several topological applications of Stokes’s
theorem.

3.13 Proposition (hairy ball theorem) Every smooth vector field on an even-
dimensional sphere has a zero.

Proof From Example VII.10.14(a), we know that T,S™ for p € S™ is the or-
thogonal complement of Rp in R™ ™. Therefore, we can regard v € V(S™) as a
smooth map v: §™ — R™ with v(p) L p for p € S™. If v has a zero, then we
can replace v by p — v(p)/|v(p)|. Therefore we can assume that |v(p)| = 1 for
p € S™, that is, we can assume v(S™) C S™. From this, because

|cos(mt)p + sin(rt)o(p) | = cos?(xt) |pl? + sin®(xt) |o(p) > = 1,
we find that the map
h: IxS8™—S™  (tp)w cos(nt)p+ sin(wt)v(p)
is well defined. Remark XI.1.1(j) implies that h is smooth with h(0, ) = idg= and

h(1,-) = —idgm. Thus fo := idgm is homotopic to the antipodal map f; := —idgm.
Now Theorem 3.12 gives
/ w= fiw forwe Qm™(S™). (3.16)
m S’"L
Suppose m is even. Then F' := —idg..+: is an orientation-reversing diffeomorphism

of B™*+! to itself. Now this and Remark XI.1.1(j) imply that f; = F|S™ is also
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an orientation-reversing diffeomorphism of S™ to itself. Thus Remark 2.1(f) and
Theorem 2.3 give the equation [g,, fiw = — [q,. w, which, together with (3.16),
shows that |, gmw = 0 for w € Q™(S™). However, this is in contradiction with
Jgm wsm =vol(S™) #0. m

We can interpret a smooth vector field on S? as a (mathematically idealized)
combing of a “hairy ball”. Then Proposition 3.13 says that “a smoothly combed
hairy ball has at least one bald spot”.

We can also derive from Theorem 3.12 the fundamental Brouwer fixed point
theorem.

3.14 Theorem (Brouwer fixed point theorem) Every continuous map of B™ to
itself has at least one fixed point.

Proof® (i) Let f € C(B™,B™), and suppose f does not have a fixed point. We
consider the radial retraction

p:Rm_)Em, x’_){ T %fﬂ?€B_m7

x/|x| if x € (B™)°.
One verifies easily that p is uniformly continuous. Therefore the function g :=
fop: R™ — B™ is also uniformly continuous, and g | B™ = f. In particular, g does
not have a fixed point. Because g(R™) C B™, we have |g(z) —z| > |z|—|g(z)| > 1
for |z| > 2. Because 2B™ is compact, thereis a 6 € (0,1/2] such that |g(x)—x| > 26
for |x| < 2. Therefore |g(z) — x| > 2§ > 0 for all z € R™.

Suppose { ¢ ; € > 0} is a smoothing kernel. Because g belongs to BUC(R™),
Theorem X.7.11 shows that there is an g9 > 0 such that h := ¢, * g satisfies the
estimate

|h(x) —g(z)| < |h —glleo <0 for z € R™ .

Therefore
Ih() - 2l > lg(z) — ol — |h(z) - g(a)| =5 for s € R™ .

Also, we find
= | [ eeolo =)o) ] <Nl [ puala =)y
gl [ o<

for z € R™. Finally, it follows from Theorem X.7.8(iv) that h is smooth. Therefore
h|B™ a smooth mapping of B™ to itself that has no fixed point. In the next step,
we show that this is not possible.

8For m = 1, the claim follows from the intermediate value theorem (see Exercise I11.5.1).
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(ii) Let f € C>(B™,B™), and suppose f does not have a fixed point. Then
for 2 € B™, we can define a half ray starting from f(z) and passing through 2. We
denote by g(z) the point where it intersects S™1.
Then g(z) = f(z)+t(z)(z— f(z)) for x € B™, where
t(z) denotes the positive solution of the quadratic
equation

|z — f(@)]*t +2t(z — f(2) | f(2)) +|f(2)* =1.

From this, it follows that g belongs to C>°(B™, B™)
and satisfies g | S™ 7! = idgm-1.

We now consider the smooth map
helxS™t—8m=1  (tz) g(te) .

Then hy := h(0,-) = ¢(0) and hy := h(1l,-) = idgm-1. In other words, the
identity on S™~! is homotopic in S™~! to the constant map hg, that is, idgm-1
is null homotopic in S™~1. Because hfjw = 0 for w € Q™ 1(S™" 1) we find
from Theorem 3.12 the false statement that [, ,w = [g._, hjw = 0 for w €

Qm=1(Sm=1). This shows that every f € C°(B™,B™) has at least one fixed
point. m

Gauss’s law

Unless we say otherwise, the sequel will use the following assumptions and con-
ventions:

o (-|-):=(-]-)m is a Riemannian metric on M;

e B is an m-dimensional submanifold of M with thin singular set;
e v := vp is the outward normal of JB;

e 1:= Ay and 0 := MgpB.

Stokes’s theorem (with singularities) implies immediately the divergence theorem.
Because the divergence theorem is not usually formulated in terms of differential
forms, it is perhaps the most well-known consequence of Stokes’s theorem.

3.15 Theorem (Gauss’s law, divergence theorem) For v € V.(M) satisfying
(v|v) € L1(0B, o), we have

/divvd,u:/ (v|v)do .
B oB
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Proof Remark 2.2(g) gives v — wy = (v|v)wgp. Therefore we obtain from
Theorem 3.4, because d(v — wyr) = div(v)was, that

/divvdu:/ div(v)wM:/ d(v 2 wpr)
B B B
:/ v Jdwy = (v|u)w33:/ (v]v)do
oB oB OB

which finishes the proof. m

3.16 Remarks (a) For v € V.(M), the assumption that (v|v) € £4(0B,0) is
automatically satisfied when either

(i) B=M
or
(ii) Q is a piecewise smooth domain in M and B = Q.

Proof (i) is clear, and we leave (ii) to you. m

(b) (physical interpretation of the divergence) Let v € V(M) and p € M. Then

we have the relation
d

Q—p  vol(Q2) (3:17)

More precisely, this means that for every € > 0 there is a neighborhood U of p
in M such that for every relatively compact piecewise smooth domain € in M
with p € Q C U, we have

) faﬂ (v]v)do
From Remark 2.2(h), we know that the quotient
Joq(v|v)do
e Nl
vol(§2) (3.19)

is the flux of the vector field v through 02 per unit volume. In the special case v :=
pw, where p is the density and w is the velocity of a fluid in M, (3.19) represents
the mass per unit time and volume flowing outward through 992. Therefore (3.17)
in this case measures how much mass is created or destroyed (depending on the
sign of div v(p)) per unit time at the point p. For this reason div v(p) is also called
the source of the vector field v at point p. In particular, we say v is source free or
divergence free if divv = 0.

Proof By the continuity of div v, there is to every € > 0 a neighborhood U of p in M
such that
|dive(q) —divo(p)| <e forqeU . (3.20)
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Let © be a relatively compact piecewise smooth domain in M with p € Q C U. Then we
get with (3.20) the estimate

‘/ divv dp — divv(p) vol(Q)‘ < / | divo — divo(p)|dp < evol(Q) .
Q Q

Now (3.18) follows from Gauss’s law. m

(c) (regularity) Gauss’s law remains true when M is a C* manifold, B is a piecewise
C? submanifold with thin singular set, and v is a C? vector field of M along B with
divv € £L1(Mp, ) and (v|v) € £1(0B,0).

Green’s formula

Let f € CY(M). We denote by 0, f the derivative of f in the direction of the
outward normal of B, that is,

8, f(p) = (grad f(p) | v(p)) forpedB .

We call 0, f the normal derivative of f.

3.17 Theorem Suppose ) is a piecewise smooth domain in M with Q = B and
f,g € E(M). Defining the Laplace-Beltrami operator A := Ap; of M, we have

(i) (1. Green’s formula)

[ #89du+ [ (grads| gradg)du= [ so.gdo
Q Q o

if f or g has compact support;

(ii) (2. Green’s formula)

/ (fAg — gAf) dp = / (f0,9 — g0, f) do
Q o0

if f and g have compact support.

Proof (i) With v := gradg and because A = div grad, the claim follows easily
from Proposition XI.6.11(ii) and Theorem 3.15.

(ii) follows analogously from Proposition XI1.6.11(iv). m

3.18 Corollary
/Audp: Oyudo  foru € E(M) .
Q a0

Proof Set f:=1andg:=u.m
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As an application, we derive a necessary condition for the solvability of Neu-
mann boundary value problems.

Let © be a bounded domain in R™ with smooth boundary, that is, Q is a
connected compact m-dimensional smooth submanifold of R™. Also let f € £(Q)
and g € E(T) with T := 9Q. By the Neumann boundary value problem for the
Laplace operator in €, we mean the problem of finding the function u € £(Q)
satisfying the equations

—Au=f inQ, du=g onl. (3.21)

Here A := A,, is the m-dimensional Laplace operator, that is, we use the standard
metric.

3.19 Proposition
(i) In order to be solvable, the boundary value problem (3.21) requires that the

compatibility condition
/ fdx+ / gdo =0
Q r
is satisfied.

(ii) Two solutions u,v € £(Q) of (3.21) differ by at most a constant.

Proof (i) is a consequence of Corollary 3.18.

(i) Tt follows from the linearity of A and 9, that w := u — v satisfies the
homogeneous equations

—Aw=0 inQ, dw=0 onT.

Thus it follows from the first Green’s formula with f := g := w that

/ | grad w|? dz =0 .
Q

From this we read that gradw = 0, which implies w = const, as we know from
Remark VIL.3.11(c). m

Obviously every constant function is a solution of the homogeneous Neumann
problem
—Au=0 inQ, du=0 onl.

This implies that the Neumann boundary value problem (3.21) never has a unique
solution. That is, if u is a solution of (3.21), then so is u + c1 for every ¢ € R.

The boundary conditions of the Neumann problem can be modified to give
another important boundary value problem, the Dirichlet problem. This is the
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task of finding a u € £(Q) such that
—Au=f inQ, u=g onl.

In contrast to the Neumann problem, the Dirichlet problem has at most one solu-
tion, as the next result shows.

3.20 Proposition The homogeneous Dirichlet problem
—Au=0 inQ, u=0 onl (3.22)
has only the trivial solution u = 0.

Proof If u € £(Q) solves (3.22), then it follows from the first Green’s formula
with f := g := u, and that u solves the Dirichlet problem, that [, |gradu|*dz =0
and therefore u = const. Because u|I' = 0, this means v = 0. m

The theory of partial differential equations proves that both the Dirichlet and
Neumann problem are solvable, though the latter case requires the compatibility
condition to be satisfied.

The classical Stokes’s theorem

As usual, we assume R® carries the standard metric. As a special case of the
general Stokes’s theorem, we now prove its classical version.

3.21 Theorem (Stokes) Suppose X is open in R3 and M is an oriented surface
in X. Also let t be the positive unit tangent of 0B, that is, of OMp. Then for
v € Ve(X) with (v|t) € L1(OM, Xarr), we have

/curlv'd_F:/ v-ds
B 9B

/B(curlv|u)dF - /aB(Ult)dS ,

Proof Example XI.4.13(b) implies

and therefore

curlv — wgs = (curlv)! dy A dz + (curlv)? dz A dz + (curlv)® dz A dy .
Thus Remark 2.2(e), definition (X1.6.24), and Theorem 3.4 give

/curlv-d}?:/curlewaz/d(@v): @vz/ v-ds
B B B OB 0B

where the last equality follows from Remark 2.2(c). The second part of the claim
is a consequence of Remarks 2.2(c) and (e). m
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3.22 Remark (physical interpretation of
the curl) The integral

/F(v|t)ds

is called the circulation of the vector field v
along I' := 9B. In the fluid model of
Remark 2.2(h), [-(pv|t)ds is a measure
of the total mass transported along the
curve I' per unit time.

For p € M, we have

I fan(v |t)ds

Blglp voI(B) = (curlv |v)(p) , (3.23)

where the limit is understood as follows: For every € > 0, there is a neighborhood U
of p in M such that

Joa(v]t)ds
vol(B)

for every piecewise smooth domain B in M with p € B C U. The limit on the left
side of (3.23) is called the circulation density of the vector field v at the point p
with respect to the v(p)-axis (this is, the axis pointing in the v(p)-direction).

— (curlv |v)(p)| < e

We now choose for M an oriented v(p)
plane through the point p such that v(p)
is the positive normal of M. Also let B,
be a disc in M with center p and radius

r > 0, with I', the oriented boundary M
of B,. Then
1
}E% o /Fr(v [t)ds = (curlv | v)(p) . (3.24)

Because fFT (pv | t) ds is the amount of fluid transported along the oriented circle T',.
per unit time, (3.24) says that the component of curl v(p) along the unit vector v(p)
is equal to the circulation density with respect to the v(p)-axis. For curlwv(p) # 0,
it follows from the Cauchy—Schwarz inequality that

1
(curlv | v)(p) < |curlv(p)| = (curlv v

)®) -

Therefore the circulation density is largest at the point p when taken with respect
to the (p + curlv(p)R)-axis.? On these grounds, curlv is also called the vorticity
vector. If curlv = 0, then v is said to be curl free.

Proof By Theorem 3.21, (3.23) follows in analogy to the proof of Remark 3.16(b). m

| curlv|

9See Remark XI1.6.15(c).
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The star operator and the coderivative

In the rest of this section, let g be a pseudo-Riemannian metric on M, so that
sign(g) is constant. We also set (-|-)p := g.

The following theorem is the general form of the divergence theorem in the
pseudo-Riemannian case.

3.23 Theorem (divergence theorem) For v € V.(M),

/ divodAy = *Ou .
M oM

Proof By definition (XI.6.13) (which defined the divergence) and Remark 2.2(i),
this is an immediate consequence of Stokes’s theorem (Theorem 3.1). m

Let r € N with » < m. For a, 8 € QL(M), we set

[a| B s ::/ aNxf .
M
3.24 Remarks |[-|-]as is a nondegenerate symmetric bilinear form on Q7 (M). If ¢
is a Riemannian metric, then [-|-] is a scalar product on M.

Proof We know from Remark XI.5.11(a) that

aN*p = L[ Axa=sign(g)(a|B)grwm -
The claim follows from this and the fact that (- |- )¢, is an inner product on A"T, M. m

(b) Clearly [a|B]ar is defined when a A %3 is an integrable m-form on M. In
particular, this is the case when « and 3 belong to Q"(M) and the intersection of
their supports is compact. m

From Stokes’s theorem, we easily get the general Green’s integral formula:

3.25 Proposition Let 1 <r <m, a € Q. Y(M), and 8 € Q-(M). Then

[da | Blar + | 68 = [ev| Blons -

Proof From the product rule for the exterior derivative, it follows that
da A *B8) =da A+ (1) ra Adxf .
Remark XI.5.9(d) shows dx3 = (—1)""1x§3. Thus we get
dlaN+8) =da A8+ a A*ij .
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Now Theorem 3.1 (Stokes’s) implies

/da/\*ﬁ—l—/ a A0 = a A xS
M M oM

and therefore the claim. m

3.26 Corollary Suppose M compact and without boundary. Then we have the
duality formula

[do| Blar = —[e| 08| for a € Q'Y (M) and 8 € Q" (M) .

In the case of a Riemannian manifold, the duality formula says that —§ is
the operator formally adjoint to d with respect to the inner product [-|-]as.1°

The formulas above are the starting point for the topological exploration of
manifolds; these we must relegate to further courses or other books in differential
geometry and global analysis.

Exercises

1 Suppose M is compact and without boundary, and let w € Q™' (M). Show that dw
has a zero.

2 Let p: R®*\{0} — S? denote the radial retraction, and let o := p*wg2. Show o is
closed but not exact. (Hints: Example XI1.4.13(c); consider [, 0.)

3 Let M be without boundary and Riemannian, and suppose f € &(M) has Af > 0.
Show that f is constant. (Hints: Show first that Af = 0, and then consider A(f?);
Green’s formula.)

4 Suppose (e1, ez, e3) is the canonical basis and (z,v, z) are the Euclidean coordinates
of R3. Also let M be a compact three-dimensional submanifold of R® with I' := M and
outward normal v. Prove Archimedes’s theorem, that is,

/ zvdAr = vol(M)es .
r

Physical interpretation: We regard M as a body immersed in a fluid whose density is
p = 1 and whose surface is the (x,y)-plane. Because z < 0 in the fluid, pz dF" is the force
( = pressure p|z| in the direction of the inward normal, times the (infinitesimal) area
element dF) that is exerted on the fluid at the point p € I'. Then because

/zud)\p:/Zd?',
r r

Archimedes’s theorem says that the resulting force acts in the direction of the positive
z-axis and is equal to the mass of the body: The buoyant force is equal to the weight of

10In the sign conventions that are typically used in geometry, the coderivative ¢ is formally
adjoint to d.
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the fluid displaced. Eureka.
(Hints: [, 20" dAr = [ zdy A dz etc.; Stokes’s theorem.)

5 Adopt the assumptions of Exercise XI.6.5. Using Gauss’s law, find the integral form
of Maxwell’s equations. For example, show

E~d_F:47r/ pdzx

oM M

for every relatively compact, piecewise smooth domain M in  with outward normal v,
that is, the flux of the electric field through a closed surface is proportional to the total
charge it contains.

Show that the differential and integral versions are equivalent.

6 Let  be a piecewise smooth bounded domain in R, and let p1,...,pr € Q. Calculate

k
> [ oe —nif)dote).

(Hint: Exercise X.3.6 and Corollary 3.18.)

7 Suppose M is a nonempty compact hypersurface in R™%'\ {0} such that every half
ray from 0 intersects M at most once. Also let

Koo(M) == {ti(p); te R*, pe M }

with i : M < R™%! be the (infinite) cone consisting of all line segments from the origin
that intersect M. Finally let p: R™ "\ {0} — S™ be the radial retraction. Prove that

/ p*wsm = volgm (KOO(M) n Sm) .
M

Remark volsm (Koo (M) N S™) is the solid angle of the cone Koo (M).
(Hints: Examples XI.4.13(c) and 3.10(c); Stokes’s theorem.)

8 Show that every closed differential form on S? is exact.
(Hint: Recall Lemma 3.11, and study the proof of Theorem XI.3.11.)

9 Let B be a compact m-dimensional submanifold of M with boundary, and let f be a
smooth map from OB to a manifold N. Show these:

(a) If there is a smooth map F': B — N with F'|90B = f, then fE)B ffw = 0 for every
closed form w € Q" "!(N).

(b) In the case M = R™ and N := 9B, there is no smooth F: B — 9B such that
F| B =idsg, that is, there is no smooth retraction of B onto 9B.

(Hints: (a) With F = (F',..., F™), consider the form F'dF? A --- A dF"™; use Stokes’s
theorem.)

10 Prove that if M is without boundary, then the restriction of the Laplace—Beltrami
operator Ans to E.(M) is symmetric in Lo (M, dAar), that is,

(AF19)Lon,ann) = (FIAG) Lyaan,) for f,g€ E(M) .

11 Let M := H? be the hyperbolic plane and v € Ve(M). Determine the explicit form
of the divergence theorem (Theorem 3.15) in the following cases:
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a) the parametrization by polar coordinates (Example XI.5.5(k));
b) the Poincaré model;

c¢) the Lobachevski model;

d) the Klein model.

(
(
(
(

12 Suppose M is without boundary and Riemannian, and let w € Q.(M). Show the
equivalence of

(i) Aw=0and
(ii) dw = dw = 0.

13 Let M be a Riemannian manifold. Prove that for o € Q57 (M) and 8,y € QL(M)
the following statements hold:

) fo[(@da]B)r + (@] 88)r-1] =[5 00N %05
(i) [o[(dBldV)rsr + (B|8dy)r] = [y, B A *dy.
(Hint: Consider d(a A x0).)
14 Suppose M is compact and without boundary. Show that the Hodge—Laplace oper-

ator with respect to the inner product [-|-]as is symmetric, that is,

[Awl |0J2]M = [W1|AOJ2]M for w1,w2 € QT(M) .
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— operator, 158
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